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Abstract

In this thesis, we will study elliptical multivariate semiparametric linear regression

model with equicorrelated random errors, specifically, some theoretical aspects of

the estimation process and diagnostic analysis. An estimation method based in

penalized likelihood function is developed. In addition, the local influence curvature

was developed to assess the sensitivity of the estimators to the observations that

are influential.
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Chapter 1

Introduction

The analysis of the linear regression is a statistical method, and is the most used

for the linear relationships between a variable of interest or a response and a set of

predictor variables. These analyzes can be seen more clearly through scatter charts,

they can be seen in the set of data are in a linear form.

Statistical models of linear regression can be applied to different fields of research

such as economics, administration, among many others. There are also situations

in the areas of science and engineering where it is not correct to assume that there

is a linear relationship. This would lead us to study non-linear regression models.

In this thesis work, only the mathematical analysis and the theoretical represen-

tation of the parametric description will be delivered in a class of known models

"Elliptic multivariate semiparametric linear regression model with equicorrelated

random errors: some theoretical aspects of the estimation process and diagnostic

analysis", we will also introduce the function Score and the Hessian Matrix.

It will be possible to incorporate into the multivariate linear regression model with

randomized equicorrelated errors, a nonparametric component?
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Semiparametric regression models are a combination of models with parametric

components and models with non-parametric components. An example of semi-

parametric models can be analyzed in the studies conducted by Durban et al (1999)

Approximate standard errors in semiparametric models and in Durban et al (2003)

The practical use of semiparametric models in fiels trials, which shows examples of

the structure of a semi-parametric model.

With the proposed model, the effect of small disturbances on the data and/or on

the assumptions of the model, on the maximum likelihood estimators without elim-

inating observations, that is, evaluating the sensitivity of the estimators when there

are small disturbances, will be evaluated. This method is called Local Influence and

which is a method proposed by Cook (1986) and some examples of these analyzes

and which were a basis for this thesis, were the studies conducted by Ibacache-

Pulgar, G. and Paula, G. (2011) where he developed the study of Local Influence

for Student-t partially linear models and in a later study in Ibacache et al. (2012)

a Influence diagnostics for elliptical semiparametric mixed models.

It will be possible to develop the local influence method to assess the sensitivity of

the estimators against data disturbances in Elliptical multivariate semiparametric

linear regression model with equicorrelated random errors?

The objective of this work is to derive some theoretical aspects of the diagnostic

estimation and analysis process in Elliptical multivariate semiparametric linear re-

gression model with equicorrelated random errors. Also apply the Local influence

method to the model under study. Based on the foregoing, the following specific

objectives have been defined:

Therefore, the following specific objectives have been defined:

(a) Verify the proposed estimators for the model, calculate the Score function for

the model parameters.
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(b) Obtain the Hessian matrix (Matrix of second derivatives).

(c) Develop the theory of the method of local influence.

This thesis work will be organized in chapters as detailed below:

• Chapter 2, characteristics and analysis of The elliptical multivariate semi-

parametric linear regression model with equicorrelated random errors: some

theoretical aspects of the estimation process in addition to the presentation

of diagnostic analysis and the penalty function.

• Chapter 3, the description of the fundamental elements will be carried out

to adequately obtain the estimation parameters, for this, we derire the Score

Function and Hessian Matrix associated with the parameter vector θ. Also,

a procedure is proposed to estimate the parameters based on the Back-fitting

algorithm.

• Chapter 4, the theoretical aspects of the Local Influence method were carried

out for the proposed model. Through the studies carried out, we derive the

normal curvature considering different disturbance schemes.

• Chapter 5, presents some conclusions obtained from the theoretical aspects

and some possible future studies.
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Chapter 2

Elliptical multivariate semiparametric linear regres-

sion model with equicorrelated random errors

In this chapter we will study the multivariate semiparametric linear regression model

with equicorrelated random errors that follow a multivariate elliptical distribution.

2.1 The Model

Multivariate semiparametric linear regression models have become an important

tool in economic and biometric applications. Here, we consider the following rela-

tionship between the vector of observed responses and the explanatory variables:

yi = β1xi1 + ...+ βkxik + Nif + εi, (2.1)

where yi is a (p× 1) random vector of observed responses from the ith cluster (i =

1, ...n), βj is a (p×1) fixed parameter vector (j = 1, ..., k), xij is the jth explanatory

variable value associated with the ith cluster, Ni is a (p×n) incidence matrix with

a vector 1’s in the ith column , f = (f(t1), ..., f(tn)) is a (n× 1) vector associated

4



with nonparametric component and εi is a (p × 1) vector of within-cluster errors

such that ε′is are independent random vectors following an elliptical distribution

with position vector 0 and scale matrix (or intraclass correlation matrix) given by

Σ(σ2, ρ) = σ2


1 ρ . . . ρ

ρ 1 . . . ρ
...

... . . . ...

ρ ρ . . . 1

 = σ2[(1− ρ)I + ρJ],

where σ2 > 0 and −(p − 1)−1 < ρ < 1, I denotes a (p × p) identity matrix and J

denotes a (p× p) matrix of ones. It is denoted εi ∼ Elp(0,Σ).

Note that the model (2.1) is an extension of other models proposed in the literature.

For example,

(i) If the non-parametric component is not present in the model, then the model

(2.1) is expressed as follows

yi = β1xi1 + ...+ βkxik + εi.

This model was proposed by Ibacache-Pulgar et al. (2014) to analyze data

from the biomedical and financial area.

(ii) If xi1 = 1 and xi3 = xi4 = ... = xin = 0, then model (2.1) is reduced to (model

with intercept)

yi = β1 + β2xi2 + Nif + εi

This model is called the multivariate partial linear regression model; see, for

example, Ibacache-Pugar and Paula (2012).

(iii) If xi1 = xi3 = ... = xik = 0, then model (2.1) is reduced to (model without
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interception)

yi = β2xi2 + Nif + εi.

It is important designate that the elements of vector f correspond to the functional

evaluation of function f in each value of nodes t1 < t2 < ... < tn.

Considering the fact that εi ∼ Elp(0,Σ), with i = 1, ..., n, we have that the observed

response vector yi follows an elliptical distribution with position vector µi and scale

matrix Σ, named yi ∼ Elp(µi,Σ), whose density function takes the form

fy(yi) = |Σ|−1/2g(δi), (2.2)

where δi = rTi Σ−1ri = tr(Σ−1rir
T
i ) is the square of the Mahalanobis distance,

ri = yi − µi is the shift vector, with µi = β1xi1 + ... + βkxik + Nif , Σ = Σ(σ2, ρ)

and g(·) is a function of R −→ [0,∞] know as the density generator function. Some

examples of the function g(·), for different distributions that belong to the elliptical

class, are shown in Table 2.1

Remark: When exists, the mean E(yi) = µi y covariance-variance matrix Cov(yi) =

ζiΣ. In particular, for the Student-t, we have ζi = νi
νi−2

(νi > 2), where νi denotes

the degrees of freedom.

Remark: The media vector µi can be written as µi = BTxi + Nif , where

xi = (xi1, ..., xik)
T denoting the ith row of the matrix X = (x1, ...,xn)T , and

B = (β1, ...,βk)
T . This representation of µi allows an algebraic facility of some

matrix and vector operations.
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Table 2.1: Some elliptical distribution and the respective density generator function.

Distribution g(δ)

Normal c1 exp {−δ/2} δ ≥ 0

Student-t c2{1 + δ/ν}−(ν+1)/2 ν > 2

Power Exponential c3 exp {−δγ/2} γ > 0

Logistics c4 exp {−u}/(1+exp{−δ})2 δ ≥ 0

Laplace c5 exp {−
√
δ/2} δ ≥ 0

Slash c6 Γ(ν + 1/2, δ/2) δ ≥ 0

Pearson type VII c7{1 + δ/ν}N N > n/2, ν > 0

Kotz type c8δ
N−1 exp {−rδν} r, ν > 0, 2N + n > 0

δ is the Mahalanobis distance

cl is constant of normalize

2.2 Penalized function

Considering that yi ∼ Elp(µi,Σ), the log-likelihood function associated to the

model 2.1 can be expressed as

L(θ) =
n∑
i=1

Li(θ), (2.3)

where Li(θ) = −1
2

log |Σ| + log g(δi), θ = (βT , fT, σ2, ρ)T ∈ Θ ⊆ Rp∗ , β = vec(B),

p∗ = kp + n + 2, and |Σ|=(σ2)p(1 − ρ)p−1[1 + ρ(p − 1)], with vec(·) denoting the

vectorization of the matrix of parameters B. It is important to note that the

number of effective parameters of model (2.1) depends on the number of effective

parameters associated with the nonparametric component. This will be considered

in the following sections.

7



It is known fact that maximizing the log-likelihood function without imposing re-

strictions over the nonparametric function may cause over-fitting and non identifi-

cation of β. A well known procedure that can solve this problem is based on the

idea of log-likelihood penalization and consists in incorporating a penalty function

over the function f(t) such that

Lp(θ, λ) = L(θ) + λ∗J(f),

where J(f) denotes the penalty function over f and λ∗(λ) is a constant that to

depend of the smoothing parameter λ > 0. In this thesis, we will consider

J(f) =

∫ b

a

[
f 2(t)

]2
dt,

where f (2)(t) = d2

dt2
f(t), with t ∈ [a, b], and the function f belongs to the Sobolev

space defined as

W
(2)
2 =

{
f : f, f (1), abs.cont., f (2) ∈ L2[a, b]

}
.

In this case, the estimatin of f leads to a smooth cubic spline with knots at the points

t1, ...tn. According to Green and Siverman (1994), we may express the penalty

function as quadratic form given by

J(f) = fTKf ,

where K is a (n × n) nonnegative definitive smoothing marix associated with the

explonatory variable t and that depends only on the knots. Then, if we consider

λ∗(λ) = −1
2
λ, the penalized log-likehood function can be expressed as

Lp(θ, λ) = L(θ)− λ

2
fTKf , (2.4)
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where λ controls the trade of between goodness of fit and the smothness estimated

function.

In the next chapter we consider some theoretical aspects concerning the estimation

of the parameters involved in model (2.1).
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Chapter 3

Parameters estimation

In this chapter we derive the score function and hessian matrix associated with the

parameter vector θ. Also, we propose a procedures for estimating the parameters

based on the Backfitting algorithm. The observed matrix will be used to calculate

the standard errors of the estimate θ̂.

3.1 Score function

Let

Lp(θ, λ) =
n∑
i=1

Lpi(θ, λ)

where

Lpi(θ, λ) = −1

2
log |Σ|+ log g(δi)−

λ

2n
fTKf (3.1)

with δi = rTi Σ−1ri, ri = yi − µi and µi = BTxi + Nif . Assuming that (3.1) is

regular with respect to each element of θ = (βT , fT, σ2, ρ)T, the score function are

given by

10



Uθ =
n∑
i=1

∂Lpi(θ, λ)

∂θ
=


Uβ

Uf

Uσ2

Uρ

 .

To obtain the score function associated to β, we must derive Lpi(θ) with respect

to each element of β. For βs, we have

∂Lpi(θ, λ)

∂βs
= vixisΣ

−1(yi − µi) (3.2)

and, consequently,

∂Lpi(θ, λ)

∂β
= vi(xi ⊗Σ−1(yi − µi)),

with ⊗ denoting the kronecker product. Thus,

Uβ =
n∑
i=1

vi(xi ⊗Σ−1(yi − µi)), (3.3)

where vi = −2ζg(δi), with ζg(δi) = d log(δi )
dδi

i = 1, ..., n. Then, after some algebraic

operations, the score function for B takes the form

UB

n∑
i=1

vixi(yi −BTxi −Nif)TΣ−1

Analogously, to obtain the score function associated to vector f , we must derive the

function Lpi(θ, λ) with respect to f . In effect,

∂Lpi(θ, λ)

∂f
= viN

T
i Σ−1ri −

λ

n
Kf
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and, consequently,

Uf =
n∑
i=1

viN
T
i Σ−1ri − λKf . (3.4)

Finally, to obtain score functions of σ2 and ρ we must calculate

∂Lpi(θ, λ)

∂σ2
= − 1

2σ2
{p− viδi}

and
∂Lpi(θ.λ)

∂ρ
= −σ

2

2

{
γp(p− 1)− virTi Vri

}
.

Applying the sum to the previous equations you get

Uσ2 =
n∑
i=1

− 1

2σ2
{p− viδi}

= − n

2σ2
{p− tr(RΣ−1)}

and

Uρ =
n∑
i=1

−σ
2

2

{
γp(p− 1)− virTi Vri

}
= −nσ

2

2
{γp(p− 1)− tr(RV)},

where V = Σ−1(11T − I)Σ−1, 1 denote a (p× 1) vector of 1’s, γ = ρ
σ2 (ρ− 1)[ρ(p−

1) + 1] and R =
∑n

i=1 virir
T
i . The expressions of vi for some distributions that

belong to the class of elliptical distributions are presented in Table 3.1
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Table 3.1: Quantities vi, v
′
i , dgi and fgi for some distributions that belong to the

elliptical class.

Distribution vi v
′
i dgi fgi

Normal 1 0 p
4

p(p+2)
4

Student-t ν+p
ν+δi

ν+p
(ν+δi)2

p
4

(
ν+p
ν+p+2

)
p(p+2)

4

(
ν+p
ν+p+2

)
Power Exponential γδγ−1

i γ(γ − 1)δγ−2
i

γ2

21/γ
Γ( p−2

2γ
+2)

Γ( p
2γ

)
p(p+2γ)

4

Cauchy 1+p
1+δi

1+p
(1+δ)2

p
4

(
1+p
3+p

)
p(p+2)

4

(
1+p
3+p

)
p is the dimension of the response variables vector.

3.2 Hessian matrix

In this section the Hessian matrix (derivative second matrix) is determined under

the elliptical multivariate semiparametric lineal regresision model with equicorre-

lated random errors. The Hessian matrix of dimension (p∗ × p∗), denoted by Lθθp ,

is defined as follows:

Lθθp =
∂2Lpi(θ, λ)

∂θ∂θT
=


Lββp Lβf

p Lβσ
2

p Lβρp

Lfβ
p Lff

p Lfσ2

p Lfρ
p

Lσ2β
p Lσ2f

p Lσ2σ2

p Lσ2ρ
p

Lρβ
p Lρf

p Lρσ2

p Lρρ
p



The elements of the matrix Lθθp are given by the following equations:
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∂2Lpi(θ)

∂β∂βT
=

 −Σ−1(2v
′
irir

T
i + viΣ)Σ−1x2

is s=s’

−Σ−1(2v
′
irir

T
i + viΣ)Σ−1xisxis′ s 6= s’,

∂2Lpi(θ)

∂β∂fT
= −xTi Σ−1{2v′irirTi + viΣ}Σ−1Ni ,

∂2Lpi(θ)

∂β∂σ2
= −xij

σ2
Σ−1{v′irirTi + viΣ

−1}Σ−1ri ,

∂2Lpi(θ)

∂β∂ρ
= −xijσ2Σ−1{v′irirTi + viΣ

−1}Vri ,

∂2Lpi(θ)

∂f∂fT
= −NT

i Σ−1{2v′irirTi + viΣ}Σ−1Ni −
λ

n
K ,

∂2Lpi(θ)

∂f∂σ2
= − 1

σ2
NT
i Σ−1{v′irirTi + viΣ

−1}Σ−1ri ,

∂2Lpi(θ)

∂f∂ρ
= −NT

i σ
2Σ−1{v′irirTi + viΣ

−1}Vri ,

∂2Lpi(θ)

∂σ2∂σ2
=

p

2σ4
− 1

2σ4
rTi Σ−1(v

′

irir
T
i Σ−1 + 2viI)ri ,

∂2Lpi(θ)

∂σ2∂ρ
= −1

2
rTi {V(v

′

irir
T
i Σ−1 + viI)}ri and

∂2Lpi(θ)

∂ρ∂ρ
= −σ

2γρp(p− 1)

2
− σ4

2
rTi V{v′i(rTi Vri)I + 2viΣV}ri ,

with γρ = −γ
{
σ2γ

(
(p−1)(2ρ−1)+1

p

)
+ 1
}
. The expressions of ν ′i for some distribu-

tions that belong to the class of elliptical distributions are presented in table [3.1]
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3.3 Estimation procedure

Here we present the method for the estimation of parameter vector θ under the

elliptical multivariate semiparametric linear regression model with equicorrelated

random errors. For simplicity, we consider a particular case of model (2.1); especif-

ically, the model

yi = βxi + Nif + εi,

where xi is a scalar explanatory variable. The proposed estimation method is based

on the Backfitting algorithm, which allows solving the estimation equations

Uβ = 0 , Uf = 0 , Uσ2 = 0 and Uρ = 0, (3.5)

and leads to the following two-step iterative process:

Step 1 Back-fitting algorithm.

Denoted by θ(0) and θ(s+1) the starting and current values of θ, respectively,

for s = 0, 1, . . .. In this stage, the updating equations for β and f , which

are obtained from (3.5), induce an inner back-fitting algorithm, where the

solution is the limit of the iteration obtained by repeatedly cycling between

the following two equations:

β̂ =

[
n∑
i=1

vix
2
i (Σ

(s))−1

]−1 [ n∑
i=1

vixi(Σ
s)−1(yi −Nif

(s+1,s∗))

]
(3.6)

and
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f̂ =

[
n∑
i=1

(viN
T
i (Σ(s))−1Ni − λK)

]−1 [ n∑
i=1

viN
T
i (Σs)−1(yi − xiβs+1,s∗+1)

]
(3.7)

for s∗ = 0, 1, ..., where y = (yT1 , ...,y
T
n )T , with X and N being denoted in the

same way. Here, we can use as statting value for the back-fitting algorithm

f (s+1,0) = f (0) and the MPLEs from elliptical multivariate semiparametric

linear regression model with equicorrelated random errors can be used as

starting values β(0), f (0), σ2(0) and ρ(0) Equations (3.6) and (3.7) are iterated

until convergence.

Step 2 Concentrated penalized log-likelihood.

To update σ2 and ρ by using the following equations:

σ2(m+1)

=
1

p
tr(R(m)) and ρ(m+1) =

1

(p− 1)

{
1TR(m)1

tr(R(m))
− 1

}
,

where R(m) = R |(m)
θ .

Thus, alternating between step 1 and 2, this iterative process leads to the

MLE of θ. We suggest to use as starting values θ0 = θ̂N , the MLE for θ

under the normal model. Note that the v′is can be interpreted as weights and

since g(δi) is for the majarity of the elliptical a positive decreasing function,

one has in general vi > 0. Exceptions are Kotz, generalizd Kotz and double

exponential distributions.
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3.4 Effective degress of freddom

In the elliptical multivariate semiparametric linear regression model with equicor-

related random errors, the degree of freedom, which measure the individual effect

contribution of the nonparametric component, is given by (see, for instance, Hastie

and Tibshirani (1990).

df(λ) =
n∑
i=1

Ni

[
viN

T
i Σ−1Ni + λK

]
NT
i Σ−1

3.5 Selecting an appropriate model

Under the elliptical multivariate semiparametric linear regression model with equicor-

related random errors one has a total of kp+ 2 + df(λ) parameters to be estimated,

with df(λ) denoting approximately the number of effective parameters involved in

modelling of the nonparametric component. In this case, the Akaike information

criterion (AIC) (Akaike, 1973) or the Bayesian information criterion (BIC) (Schwarz

et al., 1978) can be used for selecting an appropriate model. The idea is to minimize

the function

AIC(λ) = −2Lp(θ̂, λ) + 2[kp+ 2 + df(λ)] ,

where Lp(θ̂, λ) denotes the penalized log-likelihood function available at θ̂ for a

fixed λ. It is important mention that AIC is based on information theory and is

useful for selecting an appropriate model given data with adequate sample size. An

alternative version of the AIC criterion, denoted by AICc, was proposed by Hurvich

et al. (1998) in the context of parametric linear regression and autoregressive time

series. Recently, Relvas (2016) adapted this criterion for the partially linear model

with first-order autoregressive symmetric errors. Considering such proposals, we

propose the AICc criterion as an alternative for the selection of models under the
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elliptical multivariate semiparametric linear regression model with equicorrelated

random errors, which is given by

GCVc(λ) = log

{
‖
√

Ŵ(y − ŷ) ‖2

n

}
+

2
[
tr(Ĥ(λ)) + 1

]
n− tr(Ĥ(λ))− 2

+ 1 ,

3.6 Smoothing parameters

The determination of the parameter is a crucial part in the estimation process and

different choice methods are available in the literature. For example, is usual to

consider the cross-validation method or the generalized cross-validation method

(Craven and Wahda, 1978). Following Relvas (2016), an alternative to select

smoothing parameters under the elliptical multivariate semiparametric linear re-

gression model with equicorrelated random errors, is to consider a generalized cross-

validation method defined by

GCV(λ) =
‖
√

Ŵ(y − ŷ) ‖2

[1− n−1tr(Ĥ(λ))]
,

where Ĥ(λ) is commonly called smoother matrix and is equivalent to the hat matrix

defined in the class of parametric regression models which satisfies ŷ = Ĥ(λ)y.

In this case, λ should be obtained by minimizing GCV(λ) for a grid of λ values.

Alternatively, these parameters may be selected by applying the Akaike information

criterion. In particular, we can consider the AIC(λ) or AICc(λ) criteria defined in

the previous section, and use the effective degress of freedom involved in nonpara-

metric modeling to select appropriate smoothing parameters.

In the next chapter we will consider some theoretical aspects of the Local Influence

Method for model 2.1.
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Chapter 4

Local Influence

In this section we derive the normal curvatures of local influence for the model

(2.1) under some usual perturbation schemes. We will consider the case-weight,

scale parameter and explanatory variable perturbation schemes.

4.1 The method

Let ω = (ω1, ..., ωn)T be and (n×1) vector of perturbations restricted to some open

subser Ω ∈ Rn and the logarithm of the perturbed liklihood function denoted by

L(θ, λ|ω). Suppose that there is a point ω0 ∈ Ω that represents no perturbation of

the data so that L(θ, λ|ω0) = L(θ, λ) To assess the influence of minor perturbations

on θ̂, we consider the likelihood displacement

LDω = 2
[
L(θ̂, λ)− L(θ̂w, λ)

]
≥ 0, (4.1)

where θ̂w is the MLE under L(θ, λ|ω). This measure LD(ω) is useful for assessing

the distance between θ̂ and θ̂w. Cook (1986) suggested studying the local behavior
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of LD(ω) around ω0. The procedure consists in selecting a unit direction ` ∈ Ω

(‖`‖ = 1), and then to considering the plot of LD(ω0 + a`) against a, where a

∈ R. This plot is called lifted line. Each lifted line can be characterized by con-

sidering the normal curvature C`(θ) around a = 0. The suggestion is to consider

the direction ` = `max corresponding to the largest curvature C`max(θ). The index

plot of `max may reveal those observations that under small perturbations exercise

influence on LD(ω).

According to Cook (1986), the normal curvature in the unitary direction ` is given

by C`(θ) = −2{`T∆T L̈−1∆`}, where

L̈ =
∂2L(θ, λ)

∂θ∂θT

∣∣∣∣
θ̂

and

∆ =
∂2L(θ, λ |ω)
∂θ∂ωT

∣∣∣∣
θ̂, ω0

.

In order to have a curvature invariant under uniform change of scale Poon and Poon

(1999) proposed the conformal normal curvature defined as

B`(θ) = − `T∆T L̈−1∆`√
tr(∆TL̈−1∆)2

.

This curvature is characterized to allow for any unitary direction ` that 0 ≤ B`(θ) ≤

1. A suggestion is to consider the direction ` = `max corresponding to the largest

curvature B`max(θ) or, alternatively, evaluating the normal curvature at the direc-

tion ` = ei, where ei is an n-dimensional vector with 1 in the ith position and zeros

in the remaining positions, and observing the index plot of Bei(θ). We suggest

using Bi > B+c∗SE(B) to discriminate if an observation is influential or not, where

B is the mean of B = {Bi = Bei(θ) : i = 1, . . . , n}, SE(B) denotes the standard
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error of B and c∗ is a constant selected appropriately.

4.2 Normal curvature derivation

In this section we present the expressions of the elements of the matrix ∆ for

case-weight, scale matrix and explanatory variable perturbation schemes.

4.2.1 Case-weight perturbation

Let us consider the attributed weights for the observations in the log-likelihood

function as

L(θ, λ|ω) =
n∑
i=1

ωi Li(θ) − λ

2
fTKf , (4.2)

where ω = (ω1, . . . , ωn)T is the vector of weights, with 0 ≤ ωi ≤ 1 (i = 1, . . . , n). In

this case, the vector of no perturbation is given by ω0 = (1, . . . , 1)T . Differentiating

(4.2) with respect to the elements of θ and ωi we obtain, the expressions

∂2Li(θ̂|ω0)

∂βs∂ωi
= vixis Σ−1ri

∣∣∣
θ̂

∂2Li(θ̂|ω0)

∂f∂ωi
= viN

T
i Σ−1ri

∣∣∣
θ̂
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∂2Li(θ̂|ω0)

∂σ2∂ωi
= − 1

2σ2
{p− viδi}

∣∣∣
θ̂

and

∂2Li(θ̂|ω0)

∂ρ∂ωi
= −σ

2

2
{γp(p− 1)− virTi Vri}

∣∣∣
θ̂
.

4.2.2 Scale perturbation

Under the scale perturbation scheme we assume that

yi ∼ Elp(µi, ω
−1
i Σ), (4.3)

where ω = (ω1, . . . , ωn)T is the vector of perturbations, with ωi > 0, for i = 1, . . . , n.

In this case, the vector of no perturbation is given by ω0 = (1, . . . , 1)T such that

L(θ, λ|ω) = L(θ, λ). Taking differentials of L(θ, λ|ω) with respect to the elements

of θ and ωi, simple algebra yields

∂2Li(θ̂|ω0)

∂βs∂ωi
= {v′i δi + vi} xisΣ−1ri

∣∣∣
θ̂
,

∂2Li(θ̂|ω0)

∂f∂ωi
= {v′iδi + vi}NT

i Σ−1ri

∣∣∣
θ̂
,

∂2Li(θ̂|ω0)

∂σ2∂ωi
=

δi
2σ2
{v′iδi + vi}

∣∣∣
θ̂

and

∂2Li(θ̂|ω0)

∂ρ∂ωi
=

σ2

2
{v′iδi + vi}rTi Vri

∣∣∣
θ̂
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4.2.3 Explanatory variable perturbation

Here the sth explanatory variable (assumed continuous) is perturbed by considering

additive perturbation scheme, namely xisω = xis + ωi (i = 1, . . . , n), where xis

denotes the sth explanatory variable value for the ith cluster and ω = (ω1, . . . , ωn)T

is the vector of perturbations. In this case, the desing matrix Xi associated to

the parametric components of the model is replaced by Xiω = (xi1...xikω...xip).

Thus, perturbed penalized log-likelihood function is constructed from (2.4) with

Xis replaced by Xiω, that is,

L(θ, λ|ω) = L(θ|ω)− λ

2
fTKf , (4.4)

where Li(θ|ω) = −1
2

log |Σ| + log g(δiw) with δiω = rTiωΣ
−1riω, riω = yi − µiω

and µiω = β1xi1 + ... + βsxisw + ... + βkxik + NT
i f . In this case, the vector of

no perturbation is given by ω0 = (0, ...0)T , since xisw0 = xis, for i = 1, ..., n and

s = 1, ..., k. Differentiating (4.4) with respect to θ and wi, we have, for s = 1, ..., k,

that

∂2Li(θ̂|ω0)

∂βs∂ωi
= −2v

′

ixisΣ
−1rir

T
i Σ−1βs − viΣ−1

{
xisβs − ri

}∣∣∣
θ̂
,

∂2Li(θ̂|ω0)

∂f∂ωi
= −NT

i Σ−1{2v′irirTi + viΣ
−1}Σ−1βs

∣∣∣
θ̂
,

∂2Li(θ̂|ω0)

∂σ2∂ωi
= − 1

σ2
rTi Σ−1{v′irirTi + viΣ}Σ−1βs

}∣∣∣
θ̂

and

∂2Li(θ̂|ω0)

∂ρ∂ωi
= −σ2rTi V{v′irirTi + viΣ}Σ−1βs

}∣∣∣
θ̂

for i = 1, ..., n.
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Chapter 5

Conclusions and future research

In this thesis we consider the study of the elliptical multivariate semiparametric

linear regression model with equicorrelated random errors, which is an extension

of the models proposed by Ibacache et al. (2012, 2014). In this context, we study

some theoretical aspects associated with the process of parameter estimation. In

addition, we developed the technique of local influence for different perturbation.

Among the results that stand out the most are the calculation of the score functions,

the matrix of derivatives second and the derivation of the normal curvature.

Among the future works to develop we have the following:

(i) The application of the proposed model and the local influence technique to a

set of real data.

(ii) Incorporate the nonlinear effect of at least two explanatory variables. This

proposal would give rise to the elliptic multivariate additive semiparametric

linear regression model with equicorrelated random errors.

(iii) Consider new structures for the scale matrix associated with the elliptical

distribution.
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