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Agradezco a mi familia de Valparáıso, a mis t́ıos y primas por abrirme la puerta de su
hogar y recibirme como una hija más, por su afecto, por la paciencia, por incentivarme
a seguir adelante y por estar siempre ah́ı, en mis momentos más dif́ıciles y en los de
felicidad, gracias por todo su apoyo.

Agradezco a mi t́ıa Flor y mi abuelita que a pesar de la distancia que nos separa siempre
estuvieron apoyándome.

1



Al profesor Germán Ibacache, un especial agradecimiento por sus consejos, su sabiduŕıa,
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Resumen

En este trabajo estudiamos los modelos lineales generalizados con coeficiente variando
parcialmente (MLGCVP), se propuso un método de estimación para los parámetros
asociados al MLGCVP y se realizó inferencia sobre esos parámetros. Se desarrolló la
técnica de influencia local para evaluar la sensibilidad de los estimadores de máxima
verosimilitud penalizada, para detectar observaciones influyentes. Finalmente, para
ilustrar esta clase de modelos y de los resultados que se obtuvieron en la ejecución de
este trabajo, se implementó computacionalmente las metodoloǵıas para el proceso de
estimación y la técnica de influencia local, y se aplicó a un conjunto de datos reales,
utilizando el software MATLAB.
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Abstract

In this work we study the partially varying-coefficients generalized linear models
(PVCGLM). A Backfitting algorithm to attain the maximum penalized likelihood es-
timates (MPLE) by using natural cubic smoothing splines is presented. In particular,
the score functions and Fisher information matrices for the parameters of interest are
expressed in a similar notation of that used in parametric generalized linear models. In
order to study the sensitivity of the penalized estimates under some usual perturbation
schemes in the model or data, the local influence curvatures are derived and some di-
agnostic graphic are proposed. Finally, a practical application that employ real data is
presented and discussed.

Keywords : Generalized lineal model, Varying-coefficient model, Maximum penalized
likelihood estimates, Weighted back-fitting algorithm, Local influence measure.
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Objetives

General objective

Study the estimation and statistical inference problem in PVCGLM, and apply the
local influence method to asses the effect of small perturbations in the model (or data)
on the maximum penalized likelihood estimates.

Specific objectives

1. Study the theory of the PVCGLM.

2. Derive an iterative process for obtain the maximum penalized likelihood estimates
in the PVCGLM.

3. Developed the method of local influence for the PVCGLM.

4. Illustrate the methodology with real data sets.
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Chapter 1

Introduction

In this work, we study partially varying-coefficient generalized linear models, which are
an extension of generalized linear models. This class of models emerge as a powerful tool
in statistical modeling because of its flexibility to model explanatory variables effects
that can contribute parametric way and explanatory variables effects in which the
coefficients are allowed to vary as smooth functions of other explanatory variables (for
example, time variable). These models are often used in research related to longitudinal,
clustered, spatial and hierarchical sampling schemes.

In the last years various works on partially varying-coefficient models were developed,
principally associated to the estimation problem. For instance, in the context of varying-
coefficient models (VCMs), Hastie and Tibshirani (1993) estimated the parameters of
the model based on penalized least squares criterion. In particular, they used spline
smoothing and backfitting algorithm during the estimation process (see also, Buja et
al., 1989). Wu and Yu (2002) studied estimation in nonparametric varying-coefficients
model (NVCM) for the analysis of longitudinal data using local least squares, smooth-
ing splines and smoothing via basis approximations. Eubank et al. (2004) discussed the
problems of point and interval estimates for VCMs based spline smoothing methods.
Fan and Huang (2005) and Zhang et al. (2007) used profile least-squares technique
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for estimating the parametric component of the PVCM. Wang et al. (2004) proposed
an estimation procedures for the VCM based on local ranks, which is highly efficient
and robust alternative to the local linear least method. Krafty et al. (2008) developed
an estimation procedure for the VCM when the within-subject covariance unknown.
Ibrahim et al. (2005) proposed a general series method to estimate a PVCM based in
spline and power series. Cai et al. (2000) used local polinomial regression techniques to
estimate coefficients functions and derived some standard error formulas for estimated
coefficients. On the other hand, diagnostic methods have been well developed for var-
ious types of models. For instance, the local influence methodology Cook (1986) has
been applied by Beckman et al. (1987) to detect influential observations in normal linear
mixed models with emphasis on single observations whereas Lesaffre and Verbeke (1998)
extended the approach for normal linear mixed models in a repeated-measurement con-
text and under the case-weight perturbation scheme. Under elliptical errors, Galea et
al. (1997) and Liu (2002) applied the local influence approach in multivariate elliptical
linear models under various perturbation schemes and Osorio et al. (2007) extended
the methodology to the longitudinal structure, which includes the mixed-effect case.
In nonparametric and semiparametric regression models, Thomas (1991) constructed
local influence diagnostics for the smoothing parameter and Zhu et al. (2003) extended
the works by Cook (1986) to provide local influence measures under different pertur-
bation schemes in normal partially linear models. Recently, Ibacache and Paula (2011)
obtained similar evidence on the robust aspects of the maximum penalized likelihood
estimates from Student-t partial linear models against outlying observations by using
local influence measures.

Nevertheless, in partially varying-coefficient generalized linear models local influence
diagnostic studies are quite rare. However, some works on generalized linear models
were developed. For instance, Zhu and Lee (2003) develop the local influence method
on the basis of a Q-function which is associated with the conditional expectation of
the complete-data log-likelihood function in the EM algorithm under generalized linear
mixed models. Chen et al. (2010) developed a perturbation selection method and a
second-order local influence measure to address this issue and conduct local influence
analysis in generalized linear mixed models.

The work is structured as follows: Chapter 2, the partially varying-coefficient general-
ized linear models are presented and a penalized log-likelihood function is considered
for the estimation parameter.

In Chapter 3, the problem of estimation and inferential analysis of the parameters are
discussed. A discussion on the process to obtain maximum penalized likelihood estima-
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tors, the derivation of a back-fitting algorithm, some inferential result and discussions
on degrees of freedom (df) estimation and selection of the smoothing parameter.

In Chapter 4, the method of local influence is presented and normal curvatures for some
perturbation schemes are derived.

Finally, in Chapter 5, an illustration of the methodology is presented for real dataset.
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Chapter 2

The partially varying-coefficient

generalized linear model

The partially varying-coefficients generalized linear models (PVCGLMs) emerge as a
powerful tool in statistical modeling because of its flexibility to model explanatory
variables effects that can contribute parametric way (constant coefficients) and other
that varying with a given factor. These models are often used in research related to
longitudinal, clustered and spatial sampling schemes.

2.1 The model

Consider a data set that is composed of a response yij , and vectors of covariates wij

(p× 1) and xij (s× 1), where j = 1, . . . , ni represents an observation within the cluster
i = 1, . . . , n. It is assumed that the random variable yij follows an exponential family
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distribution of the form

fy(yij; θij , φ) = exp

[
yijθij − ψ(θij)

aij(φ)
+ c(yij, φ)

]
, (2.1)

where θij is the canonical form of the location parameter and is a function of the
mean µij, aij(φ) is a known function of the possibly unknown dispersion parameter or
vector of dispersion parameter φ, c is a function of the dispersion parameter and the
responses, and ψ is a known function, such that the mean and variance of yij are equals
to µij = E(yij) = ∂ψ(θij)/∂θij and Var(yij) = φVij, with Vij = V(µij) = ∂2ψij/∂θ

2
ij ,

respectively. The partially varying-coefficient generalized linear model is defined by
(2.1) and the following systematic component:

g(µij) = ηij = wT
ijα+

s∑

k=1

x(k)ij βk(tij) (2.2)

where α = (α1, . . . , αp) is a vector consisting of the regression coefficients, βk(·) (k =
1, ..., s) are unknown smooth arbitrary functions of t, associated with the covariates

x(k)ij . In order to write model (2.2) in a matrix form, we obtain

ηi = Wiα+
s∑

k=1

Ñkiβk, (2.3)

where Wi = diag(wT
i1, . . . ,w

T
ini
), Ñki = X

(k)
i Nki, X

(k)
i = diag(x

(k)
i1 , . . . , x

(k)
ini
), Nki is an

(mi × r) incidence matrix with the (j, l)th element equal to the indicator I(tij = t0l )
(j = 1, . . . ,mi), where t0l (l = 1, . . . , r ) denotes the distinct and ordered values of the
explanatory variable tij, and βk = (ψk1 , . . . , ψkr)

T is a (r×1) vector of parameters with
ψkl = βk(t

0
l ), for l = 1, . . . , r.

In Table 2.1 we present the link functions associated with some of the major distri-
butions that belong to the exponential family and Table 2.2 the components of an
exponential family (see McGullar, P. and Nelder (1989), and Nelder and Wedderburn
(1972)).
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Table 2.1: Link functions for some discrete and continuous distributions.

Distributions Link functions g(µ)

Binomial log(µ/(n− µ))

Poisson log µ

Normal µ

Gamma 1/µ

Inverse Normal 1/µ2

Table 2.2: Components of an exponential family for some discrete and continuous
distributions.

Distributions θ ψ(θ) c(y, φ) φ

Binomial log (µ/(n− µ)) n log(1 + eθ) log

(
n
y

)
1

Poisson log µ eθ − log(y!) 1

Normal µ θ2/2 −1
2

(
y2

σ2 + log(2πσ2)
)

σ2

Gamma 1/µ − log(−θ) − log Γ(ν) + φ log(φ) + (φ− 1) log y ν−1

Inverse Normal 1/µ2 −(−2θ)1/2 1
θy

− 1
2
log(−πφy3) σ2

2.2 The Poisson distribution

The Poisson distribution can be written as a special case of an exponential family
distribution. Its probability function is
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fy(y, µ) =
1

y!
e−µµy (y = 0, 1, 2, . . .).

Rewriting this,

fy(yij ; θij , φ) = exp (yij log µij − µij − log(yij!)) ,

hence θij = log(µij) the natural parameter. Reciprocally, we can write the mean in
terms of the natural parameter as µij = eθij and ψ(θij) = µij = eθij . Again there is no
dispersion parameter, so we can aij(φ) = 1. Finally, c(yij, φ) = − log(yij!).

Model the mean using a link function: µij = g−1(ηij) = eηij and ηij = g(µij) = log(µij).

2.3 Penalized function

Let θ = (αT ,βT1 , . . . ,β
T
s , φ)

T ∈ Θ ⊆ R
p∗ , with p∗ = p + r + 1, the vector of unknown

parameters associated to model (2.1). Then, the log-likelihood function is given by

L(θ) =
n∑

i=1

Li(θ), (2.4)

where

Li(θ) =

[
yijθij − ψ(θij)

aij(φ)
+ c(yij, φ)

]
. (2.5)

In general, it is known fact that maximizing the log-likelihood function in the context
semiparametric, without imposing restrictions over the nonparametric functions, may
cause overfitting and non identification of parameters vector α. A well known procedure
that can solve this problem is based on the idea of log-likelihood penalization and
consists in incorporating a penalty function over each function βk such that

Lp(θ, λ1, . . . , λs) = L(θ) +
s∑

k=1

λ∗kJ(βk) , (2.6)
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where J(βk) denotes the penalty function over βk and λ∗k = λ∗(λk) is a constant that
depends on the parameter λk ≥ 0. In this work, we will consider penalty functions of
type

J(βk) = λ∗
∫ bk

ak

[β
(l)
k (tk)]

2dtk,

where β
(l)
k (tk) = dl

dtl
β(t), t0k ∈ [ak, bk] and the functions βk’s belongs to the Sobolev

functions space

W
(l)
2 = {βk : βk, β

(1)
k , . . . , β

(l−1)
k abs. cont., β

(l)
k ∈ L

2[ak, bk]} .

When l = 2, the estimation of βk leads to a smooth cubic spline with knots at the
points t0kq , for q = 1, . . . , rk. According to Green and Silverman (1994), we may express
the penalty function as

J(βk) = λ∗k β
T
kKkβk,

where Kk is a (rk × rk) nonnegative definite smoothing matrix associated with the kth
explanatory variable that depends only on the knots. Then, if we consider λ∗k = −λk/2,
the penalized log-likelihood function can be expressed as

Lp(θ,λ) = Lp(θ)−
s∑

k=1

λk
2

βTkKkβk , (2.7)

where λ = (λ1, . . . , λs)
T denotes a (s×1) vector of smoothing parameters that controls

the tradeoff between goodness of fit and the smoothness estimated functions.

2.4 Final comments

In this chapter we present the partially varying-coefficient generalized linear model,
tables with the link functions and the components for some exponential family distri-
butions. We also write the Poisson distribution in the form of the exponential family.
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Chapter 3

Parameter estimation and

inference

In this chapter we discuss the estimation of α and β’s based on penalized log-likelihood.
First, we present a maximization procedure to obtain the MPLEs and some sufficient
conditions on the existence of the MPLEs in SAMs. Then, from the application of the
maximization procedure we derive a back-fitting algorithm for obtaining the MPLEs.
A conditional explicit solution is derived for the parameter estimates, which will be
useful for obtaining some diagnostic quantities.

3.1 Score Function

Assuming that (2.7) is regular with respect to α, βk’s and τ , the penalized score
function of θ is given by

Up(θ) =
n∑

i=1

∂Lpi(θ,λ)

∂θ
.
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The elements of the vector Up(θ) are calculated below.

3.1.1 Parametric component

To obtain the function score for the α parameter we must calculate

∂Lp(θ,λ)

∂αj
=

n∑

i=1

(aij(φ))
−1

{
yij

∂θij
∂µij

∂µij
∂ηij

∂ηij
∂αj

−
∂ψ(θij)

∂θij

∂θij
∂µij

∂µij
∂ηij

∂ηij
∂αj

}

=
n∑

i=1

(aij(φ))
−1

{
yij V

−1
ij

∂µij
∂ηij

wij −µijV
−1
ij wij

∂µij
∂ηij

wij

}

=
n∑

i=1

(aij(φ))
−1

{
(yij −µij)V

−1
ij

∂µij
∂ηij

wij

}
(j = 1, . . . , p).

Then, the function score for α can be written in Matrix as follows:

U
α
p(θ) =

∂Lp(θ,λ)

∂α
= WTT(y − µ) ,

where W is an (n × p) matrix whose ith row is wT
ij, T =

diag
[
(aij(φ))

−1
(
∂µij
∂ηij

)
V −1
ij

]
with Vij = V (µij) =

∂µij
∂θij

the function of variance, y =

(yT1 , ...,y
T
n )

T and µ = (µT
1 , ...,µ

T
n )

T with yi = (yi1, ..., yini
)T and µi = (µi1, ..., µini

)T .

3.1.2 Nonparametric component

To obtain the function score for the βk parameter we must calculate

10



∂Lp(θ,λ)

∂ψkl
=

n∑

i=1

(aij(φ))
−1

{
yij

∂θij
∂µij

∂µij
∂ηij

∂ηij
∂ψkl

−
∂ψ(θij)

∂θij

∂θij
∂µij

∂µij
∂ηij

∂ηij
∂ψkl

}
−

s∑

k=1

λkKklψk

=
n∑

i=1

(aij(φ))
−1

{
yij V

−1
ij

∂µij
∂ηij

nkil−µijV
−1
ij

∂µij
∂ηij

nkil

}
−

s∑

k=1

λkKklψk

=
n∑

i=1

(aij(φ))
−1

{
(yij −µij)V

−1
ij

∂µij
∂ηij

nkil

}
−

s∑

k=1

λkKklψk (l = 1, . . . , r).

Then, the function score for βk can be written in Matrix as follows:

U
βk
p (θ) =

∂Lp(θ,λ)

∂βk
= ÑT

kT(y − µ)− λkKkβk (k = 1, . . . , s)

3.1.3 Dispersion component

Finally, the function score for the φ parameter is given by

∂Lp(θ,λ)

∂φ
=

n∑

i=1

−(aij(φ))
−2{yij θij − ψ(θij)}+

n∑

i=1

c′(yij, φ) ,

where c′ = ∂ c(yij, φ)/∂φ.

3.2 Matrix of second derivatives penalized

Using results derived from matrices we have that the matrix of second derivatives with
respect to θ is given by
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∂Lp(θ,λ)

∂θ∂θT
=

n∑

i=1

∂Lpi(θ,λ)

∂θ∂θT
.

In particular,

∂2Lp(θ,λ)

∂αj∂αl
=

n∑

i=1

(aij(φ))
−1(yij −µij)

∂2θij
∂µ2

ij

(
∂µij
∂ηij

)2

wij wil

+
n∑

i=1

(aij(φ))
−1(yij −µij)

∂θij
∂µij

∂2µij
∂η2ij

wij wil−

n∑

i=1

(aij(φ))
−1 ∂θij
∂µij

(
∂µij
∂ηij

)2

wij wil ,

∂2Lp(θ,λ)

∂ψkj∂ψkl
=

n∑

i=1

(aij(φ))
−1(yij −µij)

∂2θij
∂µ2

ij

(
∂µij
∂ηij

)2

nkij nkil

+
n∑

i=1

(aij(φ))
−1(yij −µij)

∂θij
∂µij

∂2µij
∂η2ij

nkij nkil−
n∑

i=1

(aij(φ))
−1 ∂θij
∂µij

(
∂µij
∂ηij

)2

nkij nkil−λkKk ,

when k 6= k′, we have

∂2Lp(θ,λ)

∂ψkj∂ψk′l
=

n∑

i=1

(aij(φ))
−1(yij −µij)

∂2θij
∂µ2

ij

(
∂µij
∂ηij

)2

nkij nk′il

+
n∑

i=1

(aij(φ))
−1(yij −µij)

∂θij
∂µij

∂2µij
∂η2ij

nkij nk′il−
n∑

i=1

(aij(φ))
−1 ∂θij
∂µij

(
∂µij
∂ηij

)2

nkij nk′il ,
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∂2Lp(θ,λ)

∂αj∂ψkl
=

n∑

i=1

(aij(φ))
−1(yij −µij)

∂2θij
∂µ2

ij

(
∂µij
∂ηij

)2

wij nkil

+
n∑

i=1

(aij(φ))
−1(yij −µij)

∂θij
∂µij

∂2µij
∂η2ij

wij nkil−
n∑

i=1

(aij(φ))
−1 ∂θij
∂µij

(
∂µij
∂ηij

)2

wij nkil ,

∂2Lp(θ,λ)

∂αj∂φ
= −

n∑

i=1

(aij(φ))
−2

{
(yij −µij)V

−1
ij

∂µij
∂ηij

wij

}
,

∂2Lp(θ,λ)

∂ψkl∂φ
= −

n∑

i=1

(aij(φ))
−2

{
(yij −µij)V

−1
ij

∂µij
∂ηij

nkil

}
,

∂2Lp(θ,λ)

∂φ2
=

n∑

i=1

2(aij(φ))
−3{yij θij − ψ(θij)}+

n∑

i=1

c′′(yij, φ) .

3.3 Expected Information Matrix

In general, by calculating the expectation of the matrix −Lp we obtain the (p∗ × p∗)
penalized expected information matrix, denoted by

Ip(θ) = −E

(
∂2Lp(θ,λ)

∂θ∂θT

)
.

In particular, the elements of the matrix Ip(θ) are given by
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E

(
∂2Lp(θ,λ)

∂αj∂αl

)
= −

n∑

i=1

(aij(φ))
−1 ∂θij
∂µij

(
∂µij
∂ηij

)2

wij wil

= −

n∑

i=1

(aij(φ))
−1

(
∂µij
∂ηij

)2

V −1
ij wij wil

= −WTMW ,

where M = diag

[
aij(φ))

−1
(
∂µij
∂ηij

)2
V −1
ij

]

E

(
∂2Lp(θ,λ)

∂ψkj∂ψkl

)
= −

n∑

i=1

(aij(φ))
−1

(
∂µij
∂ηij

)2

V −1
ij nkij nkil−λkKk

= −ÑTMÑ− λkKk ,

for k 6= k′ we get

E

(
∂2Lp(θ,λ)

∂ψkj∂ψk′l

)
= −

n∑

i=1

(aij(φ))
−1

(
∂µij
∂ηij

)2

V −1
ij nkij nk′il

= −ÑTMÑ ,

E

(
∂2Lp(θ,λ)

∂αj∂ψkl

)
= −

n∑

i=1

(aij(φ))
−1

(
∂µij
∂ηij

)2

V −1
ij wij nkil

= −ÑTMW ,

E

(
∂2Lp(θ,λ)

∂αj∂φ

)
= 0 ,
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E

(
∂2Lp(θ,λ)

∂ψkl∂φ

)
= 0

and

E

(
∂2Lp(θ,λ)

∂φ2

)
=

n∑

i=1

2(aij(φ))
−3(µijθij − ψ(θij)) +

n∑

i=1

E(c′′(yij , φ)) .

Fisher’s information matrix takes the following block-diagonal form:

Ip(θ) =

(
I
αβk
p (θ) 0

0 I
φφ
p (θ)

)
,

where

I
αβk
p (θ) =




WTMW WTMÑ1 . . . WTMÑs

ÑT
1MW ÑT

1MÑ1 + λ1K1 . . . ÑT
1MÑs

...
...

. . .
...

ÑT
sMW ÑT

sMÑ1 . . . ÑT
sMÑs + λsKs




and

I
φφ
p (θ) =

n∑

i=1

−2(aij(φ))
−3(µijθij − ψ(θij))−

n∑

i=1

E(c′′(yij, φ)).

It is important to mention that the property of orthogonality of φ with respect to α

and βk facilitates the construction of the iterative process that allows estimating the
vector of theta parameters. See more details of this property in Paula (2010).

3.4 Estimation and inference

In this section we discuss some aspects of estimation and inference in PVCGLMs.
Specifically, we discuss the estimation of α, β1, . . . ,βs and φ based on penalized log-
likelihood function. Then, we describe a procedure for calculating the approximate
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standard errors of the parameter estimates and we derive a approximate standard error
bands for the smooth functions. In the following subsections we present a discussion
on degrees of freedom estimation and smoothing parameters selection.

3.5 Fisher score and weighted back-fitting algorithms

Because βk is an infinite-dimensional parameter we will consider the maximum penal-
ized likelihood estimate (MPLE) of θ, which leads to a natural cubic spline estimate of

βk. Specifically, the value of θ that maximizes Lp(θ,λ) over Θ, denoted by θ̂, satisfies

Lp(θ̂,λ) ≥ sup
θ∈Θ

Lp(θ,λ).

According to Berhane and Tibshirani (1998), the determination of the MPLE θ̂ can be

performed by using the Fisher scoring algorithm. In effect, let β0 = α and Ñ0 = W,
and consider for simplicity λ and M fixed. Then, the Fisher scoring algorithm is given
by




I S
(u)
0 Ñ1 . . . S

(u)
0 Ñs

S
(u)
1 Ñ0 I . . . S

(u)
1 Ñs

...
...

. . .
...

S
(u)
s Ñ0 S

(u)
s Ñ1 . . . I







β
(u+1)
0

β
(u+1)
1
...

β(u+1)
s


 =




S
(u)
0 z(u)

S
(u)
1 z(u)

...

S
(u)
s z(u)


 , (3.1)

where z(u) = η′(Y − µ) +

(∑s
k=0 Ñkβk

)∣∣
θ

(u) and S
(u)
k = Sk

∣∣
θ

(u) , with

Sk =





(ÑT
0MÑ0)

−1ÑT
0W k = 0

(ÑT
kMÑk + λkKk)

−1ÑT
kM k = 1, . . . , s

Then, the back-fitting (Gauss-Seidel) iterations that are used to solve the equations
system (3.1) take the form

β
(u+1)
k = S

(u)
k

(
z(u) −

s∑

l=0,l 6=k

Ñlf
(u)
l

)
. (3.2)
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Note that the system of equations (3.1) is consistent and the back-fitting algorithm (3.2)
converges to a solution for any starting values if the weight matrix involved is symmetric
and defined positive (see, for instance, Berhane and Tibshirani, 1998). Additionally,
we have that this solution is unique when there not concurvity in the data.

3.6 Joint iterative process

The solution of the estimating equation system (3.1) to obtain the MPLE of θ may be
attained by iterating between a weighted back-fitting algorithm with weight matrix M

and a Fisher score algorithm to obtain maximum likelihood estimation of the parameter
φ, which is equivalent to the following iterative process:

(i) Initialize:

(a) Fitting a partially varying-coefficient generalized model to get α(0).

(b) Get starting value for φ by using the fitted values from (a).

(c) From the current value β(0) = (βT , β
(0)T

1 , . . . , β
(0)T

s , φ(0))T obtaining the

weight matrix M(0), with m
(0)
i = mi

∣∣
θ

(0) . Then, obtain

z(0) = η′(0)(Y − µ(0)) +

( s∑

k=0

Ñkβk

)
,

S
(0)
0 = (ÑT

0M
(0)Ñ0)

−1NT
0M

(0) and

S
(0)
k = (ÑT

kM
(0)Ñk + λkKk)

−1ÑT
kM

(0) , (k = 1, . . . , s) .

(ii) Step 1: Iterate repeatedly by cycling between the following equations:

β
(u+1)
0 = S

(u)
0

(
z(u) −

s∑

l=1

Ñlβ
(u)
l

)
,

β
(u+1)
1 = S

(u)
1

(
z(u) − Ñ0β

(u+1)
0 −

s∑

l=2

Ñlβ
(u)
l

)
,

...

β(u+1)
s = S(u)

s

(
z(u) −

s−1∑

l=0

Ñlβ
(u+1)
l

)
,
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for u = 0, 1, . . .. Repeat (ii) replacing β(u)
 by β(u+1)

 until convergence criterion

∆u(β
(u+1)
 ,β(u)

 )=
∑s

=0 ‖ β(u+1)
 − β(u)

 ‖ /
∑s

=0 ‖ β(u)
 ‖ is below some small

threshold (Hastie and Tibshirani, 1990).

(iii) Step 2: For current values β(u+1)
 ( = 0, 1, . . . , s), obtaining φ(u+1) by using

φ(u+1) = φ(u) − E

{
∂2Lcp(φ,λ)

∂φ∂φ

}−1
∂Lcp(φ,λ)

∂φ

∣∣∣
θ

(u) .

(iv) Iterating between steps (ii) and (iii) by replacing β(0)
 ( = 0, 1, . . . , s) and φ(0) by

β(u+1)
 and φ(u+1), respectively, until convergence.

3.7 Approximate standard errors and bands

In this work we derive the covariance matrix of θ̂ from the inverse of the expected
information matrix Ip defined in Subsection 3.3. Therefore, the approximate covariance
matrix of θ̂ is given as

Ĉov(θ̂) ≈ I
−1
p

∣∣
θ̂
.

I
−1
p =




I11 I12 0

I21 I22 0

0 0 I
φφ−1

p


 ,

where

I11 =
(
I
αα
p − I

αβ
p I

ββ−1

p I
αβT

p

)−1

,

I12 = −I
αα−1

p I
αβ
p

(
I
ββ
p − I

αβT

p I
αα−1

p I
αβ
p

)−1

,

I21 =
(
I
ββ
p − I

αβT

I
αα−1

I
αβ
p

)−1

I
αβT

p I
αα−1

p and

I22 =
(
I
ββ
p − I

αβT

p I
αα−1

p I
αβ
p

)−1

,

with

18



I
αα
p = WTMW ,

I
αβ
p =

(
WTMÑ1 . . . WTMÑs

)
,

I
αβT

p =




ÑT
1MW

. . .

ÑT
sMW




and

I
ββ
p =




ÑT
1MÑ1 + λ1K1 . . . ÑT

1MÑs
...

. . .
...

ÑT
sMÑ1 . . . ÑT

sMÑs + λsKs


 .

If we are interested in drawing inferences for α and (β1, . . . ,βs), the approximate co-
variance matrices can be estimated by using the corresponding block-diagonal matrices
obtained from I

−1
p . In addition, we can construct an approximate pointwise standard

error band (SEB) for βk(·) that allows us to assess how accurate the estimator β̂k(·)
at different locations within the range of interest. For example, we can consider the
following approximate pointwise SEB (Hastie and Tibshirani, 1990):

SEBapprox(βk(t
0
l )) = β̂k(t

0
l )± 2

√
V̂ar(β̂k(t0l )) (l = 1, . . . , r),

where Var(β̂k(tl)) is the lth principal diagonal element of the corresponding block-
diagonal matrix.

3.8 On degrees of freedom

For the PVCGLM, the degree of freedom (df) associated with the kth smooth function
is given by (see, for instance, Hastie and Tibshirani, 1990)

df(λk) = tr
(
ÑkSk

)
= tr

(
S̃k
)
, (3.3)

which measure the individual effect contribution of the kth component, with Sk defined
in Section 3.5. Following Eilers and Marx (1996), we can write tr

{
S̃k
}
as

tr
{
S̃k
}
=

rk∑

j=1

1

1 + λkℓj
≈ 2 +

rk∑

j=3

1

1 + λkℓj
, (3.4)
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where ℓj, for j = 1, . . . , rk, are the eigenvalues of the matrix Q
−1/2

Ñk

QλkQ
−1/2

Ñk

, for k =

1, . . . , s, with Q
Ñk

= ÑT
kWÑk and Qλk = λkKk. It is important to note that (i)

df(αk) = tr
{
S̃k
}
is a monotonically decreasing function of λk; (ii) df(λk) → 2 + rk as

λk → 0; (iii) df(λk) → 2 as λk → ∞; and (iv) 2 ≤ df(λk) ≤ 2 + rk.

3.9 Choosing the smoothing parameters

In the previous subsections the smoothing parameters λk’s were assumed fixed. How-
ever, in practice situations the smoothing parameters should be selected from the data.
When a smoothing spline is used, for example, it is usual to consider the cross-validation
method or the generalized cross-validation method (Craven and Wahba, 1979). Alter-
natively, these parameters may be selected by applying the Akaike information criterion
(AIC) (Akaike, 1973); see also Hurvich et al. (1998) and Simonoff and Tsai (1999) in
the semiparametric context. In this work we will apply the following procedure based
on the AIC (see, for instance, Ibacache-Pulgar et al., 2013):

(i) For simplicity, consider s = 2.

(i.1) Select m values ukℓ ∈ (0, 1) and obtain the smoothing parameter values
λkℓ = ukℓ/(1− ukℓ), for ℓ = 1, . . . ,m.

(i.2) From the equation (3.3) obtain dfkℓ = df(λkℓ) and perform a dispersion
graph between λkℓ and dfkℓ . From (3.4) a reciprocal relationship is expected
between λk and df(λkℓ).

(ii) Select a range for the smoothing parameters.

(ii.1) Obtain an appropriate regression obtaining the fitted equation λ̂kℓ = η(dfkℓ),
where η(·) denotes the regression function.

(ii.2) Since the relationship between λk and dfk is monotonically decreasing we
may obtain from the fitted regression a range [λLk

k , λ
Uk

k ] for λk given a range
for the degrees of freedom. For example, if we consider the range [2, 16] we
have that λUk

k = η(16) and λLk

k = η(2).
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(iii) Minimizing the AIC.

The suggestion is to select a grid of values from the range [λLk

k , λ
Uk

k ] and choosing
the smoothing parameters values λk that minimizes

AIC(λ) = −2Lp(θ,λ)
∣∣
̂θ
+ 2

[
1 + p+ df(λ)

]
,

where λ = (λ1, λ2)
T , p denote the number of parameters in β, and df(λ) =∑2

k=1 df(λk) denote approximately the number of effective parameters involved
in modelling of the nonparametric effects.

3.10 Final comments

In this chapter we present the estimation and inference of the partially varying-
coefficient generalized linear model. We derive the score functions, the Hessian matrix
and the Fisher information matrix from the penalized likelihood function. In addition,
we proposed an algorithm weighted backtting to adjust an PVCGLM, which leads to
a natural cubic spline estimator for functions βk. From the Fisher information matrix
penalized, we calculate the standard errors associated with the regression coefficient es-
timators and the non-parametric function , and we build a trust band for function βk.
Also, we calculated the degrees of freedom associated the model and were estimated the
smoothing parameters. Finally, it is proposed as a criterion for the selection of models
in methods based on the AIC.
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Chapter 4

Local influence

4.1 The method

Let ω = (ω1, . . . , ωn)
T be an n-dimensional vector of perturbations restricted to some

open subset Ω ∈ R
n and the logarithm of the perturbed penalized likelihood denoted

by Lp(θ,λ |ω). It is assumed that exists ω0 ∈ Ω, a vector of no perturbation, such that
Lp(θ,λ |ω0) = Lp(θ,λ). To assess the influence of minor perturbations on the MPLE

θ̂, we can consider the likelihood displacement

LD(ω) = 2
[
Lp(θ̂,λ)− Lp(θ̂ω,λ)

]
≥ 0 ,

where θ̂ω is the MPLE under Lp(θ,λ |ω). The measure LD(ω) is useful for assessing

the distance between θ̂ and θ̂ω. Cook (1986) suggests to study the local behavior of
LD(ω) around ω0. The procedure consists in selecting a unit direction ℓ ∈ Ω (‖ℓ‖ = 1),
and then to considering the plot of LD(ω0 + aℓ) against a, where a ∈ R. This plot
is called lifted line. Each lifted line can be characterized by considering the normal
curvature Cℓ(θ) around a = 0. The suggestion is to consider the direction ℓ = ℓmax
corresponding to the largest curvature Cℓmax

(θ). The index plot of ℓmax may reveal
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those observations that under small perturbations exercise notable influence on LD(ω).
According to Cook (1986), the normal curvature at the unitary direction ℓ is given by
Cℓ(θ) = −2{ℓT∆T

pL
−1
p ∆pℓ}, where ∆p = ∂2Lp(θ,λ |ω)/∂θ∂ωT

∣∣
θ=θ̂, ω=ω0

. Note that

−Lp is the penalized observed information matrix evaluated at θ̂ (see Subsection 3.2)

and ∆p is the penalized perturbation matrix evaluated at θ̂ and ω0. Cℓ(θ) denotes

the local influence on the estimate θ̂ after perturbing the model or data. Escobar e
Meeker (1992) proposed to study the normal curvature at the direction ℓ = ei, where
ei is an n-dimensional vector with one at the ith position and zeros at the remaining
positions. In this case, the normal curvature, called total local influence of the ith
individual, takes the form Cei

(θ) = 2| cii | (i = 1, . . . , n), where cii is the ith principal
diagonal element of the matrix C = ∆T

pL
−1
p ∆p. In order to have a curvature invariant

under uniform change of scale Poon and Poon (1999) proposed the conformal normal
curvature defined as

Bℓ(θ) =
Cℓ(θ)

2
√

tr(∆T
pL

−1
p ∆p)2

= −
ℓT∆T

pL
−1
p ∆pℓ√

tr(∆T
pL

−1
p ∆p)2

.

This curvature is characterized to allow for any unitary direction ℓ that 0 ≤ Bℓ(θ) ≤ 1.
A suggestion is to consider the direction ℓ = ℓmax corresponding to the largest curvature
Bℓmax

(θ) or, alternatively, evaluating the normal curvature at the direction ℓ = ei and
observing the index plot of Bei

(θ).

4.2 Some Types of Perturbation

In the static literature there is no clear definition of perturbation. According to Billor
Loynes (1993), perturbation is any modification in the assumptions of the model
and/or in the data to verify substantial differences in the results of the analysis.

The most common perturbation schemes are:
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4.2.1 Cases-weight perturbation

With this type of disturbance we want to evaluate if the contribution of the observations
with different weights, affect the maximum likelihood estimator of θ. According to Cook
(1987), the case weight perturbation is perhaps the most common method to evaluate
the influence on a small modification of a model. Consider the postulated model as a
generalized linear model deduced by:

L(θ) =
n∑

i=1

Li(θ),

where

Li(θ) =

[
yiθi − ψ(θi)

φ
+ c(yi, φ)

]
(i = 1, . . . , n).

Then the log likelihood function of the disturbed model is given by:

L(θ/ω) =
n∑

i=1

ωiLi(θ).

4.2.2 Data perturbation

Billor Loynes (1993) consider that the types of possible perturbations depend on the
model. In generalized linear models one can disturb the explanatory variables (regres-
sors) or the response vector. There are two reasons to consider data perturbation:
the existence of measures with measurement errors and the existence of outliers (in a
relatively small proportion of data).

4.2.3 Predictors of perturbation

This type of perturbation can be done in two ways:
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xijω =





xijω +ωi(Additive perturbation)
(i = 1, . . . , n; j = 1, . . . , ni).

xijω×ωi(Multiplicative perturbation)

4.2.4 Response of perturbation

The response can be perturbed in two ways:

yijω =





yij +ωi × si (Additive perturbation)
(i = 1, . . . , n; j = 1, . . . , ni)

yij ×ωi × si (Multiplicative perturbation)
,

where
√
φ ∂

2 b
∂2ηi

is the standard deviation of yi.

For the previously written, the disturbance schemes can be classified into two large
groups: perturbations in the model (they study modifications in the assumptions of
the model) and / or in the data. Essentially, the disturbance scheme to be considered
must be formulated in a way that responds to questions previously established by the
researcher.

4.3 Perturbation schemes applied to the partially varying-coefficient
generalized linear models

The (p∗ × n) ∆p matrix for each perturbation scheme assumes the form

∆p =
∂2Lp(θ,λ|ω)

∂θ∂ωT

∣∣∣∣∣
θ=

̂θ ω=ω0

,

where θ̂ is the MPLE of θ and ω0 is the vector of no perturbation. We will present in
the sequel the expression of (p∗ × n) ∆p matrix for case-weight, explanatory variable,
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response variable and scale perturbation schemes.

Note: To deduce the perturbation matrix the following fact will be used:

θij = θij(µij) = h(ηij).

4.3.1 Cases-weight perturbation

Let us consider the attributed weights for the observations in the penalized log-
likelihood function as

Lp(θ,λ|ω) = L(θ|ω)−
s∑

k=1

λk
2

βTkKkβk ,

where L(θ|ω) =
∑n

i=1 ωi Li(θ), ω = (ω1, . . . , ωn)
T is the vector of weights, with

0 ≤ ωi ≤ 1. In this case, the vector of no perturbation is given by ω0 = 1(n×1).
Differentiating Lp(θ,λ|ω) with respect to the elements of θ and ωT , we obtain after
some algebraic manipulation

∂2Lp(θ,λ|ω)

∂α∂ωT

∣∣∣
θ=θ̂, ω=ω0

= WTDa ,

∂2Lp(θ,λ|ω)

∂βk∂ω
T

∣∣∣
θ=θ̂, ω=ω0

= ÑT
kDa (k = 1, . . . , s) and

∂2Lp(θ,α|ω)

∂φ∂ωT

∣∣∣
θ=θ̂, ω=ω0

= ûT ,

where Da = diag1≤i≤n
(
ai
)

and û = (û1, . . . , ûn)
T , with ai =

(aij(φ))
−1(yij − ∂ψ/∂h)∂h/∂ηij, ui = −(aij(φ))

−2(yijh(ηij) − ψ(h(ηij)) + c′(yij, φ)) e
T
in

and ein is a vector with 1 at the ith position and zero elsewhere.

4.3.2 Response variable perturbation

To perturb the response variable values we consider yijω = yij +ωi (i = 1, . . . , n), where
ω = (ω1, . . . , ωn)

T is the vector of perturbations. Here, the vector of no perturbation
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is given by ω0 = (0, . . . , 0)T and the perturbed penalized log-likelihood function is
constructed from (2.7) with yij replaced by yijω, that is,

Lp(θ,λ|ω) = L(θ|ω)−
s∑

k=1

λk
2

βTkKkβk ,

where L(·) is given by (2.4) with yijω in the place of yij. Differentiating Lp(θ,λ|ω)
with respect to the elements of θ and ωi, we obtain, after some algebraic manipulation,
that

∂2Lp(θ,α|ω)

∂α∂ωT

∣∣∣
θ=θ̂, ω=ω0

= WTDc ,

∂2Lp(θ,α|ω)

∂βk∂ω
T

∣∣∣
θ=θ̂, ω=ω0

= ÑT
kDc (k = 1, . . . , s) and

∂2Lp(θ,α|ω)

∂φ∂ωT

∣∣∣
θ=θ̂, ω=ω0

= d̂T ,

where Dc = diag1≤i≤n
(
ci
)

and d̂ = (d1, . . . , dn)
T , with ci = ∂h/∂ηij and di =

−(aij(φ))
−2(h(ηij) e

T
in+∂

2 c(yiω, φ)/∂ω
2).

4.3.3 Explanatory variable perturbation

Here the dth explanatory variable, assumed continuous, is perturbed by considering
the additive perturbation scheme, namely widω = wid+ωi (i = 1, . . . , n), where ω =
(ω1, . . . , ωn)

T is the vector of perturbations such as ωi ∈ R. In this case, the vector of
no perturbation is given by ω0 = (0, . . . , 0)T and the perturbed penalized log-likelihood
function is constructed from (2.7) with wid replaced by widω, that is,

Lp(θ,λ|ω) = L(θ|ω)−
s∑

k=1

λk
2

βTkKkβk , (4.1)

where L(·) is given by (2.4) with µiω = g−1(ηiω) in the place of µi, for ηiω = wT
iωα +

nT1iβ1 + . . . + nTsiβs. Differentiating Lp(θ,λ|ω) with respect to the elements of θ and
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ωi, we obtain, after some algebraic manipulation, that

∂2Lp(θ,λ|ω)

∂α∂ωT

∣∣∣
θ=θ̂, ω=ω0

= epa
T −αpW

TDb ,

∂2Lp(θ,λ|ω)

∂βk∂ω
T

∣∣∣
θ=θ̂, ω=ω0

= epa
T −αpÑ

T
kDb (k = 1, . . . , s) and

∂2Lp(θ,α|ω)

∂φ∂ω

∣∣∣
θ=θ̂, ω=ω0

= −

n∑

i=1

(aij(φ))
−2

{
yij

∂(ηijw)

ωi
−
∂ψ(h(ηijw))

ωi

}
eTin,

where a = (a1, ..., an)
T , Db = diag1≤i≤n

(
bi
)
and ep is a vector with 1 at the pth position

and zero elsewhere with ai = (aij(φ))
−1(yij − ∂ψ/∂h)∂h/∂ηij and bi = (aij(φ))

−1(yij −
∂ψ/∂h)∂2h/∂η2ij − ∂2ψ/∂2h(∂h/∂ηijw)

2.

4.4 Final comments

In this chapter the method of local influence proposed by Cook (1986) was presented,
for the partially varying-coefficient generalized linear models. In addition, the matrix
derivatives of the observed information matrix I and of the matrix for the case-weigh
schemes, explanatory variable perturbation and the response variable perturbation. In
the next chapter we will present an illustrative example, in which the local influence
methodology applied to partially varying-coefficient generalized linear models is devel-
oped.
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Chapter 5

Application

In this chapter we present a practical application to exemplify the theory proposed in
this work. We use data from a study of the relationship between atmospheric ozone
concentration, O3 and other meteorological variables in the Los Angeles Basin in 1976,
for a sample of 330 days. The data were first presented by Breiman and Friedman
(1985). The variables are described below:

• O3: Concentration of ozone per hour in Upland, CA, measured in parts per million
(ppm).

• VH: Pressure height 500 millibar, measured at the base of the air force of Van-
denberg, in meters.

• WIND: Wind speed, in miles per hour.

• HUMIDITY: Humidity in percentage.

• TEMP: Sandburg Air Base temperature, in Celsius.

• IBH: Inversion base height, in foot.
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• DPG: Dagget pressure gradient, in mmHg.

• IBT: Inversion base temperature, in Fahrenheit.

• VIS: Visibility, in miles.

• DAY: Calendar day.
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Figure 5.1: Scatter plots: O3 versus VIS (a), O3 versus DAY (b), O3 versus TEMP x
DAY (c) and O3 versus IBT x DAY (d).
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5.1 Fitting the model

In our application we will consider only four explanatory variables, specifically, the
variables VIS, TEMP, IBT and DAY. Figure 5.1 contains the dispersion graphs between
the outcome variable and each one of the explanatory variables. For simplicity, we
will ignore that there is a temporal correlation for O3. We see in Fig. 5.1a that
the relationship between O3 and the explanatory variable VIS is approximately linear,
whereas the relationship between O3 and DAY appear in nonlinear ways (Fig. 5.1b).
Note that there is a significant increase in the level of O3 from January to July with
a decrease until December. This suggests that the incorporation of a quadratic or
nonparametric term in the model could better explain the behavior of O3 over time.
On other hand, Figs. 1c and 1d suggests that the explanatory variables TEMP and
IBT might be interacting with the variable DAY in nonlinear fashion. Initially, we
will adjust a generalized linear model assuming that the response variable O3 follows
a Poisson distribution with mean µi and considering different structures of the linear
predictor for the explanatory variables VIS, TEMP, IBT and DAY (see Table 5.1).

Table 5.1: Different structures of the linear predictor for the explanatory variables VIS,
TEMP, IBT and DAY assuming that the response variable O3 ∼ Poisson(µi).

Model g(µi) = log(µi)

I α0 + α1VISi + α2TEMPi + α3IBTi
II α0 + α1VISi + α2TEMPi + α3IBTi + α4DAYi

III α0 + α1VISi + α2TEMPi + α3IBTi + f(DAYi)
IV α0 + α1VISi + α2TEMPi + α3IBTi + α4DAYi + α5TEMPi ×DAYi + α6IBTi ×DAYi

V α0 + α1VISi +TEMPiβ1(DAYi) + IBTiβ2(DAYi)

For model I, only the individual effect of the VIS, TEMP and IBT explanatory variables
was considered. In model II, the individual effects of these three covariates plus the
effect of the DAY variable were incorporated in a linear manner, whereas in the model
III the individual effect of the DAY explanatory variable is included nolinearly by using
smooth function. The model IV to consider the individual contributions of VIS, TEMP,
IBT and DAY explanatory variables, plus the interaction effects of the TEMP and IBT
explanatory variables with the DAY variable. Finally, the model V correspond to a
VCGLM model where the explanatory variables TEMP and IBT interacts with the
variable DAY in nonlinear fashion. The Table 2 contains the estimates of ML and MPL
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of the parameters associated with the parametric component of the five fitted models.
Their respective standard errors appear in parentheses.

Table 5.2: Maximum likelihood and MPL estimates and the standard error (in paren-
thesis) for indicated model fitted to Ozone data.

Model
Parameters I II III IV V

α0 0.65 (0.11) 0.79 (0.11) 1.09 (0.16) 0.88 (0.21) 1.18 (0.17)
α1 -0.00 (0.00) -0.00 (0.00) -0.00 (0.00) -0.00 (0.00) -0.00 (0.00)
α2 0.02 (0.00) 0.03 (0.00) 0.01 (0.00) 0.02 (0.00) –
α3 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) –
α4 – -0.001 (0.00) – -0.001 (0.00) –
α5 – – – -0.00 (0.00) –
α6 – – – 0.00 (0.00) –
AIC 1890.71 1861.27 1752.56 1863.66 1735.76

It should be noted that the p-value (omitted here) associated with each fitted model are
less than 0.05, indicating that the contribution of the individuals and interaction effects
between the explanatory variables is significant. Note also that the parameter estimates
(associated with the parametric component) obtained from the different fitted models
are quite similar and accurate. The last row of the table shows the AIC values obtained
for each of the fitted models. It is clearly observed that VCGM model, for which the
AIC(λ1, λ2) = 1735.76, presents a better fit to the Ozone data than the rest of the
fitted models, followed by Model III with an AIC = 1752.56. Note that the quality
of fit of these models is confirmed by the QQ-plot graphs presented in Figure 5.2 ;
see Figures 5.2(c) and 5.2(e). For the VCGLM model the estimates of the smoothing
parameters λ1 and λ2 as well as the corresponding df’s were obtained by the procedure
proposed by Ibacache-Pulgar et al. (2013), and are described in Table 5.3. The Figures
5.3(a) and 5.3(b) shows the estimated smooth functions under PVCGM model and the
corresponding approximate SEB (dashed curves). Note that the graphical plots confirm
the nonlinear trends of the interaction effects between (TEMP,DAY) and (IBT,DAY).
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Figure 5.2: QQ-plot: Model I (a), Model II (b), Model III (c), Model IV (d) and Model
V (e).
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Table 5.3: Fit summary for smoothing components under PVCGLM fitted to data set.

Smooth function
β1(DAY) β2(DAY)

df(λk) 6.894 7.228
λk 89050.050 5886.339
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Figure 5.3: Plots estimated smooth functions β1 (a) and β2 (b) for the ozone data, and
their approximate pointwise SEB denoted by the dashed lines.

5.2 Local influence analysis

Now, in order to identify influential potentially observations under the fitted model to
ozone data, we present some index plots of Bi = Bei

(λ), for λ = α,βk (k = 1, 2).

5.2.1 Case-weight perturbation

Figure 5.4 shows the index plot Bi for the case-weight perturbation scheme under the
fitted model. Looking at Figure 5.4, note that observations #125, #219, #167 and
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#258 are more influential on the MPL estimate α̂, while observations #219, #221 and
#222 are pointed as influential on MPL estimate β̂1 and β̂2, respectively. When we
introduce an additive perturbation on the response variable, the results are analogous
to those observed under the case-weight perturbation scheme, and therefore the graphs
are omitted.
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Figure 5.4: Index plots of Bi for assessing local influence on α̂ (a), β̂1 (b) and β̂2 (c)
considering case-weight perturbation under model fitted to Ozone data.
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5.2.2 Explanatory variable perturbation

Perturbing the explanatory variable in an additive way, it is observed that the ob-
servations #125, #219 and #167 are more influential on the MPL estimate α̂, while
observations #219, #221 and #222 are pointed as influential on MPL estimate β̂1 and

β̂2, respectively.
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Figure 5.5: Index plots of Bi for assessing local influence on α̂ (a), β̂1 (b) and β̂2 (c)
considering explanatory variable perturbation under fitted model to Ozone data.

Based on the analysis of local influence we can conclude that the MPLEs of the re-
gression coefficient and of the coefficient functions are sensitive when perturbations are
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introduced into the data or the model. In addition, the analysis of local influence re-
vealed that the observations that were detected as influential on the parametric compo-
nent are not necessarily influential on the non-parametric component, and vice versa.
For example, under the case-weight perturbation scheme, observations #125, #219,
#167 and #258 were detected as influential on the parametric component. However, of
these three observations, only observation #219 is indicated as influential on the non-
parametric component, in addition to observations #221 and #222. The same results
are obtained when the explanatory variable is perturbed additively.

5.3 Confirmatory analysis

Table 5.4 presents the relative changes in % (RC) of the MPLEs of αj (j = 1, 2) and
φ after removing from the data set the pointed out observations in the local influ-
ence graphics under PVCGLM. The RC of each estimated parameter are defined as
RCψ = |(ψ̂ − ψ̂(I))/ψ̂| × 100%, where ψ̂(I) denotes the MPLE of ψ, with ψ = αj , after
the observation or observation(s) set(I). Table 5.4 presents the RCs in the regression co-
efficient estimate after removing the observations indicated as potentially influential on
the parametric component of the model. On the other hand, Table 5.5 shows the RCs
observed in the estimation of the regression coefficient once the observations detected
as potentially influential on the non-parametric component of the model are excluded.
Considering these results we can conclude that, although some RCs are large, inferential
changes are not detected. It is interesting to notice from Tables 5.4 and 5.5 the coher-
ence with the local influence diagnostic shown previously. For instance, elimination of
the observations sets I = {167, 258} and I = {125, 258}, which contain observations de-
tected as influential potentially on parametric component, leads to significant changes
in the MPL estimate, mainly in α0, of the order of 29.245% and 28.823%, respectively;
see Table 4. Note also that the individual elimination of observation #258 produces
a relative change of the order of 2.096%. On the other hand, the elimination of the
observations set I = {219, 222}, whose observations were detected as influential poten-
tially on nonparametric component, leads to significant changes in the MPL estimate
of α0, of the order of 28.330%. It is also observed that the elimination of observation
#222 produces a relative change of 30.949%. This indicates the need of a diagnostic
examination.
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Table 5.4: Relative changes (in %) on MPLE’s of αj under PVCGLM model fitted to
Ozone data set.

Parameters Relative changes
Dropped observation α0 α1 RCα0 RCα1

125 1.17365 -0.001616 0.977 1.635
167 1.16798 -0.001592 1.455 0.125
219 1.18324 -0.001626 0.167 2.264
258 1.21007 -0.001622 2.096 2.013

125-167 1.17727 -0.001623 0.672 2.075
125-219 1.18273 -0.001628 0.211 2.389
125-258 1.52686 -0.001638 28.823 3.019
167-219 1.17701 -0.001603 0.694 0.817
167-258 1.53185 -0.001614 29.245 1.509
219-258 1.17689 -0.001609 0.703 1.195

125-167-219 1.15265 -0.001637 2.748 2.955
167-219-258 1.17625 -0.001593 0.758 0.189

125-167-219-258 1.51397 -0.001654 27.737 4.025

Table 5.5: Relative changes (in %) on MPLE’s of αj under PVCGLM model considering
the observations detected as influential on the nonparametric component.

Parameters Relative changes
Dropped observation α0 α1 RCα0 RCα1

none 1.18 -0.001
219 1.183 -0.002 0.167 2.264
221 1.161 -0.002 2.041 1.132
222 1.552 -0.002 30.949 2.075

219-221 1.142 -0.002 3.641 1.635
219-222 1.521 -0.002 28.330 4.779
221-222 1.151 -0.002 2.865 1.258

219-221-222 1.186 -0.002 0.092 2.955
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Conclusions

In this work we study some aspects of the PVCGLM model. Specifically, we derive
a weighted backfitting iterative process to estimate the parameters associated to lin-
ear predictor of the model (regression coefficient and smooth functions). We estimate
the approximate variance-covariance matrix of MPLEs based in the Fisher informa-
tion matrix obtained from the penalized log-likelihood function. Moreover, we have
developed method of local influence to evaluate the sensitivity of the MPLEs by using
several perturbation schemes in the model and/or data. Finally, we have performed a
statistical modelling with real data set. The study provides evidences on the advan-
tage of incorporating a semiparametric additive term in those situations where there
are covariates whose interactions contribute nonlinearly to the model. Thus, we rec-
ommend PVCGLM models as an option to adjust data sets whose distribution of the
response variable belongs to the exponential family and whose interactions between the
explanatory variables can be modelled through smooth functions.
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