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Supervisor: Dr. Victor H. Cárdenas (UV)

Internal reviewer: Dr. Graeme Candlish (UV)

External reviewer: Dr. Christos Tsagas (AUTH)

Tesis para optar al grado de Doctor en Astrof́ısica

Instituto de F́ısica y Astronoḿıa

Facultad de Ciencias

Universidad de Valparáıso
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Abstract

Recent studies strongly suggest that the ΛCDM model may no longer serve as the

definitive standard model in cosmology, given the increasing tensions between dif-

ferent cosmological observables. Some researchers have described this situation as a

”crisis in cosmology.” The ΛCDM model relies on two fundamental assumptions: the

isotropy of the universe (supported by observational evidence) and the Copernican

principle (a philosophical postulate). Together, these assumptions lead to the well-

known Cosmological Principle, with the homogeneity of the universe emerging as a

direct consequence. In this thesis, I review the cosmological consequences of relax-

ing some of these assumptions, exploring inhomogeneous and anisotropic universe

models, as well as tilted cosmologies, which consider observers in motion relative to

the Hubble flow. We examine methods to study these effects using existing cosmo-

logical data. First, we explore a variety of models that describe inhomogeneous and

anisotropic universes, including different metric theories, perturbative analyses, av-

eraging effects, tilted scenarios, and cosmographic approaches. We then apply this

theoretical framework to analyze SNIA data and the local peculiar velocity field, aim-

ing to constrain key parameters.

On large scales, baryonic matter in the universe tends to cluster into structures

known as the cosmic web, which exhibits fractal behavior. The impact of this inho-

mogeneous large-scale structure on cosmology is an active area of research, spanning

from its description through various metrics derived from Einstein’s field equations

to more complex challenges, such as the back-reaction problem related to the aver-

aging of general relativity. In this work, we investigate the local fractal structure

of the universe using luminosity distance relations derived from fractal-like matter

distributions in LTB inhomogeneous models, analyzed against SNIA data. Our find-

ings suggest that while a fractal distribution of matter cannot fully account for the

cosmic acceleration, it remains a valuable tool for studying the fractality of the lo-

cal universe, provided the background cosmology is known. It is important to note,

however, that this remains a simplified model, and the inclusion of a true fractal dis-
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tribution of matter in the field equations is an ongoing research challenge involving

complex, non-differentiable mathematics.

The effects of general relativity on the evolution of the local large-scale structure

remain poorly understood. Some studies indicate that the growth of density contrasts

and peculiar velocities accelerates over time when using the covariant formalism of

general relativity, as compared to the standard Newtonian or semi-Newtonian ap-

proaches. Additionally, the back-reaction problem in cosmology addresses the chal-

lenge of averaging cosmological quantities such as matter density, a task complicated

by the non-linearity and complexity of the governing equations. Tilted cosmologies,

which apply the covariant formalism to study the universe from the perspective of ob-

servers moving with peculiar velocities relative to the Hubble expansion, offer signif-

icant insights. Theoretical analyses suggest that the deceleration parameter measured

by such observers could be negative, even if the background universe is not accelerat-

ing, provided the observers are located within a contracting bulk flow extending over

large scales. In this work, we take a step toward observing these effects by extract-

ing the volume scalar of the local peculiar velocity field via velocity reconstructions,

confirming that the local peculiar velocity field is indeed contracting. Recent blind

analyses of SNIA data and independent velocity field reconstructions support this

conclusion, further highlighting the importance of studying tilted cosmologies and

the relativistic effects on large-scale structure evolution. In this context, we use the

covariant formulation to develop a connection between the enhanced growth rate of

peculiar velocities in relativistic physics and the semi-Newtonian approach. This ef-

fect is strongly linked to the neglect of additional gravitational sources, such as the

flux of energy, in Newtonian gravity.

From an observational standpoint, we adopt a phenomenological approach, per-

forming a statistical analysis on the most recent SNIA compilation, Pantheon+, us-

ing the cosmographic luminosity distance. We extract the deceleration parameter for

different portions of the universe by dividing the data into redshift bins and hemi-

spheres. Our analysis reveals that the deceleration parameters are not consistent

across the binned groups, which contradicts the assumption of a homogeneous uni-

verse. Statistical tests indicate a trend of increasing deceleration parameters, a result

consistent with recent studies. It is also worth noting that very nearby supernovae (at

z ≤ 0.008) appear to be unsuitable for cosmological analysis, as they are contaminated

by the velocity dispersion of the local peculiar velocity field, yielding values that do

not align with background cosmological parameters. Various corrections using differ-

ent models have been attempted to improve this data, but they have not yielded the
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desired results, while other studies opt to analyze the raw SNIA redshift data directly.

In conclusion, the possibility of explaining the apparent accelerated expansion of

the universe without invoking dark energy remains a compelling alternative. Models

such as tilted cosmologies continue to hold potential, supported by current observa-

tional data that challenge the cosmological principle. If dark energy and the acceler-

ation of the universe are indeed real, a deeper understanding of the local structure

in cosmological observations is crucial for constraining the physical parameters in-

volved. This highlights the importance of further research into the fractal structure

of matter, the physical properties of the bulk flow we inhabit, and the still poorly un-

derstood general relativistic effects on the evolution of the large-scale structure. The

thesis presents several avenues for future research that could expand our scientific

understanding in these areas.
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CHAPTER 1

Introduction

Cosmic acceleration of the universe is one of the most important astrophysical discov-

eries in the last years (Riess et al., 1998, Perlmutter et al., 1999). The use of the FLRW

metric in the modeling of the evolution of the universe has been extremely successful

to match observations such as CMB (Planck Collaboration et al., 2020), SNIA luminos-

ity (Brout et al., 2022) and BAO (DESI et al., 2024). This model when compared to data,

gives a negative value of the deceleration parameter q0 meaning that the universe is

expanding with a positive acceleration. In the General Relativity context, the acceler-

ation of the universe only can be explained adding a cosmological constant Λ in the

Einstein equations, which has 2 main physical interpretations. If we take the trace of

the Einstein equation for a vacuum space-time, we can obtain:

R = 4Λ (1.1)

Where R is the Ricci-Scalar representing the 4-curvature of the space-time. In this

context Λ can be viewed as an intrinsic parameter of the universe. On the other side,

Λ can also be related with an unknown form of energy ρΛ called Dark Energy (DE

henceforth) as:

Λ
8π

= ρΛ (1.2)
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CHAPTER 1. INTRODUCTION

Is interesting that this last interpretation is the most widely used in modern cos-

mology. The reasons behind this preference of the scientific community could be

strongly related to the great advance of particle physics in the last years, as an ex-

otic energy density is more appealing to experimental physics because it could be,

theoretically, directly measured.

1.1 Challenges for the standard cosmology model

The negative value of q0 holds as long the cosmological principle and the FLRW met-

ric is assumed in the modeling theory of the universe. Although DE is accepted as

the standard explanation for the observations in cosmology, many theoretical and ob-

servational issues remains. The fully isotropic and homogeneous description of our

universe has becoming strongly questioned in the recent years as long as new anoma-

lies are observed in differents sources of data. In the following we summarize the most

important theoretical and observational challenges that standard cosmology faces (see

a recent review in Peebles, 2022).

1.1.1 Theoretical challenges for standard cosmology

ΛCDM model theoretical problems comes from the assumption that astronomical ob-

servations, corrections and statistical analysis are quite precise. The results then re-

quire new physics and new philosophical ideas. Those issues are not new, and the

most important could be resumed in the following points:

1. The Horizon problem: The scale of the particle horizon at the decoupling epoch

in ΛCDM model is in disagreement with the large observed homogeneity in

CMB at quite large scales (Lakhal & Guezmir, 2019). The impossibility for the

information to travel during the age of the universe from one side to another

leading to a similar evolution in different parts of the universe requires new

physics to be explained. The standard hypothesis in ΛCDM is inflation (Guth,

1981), another unknown form of energy commonly described by a slow-rolling

scalar field that has accelerated rapidly the expansion of the universe in very

early times. As dark energy, no one knows what exactly inflation field is phys-

ically as it cannot be observed from the observational data: inflation presum-

ably occurs before the decoupling of photons, neutrinos and even gravitational

waves.

2



1.1. CHALLENGES FOR THE STANDARD COSMOLOGY MODEL

Although others not less strange solutions to this problem has been proposed

(see e.g Hollands & Wald, 2002, Brandenberger, 2011), inflationary theory has

been questioned as a scientific theory, since that the large amount of inflation

possible scenarios could produce different universes which has led to a heated

debate (see Penrose, 1989 for a review of inflationary problems). To the date,

inflation is a necessary ingredient in the ΛCDM cosmology. Therefore, inflation

is part of ΛCDM and the horizon problem is ”resolved” in this model.

2. The Nature of Dark Energy: In ΛCDM, DE is responsible roughly of the 70 %

of the composition of the universe, which produce the cosmic acceleration in

ΛCDM cosmology (see e.g. Weinberg, 1989 for a review). In principle DE has

been attributed to properties of the empty space as quantum field theory predicts

on the particle physics standard model. However, the theoretical and observed

values disagree by many orders of magnitudes (Solà, 2013). This is an important

problem to fundamental physics, as to the date it is unknown what is the true

nature of DE.

3. The Cold Dark Matter: A 27% of the composition of the universe is attributed

to a form of matter that we cannot see, different from the baryonic matter that

makes up the visible universe. This is modeled as a cold non-interacting fluid is

distributed in a similar way that common matter is. Cosmology is not the only

evidence for the existence of CDM, as it is required to explain the complex dy-

namics on the majority of galaxies and clusters (Freese, 2009). However, CDM

has never been observed directly and the true nature of it still is unknown. Some

of the possible explanations consider rare new particles (Feng, 2010), modifica-

tions of the gravitational theory (Milgrom, 2001, Martens & Lehmkuhl, 2020), a

mix of both of them (Hossenfelder & Mistele, 2020, Mistele et al., 2023), or even

the existence of multiple microscopically primordial black holes that fills the en-

tire universe (Bird et al., 2023). Overall, ΛCDM ignore all the internal dynamics

that dark matter could have and the effects of the true nature of dark matter in

the dynamics of the universe is still unknown. It is depressing and exciting at

the same time that we cannot observe almost the 97% of the ΛCDM universe.

4. The Flatness Problem: The universe is presumably flat according to cosmolog-

ical observations. In ΛCDM universe, this requires that the value of the initial

curvature be extremely fine tuned as little primordial departures from the criti-

cal value would lead to large departures of the curvature of the universe (Dicke,

3
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1970). The common accepted solution for this problem is also inflationary fields.

Although being beyond the scope of this thesis, is also worth to mention that

some scientists consider that flatness is not really a cosmological problem (see

e.g. Helbig, 2021).

5. The Coincidence Problem and the back-reaction: Dark energy seems to domi-

nate the evolution of the universe at the same epoch that non-linear structure has

been formed. This is called the coincidence problem Velten et al., 2014 and stim-

ulate the research in the possibility of the large-scale structure being the source

of cosmic acceleration due to a back-reaction effect Schander & Thiemann, 2021.

The back-reaction effect has been a controversial topic in cosmological literature

due to the different scientific positions about it. Somo researchers think that the

contribution is negligible (see e.g Green & Wald, 2011) while others believe that

is causing indeed the cosmic acceleration (Buchert, 2000). Up to now, the de-

bate still continues (Verweg et al., 2024) and the coincidence problem has been

relegated to an anecdotal fact in standard cosmology.

6. The validity of General Relativity: General relativity is an incomplete theory

for gravity since is not compatible with the quantum effects Schulz, 2014. It is

possible that some other theoretical problems such as the flatness, the horizon

or the missing relics are just a product of our lack of knowledge of the evolu-

tion of the universe on Planck time scales, where it is believed that the quan-

tum nature of gravity takes on importance. There is an uncountable quantity

of modifications to general relativity promising to be the true theory of gravity.

However, even general relativity effects are not well understood as the numeri-

cal computations to perform a full relativistic large-scale simulation are way too

expensive. The standard approach is then to use a perturbative analysis over the

average values of physical quantities. Whether or not these perturbative ana-

lyzes perfectly describe the effects of general relativity is an open debate to this

day (Verweg et al., 2024).

1.1.2 Observational problems of standard cosmology

On the other side, ΛCDM model has several observational problems caused by ten-

sions between the values of different parameters.. The true nature of those tensions

is still in debate. Is interesting to note that these discordances are increasing as the
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1.1. CHALLENGES FOR THE STANDARD COSMOLOGY MODEL

quality and the quantity of observational data is improving. The most important ob-

servational inconsistencies (to the date) are:

1. The cosmic discordances (see Abdalla et al., 2022 for a review of cosmological

tensions): One of the most famous tensions in cosmology is the Hubble tension,

which is a significant difference between the rate of local expansion H0 mea-

sured in local light sources and the value that CMB predicts (see e.g. Valentino

et al., 2021). However, there are other discordances like the σ8 tension between

CMB (Planck Collaboration et al., 2020) and low redshift probes as SZ cluster

analyses (Pandey et al., 2022). In a interesting research (Valentino et al., 2021),

it is showed that the rigorous statistical analysis of some cosmic discordances,

allowing variation on some extension parameters like neutrino total mass or the

state equation of DE, rules out ΛCDM at 99% CL. This is a blow to ΛCDM and

is a strong motivation to work in new theoretical frameworks. Recent analysis

of the local peculiar velocity field seems to worsen the Hubble tension (Giani

et al., 2024), while other studies claim that the cosmological parameters are not

constant across the universe and evolves with redshift (see e.g Perivolaropoulos

& Skara, 2023, Colgain et al., 2022).

2. SNIA anisotropy: It has been claimed in different studies (Colin et al., 2011;

Yang et al., 2014; Javanmardi et al., 2015; Sun & Wang, 2018; Tang et al., 2023)

that SNIA data shows a dipole feature that is not expected in a ΛCDM scenario,

meanwhile other studies deny the existence of this anomaly (see e.g. Deng &

Wei, 2018a). If the detection of this dipole is significant, it is possible that its ori-

gin is in the hard-to-model peculiar velocity field of very near supernovae which

increase the difficulty of source redshift corrections. However, as other dipoles

in the sky has been detected in the recent years, a cosmological explanation have

to be still considered.

3. The CMB anomalies: At large angular scales, many strange features have been

observed in the CMB by WMAP and Planck (Planck Collaboration et al., 2020).

Some of those features include the lack of variance and correlation on the largest

angular scales (Chiocchetta et al., 2021), alignment of the lowest multipole mo-

ments with one another and with the motion and geometry of the solar system;

the so-called axis of evil (de Oliveira-Costa et al., 2004, Land & Magueijo, 2007)

and a large cold spot in the Southern hemisphere (Vielva et al., 2004,Cruz et al.,
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2006). Those features are still unexplained and could potentially be evidence

against the statistical isotropy of the universe.

4. The strange multiple dipoles in the sky: The detection of many mysterious

dipoles in the distribution of distant objects in the sky that doesn’t match in

magnitude with the CMB puts in doubt the veracity of CMB dipole being kine-

matic in its origin. Some of those dipoles can be found in QSO polarization (Pel-

grims & Hutsemékers, 2015), Large Quasar Groups (Secrest et al., 2021, Friday

et al., 2022), Galaxy Spin directions, X-ray galaxy clusters (Migkas, Konstantinos

& Reiprich, Thomas H., 2018) or even in SNIA (Sah et al., 2024). Even with-

out SNIA dipole, the nature of those alignments is mysterious. This suggest the

possibility of a CMB not being a true cosmological rest frame and dipoles being

from cosmological origin, challenging the isotropic assumption of the universe.

If the CMB dipole is an intrinsic cosmological dipole or is being kinematical orig-

inated is an active research topic, which analyse other relativistic effects such as

aberration of light (see e.g. Roldan et al., 2016).

5. Super-voids and other superstructures: Large voids and superstructures have

been detected in the last years with different observational procedures (Horváth,

István et al., 2015,Balázs et al., 2015, Mao et al., 2017). Some of them has been

claimed to be in tension with ΛCDM cosmology. Particularly, the KBC void is

a super-void that presumably we live in it, extending over ∼ 300Mpc (Keenan

et al., 2013). This void has been extremely important to cosmology, as some

cosmological inhomogeneous models conclude that the existence of a big super-

void in our surroundings can mimic the negative deceleration parameter (Iguchi

et al., 2002, Yoo et al., 2008) in ΛCDM or at least explain the Hubble tension

(Mazurenko et al., 2023). Even if KBC cannot explain the negative deceleration

parameter, it has been claimed that the dimensions of this super-void can fal-

sify ΛCDM (Haslbauer et al., 2020). However, some studies has put in doubt

the existence of KBC (Kenworthy et al., 2019) or is utility to explain cosmologi-

cal observations (Hoscheit & Barger, 2018,Camarena et al., 2022,Huterer & Wu,

2023). Also, recent studies suggest that we live in a contracting peculiar veloc-

ity field which apparently contradicts the existence of a large void (Giani et al.,

2024,Sorrenti et al., 2024a).

6. Early Galaxies: The last observations of JWST (Labbé et al., 2023, Donnan et al.,

2022,Bouwens et al., 2023) suggest that early galaxies evolution differs of what

6
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was expected in ΛCDM (Boylan-Kolchin, 2023). There are more galaxies, more

massive and more luminous than the predictions from standard cosmology at

that epoch. The mechanism by which these galaxies are produced is still un-

known.

7. The peculiar velocities: The effect of the relative peculiar velocities and the in-

homogeneties in the cosmological redshift is an extensive topic in astronomical

literature. Usually, the geocentric observed redshift zgeo is corrected automati-

cally to the heliocentric zhel via telescope software. Then, in order to apply the

FLRW metric and ΛCDM framework, one has to convert all the observations to

a co-moving frame of reference with the Hubble expansion. Usually, CMB is in-

terpreted as this rest frame, leading to the rest frame zcmb redshift. If our peculiar

velocity needs to be considered to perform cosmological analysis, also should be

considered the peculiar velocity of the light source. This introduce another cor-

rection to the redshift which leads finally to a cosmological usable redshift zHD

(Davis et al., 2011,Peterson et al., 2022). Usually we don’t have exact information

of the galaxy source velocity, giving another possible lack of corrections or even

overcorrections if we share a bulk flow with the light sources. Those corrections

has been discussed and improved in (Carr et al., 2022) using a divergence-less

(and therefore irrotational) Newtonian velocity field reconstruction over the last

Pantheon + compilation. Also it is worth to mention the existence of recent mod-

elings of the local peculiar velocity field using the last Cosmic Flow-4 released

data (Courtois, H. M. et al., 2023, Giani et al., 2024). As the reconstruction pro-

cess are Newtonian and the direct astronomical redshift surveys just gives the

radial velocity (and assumes the cosmological principle), the effect of the vortic-

ity term of the local peculiar velocity field in cosmology is still not considered. It

is worth to mention the possibility that relativistic effects of our peculiar motion

are completely neglected when corrections are performed as stated previously,

being Tilted Cosmology scenario an interesting new theoretical framework to

study deeply.

Are those problems arising from a purely experimental/precision origin or are

they caveats in the cosmological model? Focusing in the last possibility, the aim of

this thesis is to study what happens if one of the 3 most important ingredients of the

standard cosmology, the cosmological principle, is relaxed in different aspects. In the

following section the cosmological principle and all of its features studied in this thesis

7
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will be defined.

1.2 The Cosmological Principle and the FLRW uni-

verse

The cosmological principle can be defined simply as the assumption of global homo-

geneity and isotropy of the universe. This can be stated also as the universe is similar in

every place, and looks similar in every direction. From a geometrical point of view, the cos-

mological principle can be introduced as the Friedmann-Robertson-Walker-Lemaitre

metric:

ds2 = −dt2 + dx2 (1.3)

= −dt2 + a2(t)

[
dr2

1 − kr2 + r2(dθ2 + sin2θdϕ2)

]
, (1.4)

which is the maximally symmetric geometry of a space-time in general relativity.

In tensor notation:

gµν =


−1 0 0 0

0 a(t)2

1−kr2 0 0

0 0 a(t)2r2 0

0 0 0 a(t)2 sin2 θ

 (1.5)

With the cosmological principle, it is possible to state that every parameter of in-

terest evolves similarly in every place of the universe. Therefore, we can parameterize

these evolutions with the so-called cosmic time parameter t. The evolution of the

universe in a global homogeneous and isotropic model is then fully included in the

cosmic time dependent scale factor a(t). According to this picture, is the space itself

which is changing over time. As this metric is diagonal, according to the Einstein

equation, the Energy-Momentum tensor Tµν also should be diagonal. The maximally

symmetric EM tensor can be writted as:

8
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Tµν =


ρ 0 0 0

0 p 0 0

0 0 p 0

0 0 0 p

 (1.6)

Where ρ is the energy density and p is the pressure associated to each form of

energy. The Einstein equation for a FLRW universe became the famous Friedmann

equation, the acceleration equation and the fluid equation:

H(t)2 =
8πG

3
ρ − kc2

a2 +
Λc2

3
(1.7)

q(t) =
4πG
3H

(
ρ +

3p
c2

)
− Λc2

3H
(1.8)

ρ̇ + 3H
(

ρ +
p
c2

)
= 0 (1.9)

Where H(t) = ȧ/a is the Hubble parameter and q(t) = −ä/a is the deceleration

parameter. Those equations together with an state equation relating energy density

and pressure in the form of ρ = wp, define completely the evolution of the scale factor

a(t).

Another way to define an homogeneous and isotropic universe, is to think in fami-

lies of observers on the covariant formulation of cosmology (see Tsagas et al., 2008 for

a review). This approach is needed to understand the implications of tilted-cosmology

models which will be discussed in this thesis. According to covariant cosmology, we

can consider the observers co-moving with the Hubble expansion identified as a 4-

velocity field ua. The dynamics of the universe is then viewed as a evolution of this

4-velocity field. We introduce the 4-gradient of the velocity as the 4-covariant deriva-

tive of ua:

∇bua =
1
3

Θhab + σab + ωab − Aaub . (1.10)

Θ is the volume expansion/contraction scalar (when positive/negative respec-

tively), σab is the shear, ωab is the vorticity and Aa is the 4-acceleration. hab = gab + uaub

is defined as the projector tensor which act as the metric tensor in a 3D spatial section.

We can note that Θ is related with the Hubble parameter H as both monitors the ex-

pansion of the universe. According to the cosmological principle, σab and ωab should

vanish and we can write:

9
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H =
Θ
3

(1.11)

as the Hubble parameter. In the same way, the deceleration parameter can be de-

fined as:

q = −(1 +
3Θ̇
Θ2 ) (1.12)

The evolution of the universe in the covariant formulation of cosmology is dic-

tated by Raychaudhuri equations (Raychaudhuri, 1955, see subsection A.2.1 for a

deep study of covariant cosmology). Equations 1.11 and 1.12 provide a natural way

to connect covariant cosmology with theoretical cosmological parameters. However,

how those parameters should be interpreted in observational cosmology is a new in-

teresting topic that we will discuss in the following chapters.

1.2.1 Philosophy of the cosmological principle

As it is, it seems like the cosmological principle is an a priori assumption of our uni-

verse. However, it is strongly supported by 2 statements, one of them being observa-

tional and the other purely philosophical:

1. According to CMB, the universe looks highly isotropic from our perspective:

The CMB is commonly interpreted as the remaining radiation that escaped from

the thermal fluid in the epoch of photon decoupling. In this era, the thermal

equilibrium between the components of the universe require that this radiation

should have features of a black body. The CMB observed today has indeed a

black body spectra with a temperature around ∼ 2, 7K and has a strong dipole

component. This dipole is interpreted as our peculiar motion of ∼ 370 km
s w.r.t

the Hubble Flow and, when this dipole is removed, the CMB looks incredible

isotropic in every direction. The isotropy of the CMB is the main observational

evidence that support the cosmological principle.

2. There is no privileged observers in the universe: The Copernican principle

(or best known in science philosophy as mediocrity Copernican principle) states

that we are not special observers in the universe. Therefore, the universe looks

almost equal for other observers as well. This is a completely philosophical as-

sumption and has no observational support, as we cannot travel large distance

10
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to observe how does the universe looks like from different places. The non-

observational origin of this assumption put cosmology in one of the scientific

disciplines influenced the most by philosophy.

Homogeneity cannot be directly measured as its depend on physical distances

and therefore, on the cosmology used. However, the two previous statement leads

together in a logic exercise to the homogeneity of the universe (see 1.1). As the Coper-

nican principle is a purely philosophical statement and is a foundation of the standard

model, we can fairly say that Cosmology is the most philosophical of all the sciences (see

Kragh, 2012). However, the Copernican principle is being questioned in different as-

pects over the last year. First of all, we are in fact non-typical observers as we move

in a particular direction with a particular velocity w.r.t. the expansion of the universe

which is well observed in the CMB dipole. Also, our local structure is spatially dis-

tributed in a particular way and moving differently of other places in the universe in a

so called local bulk-flow (Tully et al., 2023). Commonly, cosmologists correct this ”non-

typicality” applying cosmological perturbation analysis on the data, which results in

redshift modifications (Davis et al., 2011). The detection of strange alignments in the

sky that doesn’t match with the CMB dipole and some interesting theoretical results

applying covariant cosmological formalism to a ”tilted” observer w.r.t. to the Hubble

expansion, motivates the further research of the peculiar velocity effect in cosmology.

The possibility that corrections in the data are masking some important physical ef-

fects must be considered.

1.2.2 Statistical cosmological principle

It is evident that the universe is far from being perfectly isotropic and homogeneous.

If we look in the sky we can see different structures in different directions that are not

consistent with a perfect isotropy universe. However, is possible to define scales in

which the cosmological principle holds. This approach to understand the cosmolog-

ical principle is called statistical cosmological principle (Neyman & Scott, 2018) and

is the version that is used commonly in astrophysics. If we average a magnitude over

a scale in one place (or direction) in the universe, that value should be almost equal

to the average of the magnitude at the same scale in any other place (or direction of

the universe), then we can say that the cosmological principle is valid at scales greater

than the averaged scale. In the ΛCDM context, the scale of homogeneity goes from

∼ 100 − 200 Mpc
h to 260 Mpc

h (Yadav et al., 2005,Melia, 2023). Based on those studies, we
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Figure 1.1: The isotropy observed in the universe and the assumption of the Copernican

principle, leads to homogeneity. If an observer in the yellow star (the sun) sees the uni-

verse isotropic and measure a parameter θ in A, then the parameter should be the same in

B and Y (θ(A) = θ(B) = θ(Y)). If the Copernican principle holds, then an observer in

the red star (Betelgeuse) should measure the same values of the parameter θ in A, B and X

(θ(A) = θ(B) = θ(X)). Then, homogeneity is derived from this 2 assumptions as θ(X) = θ(Y).

adopt an homogeneity scale of ∼ 300 Mpc
h .

The Isotropy scale and the peculiar velocities

The CMB gives the major constrain over the anisotropy scale of the universe. This

anisotropy degree is obtained after subtracting the dipole component of the CMB

attributed to our movement w.r.t the Hubble Flow, which is composed by different

velocities sources in a complex dynamics (see 1.2). The kinematical origin for the

CMB dipole is one of the main conclusions of the cosmological principle and the stan-

dard cosmology model, being the last estimations for our velocity w.r.t to the Hubble

flow frame of reference around ∼ 370km/s in the direction of Crater constellation

(Planck Collaboration et al., 2020). However, the interpretation of the CMB dipole be-
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ing kinematically originated has been challenged by the detection of strange dipoles

that doesn’t match either in direction or in magnitude with the CMB direction.

If the CMB dipole is true kinematically originated, all observed data has to be

corrected to the CMB frame in order to be cosmologically usable. These corrections

are commonly performed over the redshift, going from an heliocentric measured zhel

to a cosmological zcmb redshift. There is an ongoing debate discussing if this correction

is well supported by physics. Some theoretical result suggest that the cosmological

effect of our movement w.r.t. CMB cannot only be attributed to corrections in the

redshift of the data, having an impact in the estimation of cosmological parameters

via relativistic effects.

More over, these corrections are extended considering the peculiar velocity of the

source via peculiar velocity structure modeling (Carr et al., 2022), leading to a pre-

sumably cleaner zHD redshift. The final used formulae for the luminosity distance is

then:

D̄L(zHD, z⊙, zsn) = (1 + zsn)
2(1 + z⊙)DL(zHD), (1.13)

Where z⊙ is the peculiar movement of the sun w.r.t to the CMB frame and zsn is

the peculiar movement of each supernovae. Two factors of (1 + zsn) are present in

the luminosity distance correction, due to relativistic beaming contributing as well as

Doppler effect. Those correction could potentially improve the usability of very near

cosmological data, which is strongly affected by the velocity dispersion of the local

large-scale structure. However, the modeling of the peculiar velocity field is com-

monly made using Newtonian physics, neglecting general relativity effects and there-

fore using an irrotational velocity field. Even when the corrections over the data are

performed, the estimated values for cosmological parameters using very near SNIA

completely disagrees with the values extracted using SNIA that are far away (see e.g.

6). Notably, to compute cosmological parameters the very near supernovae are com-

pletely erased from the analysis to get rid of peculiar velocity effects (Brout et al., 2022;

Riess et al., 2022).

Recently, another correction to the SNIA data using the Cosmicflows-4 velocity

survey has been performed modeling the local peculiar velocity field as an ellipsoid

(Giani et al., 2024) showing a notably anisotropy in its dynamics. Is interesting to note

that these corrections worse the Hubble tension when this anisotropic model is used,

as the local peculiar velocity field has been found to be a contracting bulk flow in

average. Most notably, the bulk flow has found to be expanding if a spherical model
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is used, highlighting the importance to study precisely the dynamics of the peculiar

velocity field.

The Homogeneity scale and the fractal large scale structure

Astronomical objects are not uniformly distributed over across the space, forming

nodes, filaments, sheets and voids (Einasto, 2001,Springel et al., 2006). This large-scale

structure (LSS) has been called the Cosmic Web. The LSS of the universe can be studied

observationally by 2 sources of data. The first are the CMB experiments whose goal is

to understand the initial conditions for the formation of structures. The other one are

the Galaxy surveys which study the final state of our universe and try to understand its

dynamic using statistical methods such as the 2-point correlation function ξ(r), both in

redshift and physical space. The latter is defines as a function of the density contrast

δ(r) as:

ξ(r1, r2) = ⟨δ(r1)δ(r2)⟩ (1.14)

If we assume homogeneity and isotropy, then:

ξ(r1, r2) = ξ(|r1 − r2|) (1.15)

Ultimately, the 2-point correlation function is defined as a measure of the excess

probability dP to find a galaxy in a volume dV at a distance r of other galaxy, when

comparing with a random homogeneous distribution (Coil, 2013) . If n is the mean

number density of galaxies, then:

dP = n(1 + ξ(r))dV (1.16)

The power spectrum and the fractal dimension (see chapter 3) of the LSS can be

derived from the 2-point correlation function, providing a powerful tool for observa-

tional astronomy. Those observations suggest that the LSS fractality has a cutoff that

represent the transition to homogeneity, going from ∼ 100− 200 Mpc
h to 260 Mpc

h (Melia,

2023). Based on those studies, we can adopt an homogeneity scale of ∼ 300 Mpc
h .

The effect of the LSS in cosmology is an interesting topic which is well motivated

by the coincidence problem: it seems that dark energy begins to dominate the evolu-

tion of the universe at the same epoch that non-linear structures form. This topic
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is well known as the back-reaction problem or averaging problem, since it comes

from the difficulty to develop an auxiliary cosmological model with representative

matter fields that average the cosmic matter distribution sufficiently well in order to

provide relevant results (Verweg et al., 2024). The averaging in cosmology is needed

as the numerical and analytical calculations in general relativity using the full com-

plex dynamics of the LSS is extremely demanding. While some authors claim that

the back-reaction effect is negligible (see e.g Green & Wald, 2011 ), others claim that

the large-scale structure could be causing the accelerated expansion of the universe

(Brandenberger, 2000,Buchert, 2000). Even if the back-reaction contribution to the cos-

mological dynamics is negligible, still there are inhomogeneous ”local” cosmological

models such as LTB (see chapter 2) that could have a large impact on cosmology just

allowing for local inhomogeneities such as a void, an underdensity or a fractal distri-

bution of matter. The latter scenario will be deeply studied in chapter 3.

The aim of this thesis is to explore the different aspects of the cosmological princi-

ple, the different scenarios that relax some of its assumptions and study deeply how

cosmological parameters could be affected in those different scenarios. This docu-

ment is a recompilation of the work made in my PhD journey which included both

theoretical and observational work. The thesis is structured as follow: in chapter 2

we explore the most important inhomogeneous and anisotropic cosmological mod-

els present in literature as well as different frameworks to study deviations from the

cosmological principle; in chapter 3 we use and inhomogeneous model to explore

how a fractal matter distribution can be included in cosmological analysis using an

inhomogeneous cosmological metric; in chapter 4 we explore the effects of tilted cos-

mology models which brings to the table a new potential explanation for the negative

decceleration parameter observed, providing novel ways to connect this theory with

observations; we expand the covariant treatment used to develop tilted cosmology

to the evolution of peculiar velocity fields in 5, increasing the needed to understand

relativistic effects in cosmology and the LSS evolution; finally in chapter 6 we explore

the last compilation of SNIA data Pantheon+ with binned analysis revealing possi-

ble anomalies in cosmological parameters which seems to contradict the cosmological

principle. We discuss and summarize the main results of the whole work in 7. Also,

the reader can find three appendix at the end of the thesis: the appendix A.1 devel-

ops the theoretical understanding of peculiar velocity field reconstructions and other

peculiar velocity evolution features, A.2 presents a summary of the covariant 3+1 for-

malism of cosmology to provide a better understanding of tilted cosmologies and in

15



CHAPTER 1. INTRODUCTION

A.3 I provide deep information about the marginalization of cosmological parameters

used in some sections of this work.
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Figure 1.2: The CMB dipole measured by Planck Satellite could be understood as the addi-

tion of many velocity components. Those include the rotation of the satellite around the L2

Lagrange point, the movement of the L2 together with the Earth around the Sun, the move-

ment of the Sun around de Milky Way, the motion of the Milky Way to the center of the Local

Group, and finally the fall of the Local Group towards the Great Attractor. It is possible that

this dynamics is repeated at larger scales with the existence of a uncountable amount of Great

Attractors. (Diagram inspired by George Smoot Nobel lecture, December 8th, 2006).
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CHAPTER 2

Inhomogeneous and anisotropic

cosmology

In the literature there are plenty of approaches to study universes that does not follow

the cosmological principle. Some of them works directly with different metric tensors

which are solutions of the Einstein equations (such as LTB or Bianchi models), while

others deals with a perturbative analysis of general relativity equations, using the

covariant formalism of cosmology (like the back-reaction effect or tilted cosmologies).

Other methods study the deviations from an isotropic and/or homogeneous universe

in an agnostic way, not assuming general relativity or the cosmological principle and

allowing for just kinematical cosmological parameters. Those latter approaches are

commonly referred as cosmographic analysis. In this chapter I present a brief review

of those models and tools used to study inhomogeneous and anisotropic cosmologies.

2.1 Inhomogeneous and/or anisotropic metrics

2.1.1 The LTB model

Lemaitre, 1933, Tolman, 1934 and Bondi, 1947 were the first to studied isotropic and

radial inhomogeneous universes, known as LTB models. Here we restrict ourselves

to the study of pressureless matter universes. Assuming for generality the existence
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of a cosmological constant with equation of state ρΛ = −pΛ, the energy-momentum

tensor is given by:

Tν
µ = −ρM(r, t)δµ

0 δ0
ν − ρΛδ

µ
ν , (2.1)

in which the matter density ρM varies in time and radially in space, meanwhile ρΛ

remains fixed. The metric for a LTB universe can be written as:

ds2 = −dt2 +
R′2

1 + 2E(r)
dr2 + R2dΩ2, (2.2)

where R = R(r, t) is a generalization of the scale factor and E(r) is a function associ-

ated with the total energy. Here a prime indicates a derivative respect to r and a dot a

derivative respect to time t. From Einstein’s equation we get the evolution equation:

Ṙ2

R2 =
2GM(r)

R3 +
8πGρΛ

3
+

2E
R2 , (2.3)

where M(r) is an integration constant (in time).

Notice that by writing R(r, t) = a(t)r where a(t) is the scale factor and 2E(r) =

−Kr2 with K being the curvature constant factor, the metric reduces to the FLRW met-

ric and (2.3) reduces to the usual Friedmann equation.

The M(r) function can be interpreted as the mass contained in a sphere of radius

R = ar in the FLRW limit. The matter density is defined through:

M′

R′R2 = 4πρM. (2.4)

So the mass function M(r) is defined as the integral of ρM in the LTB space as:

M(r) =
ˆ r

0
ρM(4πR′R2dr) (2.5)

Defining as usual the local Hubble rate by:

H(r, t) =
Ṙ(r, t)
R(r, t)

, (2.6)

we can write (2.3) as:

H2 =
2GM(r)

R3 +
8πGρΛ

3
+

2E
R2 (2.7)

By defining the local matter density parameter Ωm through:

2GM(r) = H2
0(r)Ωm(r)R3

0(r), (2.8)

where H0(r) = H(r, t0) is the present Hubble local rate, R0 = R(r, t0) being an initial

condition that can be gauged, and for the curvature term Ωk through

2E(r) = H2
0(r)Ωk(r)R2

0(r), (2.9)
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then, in absens of dark energy, the local Friedman equation takes the form:

H2(r, t) = H2
0(r)(Ωm(r)A3 + (1 − Ωm(r))A2), (2.10)

where A(r, t) = R0/R. This means that we can choose any R0(r) function and the

equations remains the same. This freedom is usually fixed by taking R0(r) = r (En-

qvist, 2007). The Friedman equation (2.10) defines completely the relation between the

functions H0(r), Ωm(r), R(r, t) and H(r, t).

Constraints in the LTB model

In LTB model there is a dynamical relation between 3 features of the universe. These

are:

1. The Evolution of the Universe, represented in the scale factor R(r, t).

2. The Energy distribution included in the mass-curvature profile Ωm(r), Ωk(r) and

dark energy.

3. The Big-Bang spatial structure associated with the H(r, t) Hubble function or

with the tBT(r) bang time function as we will see.

One of the most used constraint to LTB models is based on the time that has passed

from the big bang until now (Garcia-Bellido & Haugbølle, 2008), the so called ‘bang

time’ tBT(r) defined by:

H0(r)(t−tBT(r)) =
ˆ R(r,t)/R0(t)

0

dx√
Ωm/x + Ωk

=
R(r, t)

R0(r)
√

Ωk(r)

√
1 +

R0(r)Ωm(r)
R(r, t)Ωk(r)

− Ωm(r)√
Ωk(r)3

sinh−1

√
Ωm(r)R(r, t)
Ωk(r)R0(r)

.

(2.11)

This function means that not all locations in the universe were created at the same

time. If we set t = t0 we can obtain the bang time function tBT(r):

H0(r)(t0 − tBT(r)) = H0(r)tu(r) =
ˆ 1

0

dx√
Ωm/x + Ωk

=
1√

Ωk(r)

√
1 +

Ωm(r)
Ωk(r)

− Ωm(r)√
Ωk(r)3

sinh−1

√
Ωm(r)
Ωk(r)

,

(2.12)
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where we have defined tu(r) as the local age of the universe. It is interesting to note

that we need to fix two functions here, chosen among Ωm(r), H0(r) and tBT(r), and

also fix a gauge (usually R0(r, t) = r) to define completely the scale factor function

R(r, t). We obtain a similar result if we use instead the functions M(r) and E(r):

√
2(t−tBT(r)) =

ˆ R(r,t)

0

dx√
2GM(r)/x + 2E(r)

=
R(r, t)√

E

√
1 +

GM(r)
R(r, t)E(r)

− GM(r)√
E(r)3

sinh−1

√
GM(r)R(r, t)

E(r)

(2.13)

In this case, it may seems we need to set three functions, tBT(r), M(r) and E(r), to

define R(r, t), but in fact one of them is a pure gauge. Usually M(r) ∝ r3 is assumed,

so we just need to define two functions as we will see. Other constraints used in

literature are:

1. Setting a Mass Profile ignoring Dark Energy, then considering the bang-time

function as completely homogeneous tBT(r) = 0. This approach is commonly

used to study the effect of a local inhomogeneity in a EdS background (see e.g.

Garcia-Bellido & Haugbølle (2008)). There are several mass profiles used in lit-

erature that describes a local inhomogeneity in which we can be located, con-

sidering parameters that converge to a FLRW universe very outside of the void.

The most well-known mass profile in literature is the GBH mass profile used to

model a local-void scenario (Garcia-Bellido & Haugbølle, 2008). This profile is

defined as:

Ωm(r) = (Ωin − Ωout)
1 − tanh( r−r0

∆r )

1 + tanh( r0
2∆r )

+ Ωout (2.14)

Where the parameters involved are Ωin = Ωm(0) as the fraction of mass in the

center, Ωout = Ωm(∞) as the fraction of mass very far away from the void, r0 as

the size of the void and ∆r the scale of the transition to homogeneity. When Ωout

is fixed to 1 and tBT(r) = 0, the local hubble rate can be writed as:

H0(r) = H0

 1
Ωk(r)

− Ωm(r)√
Ωk(r)3

sinh−1

√
Ωm(r)
Ωk(r)

 (2.15)
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2. Set a Mass Profile in a flat universe with or without Dark Energy, considering

the bang-time as completely homogeneous tBT(r) = 0. A similar approach was

used in Kenworthy et al., 2019 to study the effect of a local inhomogeneity in the

H0 tension.

3. Modify the bang-time function as needed and study a flat non-dark energy uni-

verse. As inhomogeneous bang-time function is something undesirable in cos-

mology, those approaches are to the date used as toy models (see Isidro et al.,

2016)

Another way to define a LTB model is thinking in a density contrast profile δ(r, t)

defined as:

δ(r, t) =
ρ(r, t)− ρ∞

0
ρ∞

0
, (2.16)

where ρ∞
0 = ρ(∞, t0) is the mean density being constant very far outside the local

inhomogeneity at the present time. This function is useful because this allows us to

describe the mass profile using the data directly from the observational local surveys.

We have for t = t0:

ρ0(r) = ρ∞
0 (δ0(r) + 1) (2.17)

Although the functions Ωm(r), M(r) and E(r) have a clear meaning, it is difficult to

relate them directly to the observed quantity δ0(r). So, instead of using the complex-

ities of (2.12), we can approximate a solution by assuming the background universe

being described by a FLRW metric and define an integrated density function by:

ρH
0 (r) ∝

M(r)
r3 ∝ (δH(r) + 1), (2.18)

which is exactly true for an homogeneous universe. Using the gauge R0(r) = r we can

write

δH(r) + 1 ∝
M(r)

r3 ∝ Ωm(r)H0(r)2, (2.19)

where δH(r) is the integrated density contrast. Then, by constraining tBT(r) and δH(r)

we can define completely R(r, t). It is important to note that this is not exactly the

integrated density contrast as it uses a background FLRW universe, but it is a useful

approximation that allows us to define the universe in terms of density parameters.
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Local void Cosmology

There are two main reasons why a local void scenario has been subject of great inter-

est in inhomogeneous cosmology over the last years. First, it has been claimed that

a local void can explain the Hubble Tension, as the Hubble parameter locally could

lead to a greater values compared to the background universe due to the presence of

the underdensity. However this possibility has been ruled out in multiple researches,

as the modification of the Hubble constant are not large enough (Kenworthy et al.,

2019, Camarena et al., 2022, Huterer & Wu, 2023). On the other hand, according to

some authors a local void could potentially explain the negative deceleration parame-

ter observed in cosmological data (see e.g Célérier, 2007). However the void to explain

the observations should be greater than those presumably detected (Garcia-Bellido &

Haugbølle, 2008) and even the explanation could suffer different theoretical problems

(Vanderveld et al., 2006). Moreover, recent studies suggest that the local peculiar ve-

locity field is contracting rather than expanding, not being compatible with a void

scenario. It could be possible to reconcile both, a void and a contracting bulk flow if

we consider a void of greater scales in which there is a over-density locating near the

center. We discuss this possibility in the chapter 7.

2.1.2 Bianchi Universes

Bianchi models (Bianchi, 1898) are the opposite of LTB models as they describe fully

homogeneous but anisotropic universes. There are nine different Bianchi universes

with different properties, which are classified depending on the isometries of the space

(see Wainwright, 1997 for an extensive review of several Bianchi models). For exam-

ple, the minimal symmetry breaking of the isotropy could be written as:

ds2 = −dt2 + a(t)2(dx2 + dy2) + b(t)2dz2 (2.20)

(2.21)

Which corresponds to a flat universe with different scale factor along one of

the Cartesian axis. To quantify the possible isometries in a space, is useful to

describe the Lie algebras of that space. Bianchi discovered 7 different algebras

(I, I I, I I I, IV, V, VII I, IX) and also two other families of infinities Lie algebras de-

scribed by a continuous parameter h. The algebra VIh with h being a real number

except 0 or 1 and VIIh algebra with h positive or 0 (Valent et al., 2023).
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The simplest case of a Bianchi universe is a flat anisotropic metric a la FLRW but

with different scales factor for each Cartesian coordinate:

ds2 = −dt2 + a2dx2 + b2dy2 + c2dz2 (2.22)

(2.23)

with a, b and c being time functions. This is called a Bianchi universe type I and

has found different applications in cosmology (Fleury et al., 2015,Schücker, 2024). Any

of the Bianchi universe can be represented in a Cartesian coordinate form as is de-

scribed in table 2.1.

Type Spatial Metric

I a2dx2 + b2dy2 + c2dz2

I I a2(dx + ydz)2 + b2dy2 + c2dz2

I I I a2e−2zdx2 + b2dy2 + c2dz2

IV e−2z[a2(dx − zdy)2 + b2dy2] + c2dz2

V e−2z[a2dx2 + b2dy2] + c2dz2

VIh a2e−2zdx2 + b2e−2hzdy2 + c2dz2

VIIh e−2hz[a2(cos zdx − sin zdy)2 + b2(sin zdx + cos zdy)2] + c2dz2

VII I a2(cos zdx − cosh x sin zdy)2 + b2(sin zdx + cosh x cos zdy)2 + c2(dz − sinh xdy)2

IX a2(cos zdx − cos x sin zdy)2 + b2(sin zdx + cos x cos zdy)2 + c2(dz + sin xdy)2

Table 2.1: The spatial metrics in Cartesian coordinates of the 9 Bianchi universe. Note that VI

and VI1 are identical to and I I I and V respectively.

It can be shown that universe V, VIIh and IX can be reduced to FLRW, having

potential applications in astrophysics (see e.g Valent et al., 2023 for a review of the IX

universe).

2.1.3 Kantowski-Sachs universe

Another case of an anisotropic but homogeneous universe is the Kantowski-Sachs

metric (Kantowski & Sachs, 1966) which could be viewed as a flat universe which

different scale factors for the angular and the radial part:

ds2 = −dt2 + adr2 + b(dθ2 + sin2θdϕ2) (2.24)
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This universe is not included in Bianchi classifications because Bianchi isometries

include 3-dimensional simply transitive subgroups, which Kantowski-Sachs lack off

(Valent et al., 2023). This universe to the date has no astrophysical applications (Bole-

jko et al., 2011) as doesn’t contain a FLRW universe in any case.

2.1.4 Szekeres universe

A fully generalization of LTB models is the Szekeres universe (Szekeres, 1975,Bolejko

et al., 2011), which is an inhomogeneous and anisotropic model for a dust universe

with no symmetries. The metric is:

ds2 = −dt2 + e2αdr2 + e2β(dx2 + dy2) (2.25)

Where α and β are functions of r, x, y and t. The metric is useful for describe late

epochs of the universe when pressure-less matter is dominated. There are two families

of Szkeres Metric, which are generalizations of other metrics previously seen. The first

family is a generalization of Friedmann and Kantowsky-Sach universe, which is not

astrophysical applicable. However, the second familly is astrophysical useful and the

functions of the metric can be written as:

eβ = Φ(t, r)eν(r,x,y)

eα = h(r)Φ(t, r)∂rβ = h(r)(∂rΦ + Φ∂rν)

ν = − ln [A(r)(x2 + y2) + 2B1(r)x + 2B2(r)y + C(r)]

Here, Φ(r, t) is solution of the generalized Friedmann equation:

(
∂Φ
∂t

)2

= −k(r) +
M(r)

Φ
+

1
3

ΛΦ2 (2.26)

Where Λ is the cosmological constant. All the other r-dependent functions are

arbitrary, satisfying the relation:

g = 4(AC − B2
1 − B2

2) =
1
h2 + k2

Some properties of this model are:
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1. The function g determines the geometry of the 2-surfaces with constant r and t.

If g > 0, g = 0 or g < 0, we have a spherical, planar or hyperbolic geometry

respectively.

2. k determines the evolution of the universe when Λ = 0. k > 0 implies that

the universe is expanding and recollapsing, while k < 0 describes an ever-

expanding or ever-collapsing universe. k = 0 is the intermediate case corre-

sponding to Friedmann flat universe.

3. As 1
h2 have to be positive, for a spherical geometry the three evolutions are

allowed. However, For a flat geometry k cannot be positive and for a hyper-

bolic geometry k should be strictly negative. The first case is the only one that

has found cosmological applications (Krasiński, 2012,Bolejko et al., 2011,Bole-

jko, 2006) and is called quasi-spherical Szkeres universe. The quasi-spherical model

could be understood as a generalization of LTB model, where concentric spheres

are no longer concentric. In this way, the mass distribution of the Szkeres metric

could be understood as composition of a monopole and a dipole mass distribu-

tion .

2.1.5 Gödel universe

The concept of absolute time in cosmology relies in the cosmological principle. It is

assumed that, orthogonal to the world lines of matter there exist a one-parametric

system everywhere (the so called cosmic time t). The possibility to derive a metric

where the concept of absolute time doesn’t exist in a dust universe was addressed by

Kurt Gödel in the eighties (Gödel, 1949). It is shown that the non-existence of this

parametric system is equivalent to a rotating universe. If y is the axis of rotation, the

Gödel metric is:

a2[−(dt2 + exdy)2 + dx2 + dz2 +
e2x

2
dy2]

Where a is a real number. This parameter is related with the angular velocity of

the surrounding dust grain around the y axis. The Gödel metric shows different weird

features (such as time-travel and violation of causality) that reduces this universe to

an anecdote rather than a potential cosmological model of the universe. Some inter-

esting visualizations of the Gödel universe have been developed in Buser et al., 2013.
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Vorticity seems to be the key factor behind the peculiarities of the Godel solution . In

fact, the faster the model rotates the larger the acausal domain, while the slower the

rotation the smaller the region where causality is violated (e.g. see Barrow & Tsagas,

2004 for the covariant description and the stability analysis of the Godel universe).

2.2 The Back-reaction problem

The relation between dark energy and the non-linear dynamics of superstructures is

particularly interesting as it has been shown that dark energy impacts strongly the

evolution of the large scale-structure. Notably, dark energy seems to dominate the

composition of the universe at the same time that non-linear structures form, which is

commonly referred as the coincidence problem. This could implies that LSS has impor-

tant effects on the dynamics of the universe at large scales. The effect of the large-scale

structure in the dynamics of the expansion of the universe is called the back-reaction.

A simple example of a back-reaction is the effect of a local void/over-density in the

measurement of cosmological parameters. As objects inside this local inhomogeneity

moves with a positive/negative radial peculiar velocity respectively, the true kine-

matical parameters of the expansion of the universe could be over/underestimated

when using local data sources. The goal is then to understand which effects produces

much more complex large-scale structures with non-linear dynamics in the measure-

ment of cosmological parameters. Some studies claim that the back-reaction effect is

completely negligible, while others consider back-reaction as a possible explanation

for the negative deceleration parameter. As we will see, the difference of those con-

clusions comes from different methods used, as there is no scientific consensus to the

averaging problem in cosmology.

2.2.1 Perturbative approach

One way to study the back-reaction is using a perturbative approach over the metric

tensor and the energy-momentum tensor:

gµν = ḡµν + δgµν

Tµν = T̄µν + δTµν

Where gµν and ḡµν are the perturbed and the background metric tensor respec-
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tively, while δgµν is the perturbation assumed to be small at linear regime. In the

same sense, Tµν, T̄µν and δTµν are the perturbed, background and the perturbation

of the energy-momentum tensor. δgµν and δTµν being symmetric 4x4 tensors have

10 independent degrees of freedom, which can be decomposed in a scalar, vectorial

and tensorial part (Lesgourgues, 2013). At the linear regime, the first has 4 degrees of

freedom corresponding to the perturbations in the Newtonian potential produced by

density perturbations denoted by ψ, distortions of the scale factor produced by vari-

ations in the isotropic pressure denoted by ϕ, effects of irrotational fluxes of energy

described by a potential and an irrotational part of the shear degree. The vectorial or

gravitomagnetic part has also 4 degrees of freedom wich are related with vorticity, but

in cosmology, vorticity decays rapidly with time and the vectorial part is commonly

neglected. The last 2 degrees of freedom are related with the 2 modes of gravitational

waves and they are the only ones that propagate in space.

In principle, one can assume a background metric and with a proper gauge it is

possible to construct any perturbed universe. However, it is not possible to recover

a unique background space-time from the perturbed one, which has referred as the

fitting problem. This problem comes from the existence of a Gauge freedom in the the-

ory, since in general relativity one has to deal with two spacetime manifolds (a back-

ground and a perturbed one) and the map between both geometries is not unique

(Lesgourgues, 2013). This introduces a freedom related with the averaging of quan-

tities along different time-slicing. One approach to deal with this freedom is to work

with quantities that are gauge invariants, while the other is to fix a gauge and obtain

gauge-independent quantities from there.

The simplest gauge fix comes from the requirement of a correspondence with New-

tonian dynamics at low scales. The condition for the Newtonian correspondence is

traduced as the Newtonian Gauge or Longitudinal Gauge which erases 2 scalar degrees

of freedom. Ignoring vectorial and tensorial perturbations, the metric of a perturbed

flat FLRW universe can be wrote in conformal time η as:

ds2 = −a(η)2
[
(1 + 2Ψ)dη2 + (1 − 2Φ)dx⃗2

]
It can be shown that Ψ and Φ are gauge-invariant and are called Bardeen potentials

Bardeen, 1980. More over, it is possible to use this perturbative approach to compute

the back-reaction term which according to Green & Wald, 2011 is negligible. However,

there are some possible problems that could makes perturbative approaches in the
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back-reaction physics misleading (Verweg et al., 2024):

1. The background cosmology election is unavoidable: To compute averaged

parameters of the perturbed metric gµν based solely on the perturbation, it is

necessary to express the background metric as a function of the perturbation:

ḡµν = ḡµν(δgµν)

This impose a choice of a background cosmology ḡµν which affects directly the

values of physical quantities and in particular the back-reaction. Then, the value

of the back-reaction is different for different background cosmologies.

2. The effect of the back-reaction cannot be obtained solely from the perturba-

tion term: As it is noticed in Verweg et al. (2024), the LSS effects in the average

dynamics of the universe has to be included not just in the perturbative terms,

but also in the background terms. If not, the averaging of physical quantities

will be just the background and any contribution of the back-reaction will be

completely ignored.

3. The effect of the back-reaction is multi-scaled: Usually, perturbations in the

metric are parameterized by a scale parameter λ in which Green & Wald, 2011

assumes the limit λ → 0. At this limit, perturbations only affect the background

via gravitational waves. However, the effects of the back-reaction is multiscaled

along a range of λ parameters and the formalism developed in Green & Wald,

2011 doesn’t take into acount this.

2.2.2 Averaging approach

To avoid perturbative theory problems, some researchers take a different approach

in which they study how to average observable quantities directly from general rel-

ativity equations (Noonan, 1984, Zotov & Stoeger, 1992,Futamase, 1988). The idea is

to divide the universe in compact regions and get the back-reaction as the average

effect of local inhomogeneous and anisotropic distribution of matter. However, this

topic has been produced a heated debate over the last years. The core of the back-

reaction debate is the averaging problem in general relativity (Zalaletdinov, 2008), in
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which the averaging over physical quantities depend on the space-time slicing (simi-

lar to the Gauge problem in perturbative theory) and its election impacts the cosmo-

logical model used. It can be shown that the foliation selected in the averaging could

produce artificial back-reaction terms that could be used to explain the cosmic accel-

eration (Verweg et al., 2024). Using the averaging approach, some researches claim

that back-reaction could be indeed the missing dark energy (see e.g Buchert, 2000,

Adamek et al., 2018, Räsänen, 2004). However, those results has been criticized via

perturbative arguments and also by the absence of the Newtonian correspondence at

low scales in the method. It has been shown that at low scales, Newtonian dynamics

cannot fully described the physics of the large-scale structure due to non-linear emer-

gent effects (Korzyński, 2015). Moreover, the evolution of the peculiar velocity field

is stronger when relativistic effects are included (Filippou & Tsagas, 2021,Tsaprazi &

Tsagas, 2020) challenging the needing of Newtonian correspondence at low scales. We

study this deeply in chapter 5.

The back-reaction is one of the most important problems in the connection between

the general theory of relativity and averaged observables via different sources of data

and , possibly, will be fully solvable when the numerical treatment of general relativity

at large scales became completely possible.

2.3 Perturbed FLRW luminosity distance

It is possible to develop a perturbed luminosity distance from a perturbed flat FLRW

universe to study anisotropies in the cosmological data, which has been shown to be

a gauge-invariant (Biern & Yoo, 2017). Using the Newtonian Gauge and being Φ and

Ψ the Bardeen potentials, the direction dependent luminosity distance can be decom-

posed in a velocity part, a lensing part an a gravitational potential part. Ignoring the

observer terms, the luminosity distance can be written as (Sasaki, 1987,Durrer, 2008,

Sorrenti et al., 2023):

dL(z, n) = d̄L(z)

1 +
v0 · n

H(z)r(z)
−
(

1
H(z)r(z)

− 1
)(

v · n − Ψ −
ˆ r(z)

0
(Ψ′ + Φ′)dr

)

− Φ +

ˆ r(z)

0

dr
r

(
1 − r(z)− r

2r(z)
∆n

)
(Φ + Ψ)


(2.27)
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Where v0 and v are respectively the velocity of the observer and the peculiar ve-

locity field in the Newtonian gauge, which contribute to the dipole. H(z) is the co-

moving Hubble parameter, r(z) is the co-moving distance and d̄L is the luminosity

distance of the background. ∆n denotes the Laplacian in radial direction coming from

the lensing effect dominant at high redshifts and the primes ′ are derivatives w.r.t con-

formal time. One approach commonly used is to fit a dipole using the luminosity

distance, considering that a low redshift z ≪ 1 limit the velocity term highly domi-

nates:

dL(z, n) = d̄L(z)
[

1 +
u0 · n

H(z)r(z)

]
(2.28)

Note that the term u0 = v0 − v is the difference between the peculiar velocity of

the observer and the peculiar velocity of the source. As the source peculiar velocity is

impossible to obtain independently of a cosmology used, this has been modeled us-

ing Newtonian linear gravitational physics and therefore irrotational fields. However,

recent studies suggest that non-Newtonian effects become important in the dynamics

of LSS at late times. In (Sorrenti et al., 2023), the authors take a step further fitting the

dipole not assuming a peculiar velocity source, interpreting the best fit for the term

u0 = v0 − vbulk as the difference between the velocity of the observer and a common

bulk flow velocity. They found a disagreement with CMB at low redshift, presum-

ably due to the high correlation between velocities of low-redshift supernovae and

the velocity of the observer. Also, the bulk estimated using the CMB value v0 for the

observer velocity gives a value of vbulk = v0 − u0 was way higher than the used in the

Pantheon + analysis.

The perturbed luminosity distance also works to fit high order multi-poles when

allowing for a quadrupole dependence on the directional luminosity distance (see e.g.

Sorrenti et al., 2024b), which could be related with the shear of the peculiar velocity

field. While the full theoretical expression for the luminosity distance is a gauge in-

variant, ignoring terms such as the observer contributions in the luminosity distance

analysis could break this invariance and induce small errors (Biern & Yoo, 2017). Also,

it is worth to mention that this particular perturbed luminosity distance assumes the

FLRW metric as the background geometry of the universe and therefore is not enough

agnostic to analyse cosmological data.
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2.4 Cosmographic analysis

It is desirable in cosmology to remain the most agnostic possible when analyzing the

data. The problem here is that researchers have to assume a cosmological model

(based on general relativity, the cosmological principle and so on), ending with the

cosmological parameters extracted completely related to the model used. To avoid

this, we can work with a cosmographic approach which uses very few assumptions

(or none) of the universe to extract cosmological parameters, fitting directly kinemat-

ical parameters such as H0 and q0 which describe how the universe evolves rather

than the dynamics that produces this evolution. The basic cosmographic approach is

to assume and isotropic and homogeneous model and compare with the data using a

Taylor expansion of the luminosity distance (Visser, 2004,Visser, 2005):

DL(z) =
z

H0
+

(1 − q0)

2H0
z2 −

(1 − q0 − 3q2
0 + j0 + kc2

H2
0
)

6H0
z3 +O(z4), (2.29)

Just like H0 is related with the velocity of the expansion and q0 is related with the

acceleration of the expansion, j0 is called the jerk parameter and it is related with the

third temporal derivative of the expansion. If we expand high order terms, we end

having more free parameters such as the snap, crackle, pop and so on, which corre-

spond to higher order temporal derivatives. The main disadvantage of this approach

over a full cosmological model is that this is not valid for high redshift. Also, note

that if we assume a flat universe (k = 0) or if H0
c ≫ 1, the number of free parameters

up to a third order agrees with the number of coefficients and it would be possible to

constraint the jerk alone, as in principle it is degenerated with the curvature term kc2

H2
0
.

In the context of this thesis, it is interesting to ask how we can use the agnostic

benefits of the cosmographic approach to study the cosmological principle. To do this,

extensions of this Taylor expansion has been derived to allow for anisotropies in the

cosmological parameters. One simple way is to fit cosmological parameters splitting

the data in different directions, areas or portions of the space. This method has been

used to extract a possible dipole in SNIA and has been called hemisphere comparison

method (Deng & Wei, 2018a,Deng & Wei, 2018b). However, another method is to allow

for a directional dependence cosmological parameters which has been called dipole

fitting (see e.g Mohayaee et al., 2020). The deceleration parameter is is assumed com-

posed by a monopole term and a dipole as:
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q0 = qm + qd · n̂F (z, s) (2.30)

Where qm es the monopole, qd is the dipole and n̂. F (z, S) is a function that de-

scribes the scale dependence of the dipole based on the s parameter, usually set to an

exponential form F (z, s) ∼ e−
z
S . Due to the large anisotropy of the data and the low

quantity when used just low redshifts, it is difficult to fit for the n̂ direction so it is

assumed tipically in the direction of the CMB.

The generalization of the Taylor expansion of the luminosity distance up to a third

order, allowing for anisotropies of the kinematical parameters has been recently for-

malized by Heinesen, 2021 in the so-called Multipole decomposition of the luminosity

distance. Is easy to note that this method could be compared with the multi-polar ex-

pansion of the CMB anisotropies. In the future, when more cosmological data will be

available, this multipole expansion could be a promising tool to study the cosmologi-

cal principle.

Also, it is possible to use the cosmographic approach not only to study

anisotropies, but also radial inhomogeneities using a binned universe. This method

consist in to fit cosmological parameters in different portions of the redshift space (see

chapter 6). Is interesting to note that mutiple analysis using a binned universe has con-

cluded that cosmological parameters such as Ωm and q0 evolve with redshift (?,Pastén

& Cárdenas, 2023,Colgain et al., 2022).

2.5 Tilted cosmologies

Recently, some studies (Tsagas, 2011, Tsagas & Kadiltzoglou, 2015) has developed a

novel way to understand cosmology from the point of view of an observer moving

with a peculiar velocity with respect to the background cosmology. In this section

we will provide the reader a theoretical background to understand the cosmological

implications of this approach. Consider a perturbed Friedmann-Robertson-Walker

(FRW) universe with two groups of relatively moving observers. Assuming that ua

and ũa are the 4-velocities of these observers and va is the (non-relativistic) peculiar

velocity of the latter group with respect to the former, we have

ũa = ua + va , (2.31)

to first approximation (with uava = 0 always). Introducing two sets of observers

means that (strictly speaking) there are two temporal directions (along ua and ũa) and
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two associated 3-spaces (orthogonal ua to and ũa, see e.g figure 2.1). Then, the cor-

responding (covariant) differential operators are ˙ = ua∇a and ′ = ũa∇a for the time

derivatives, with Da = ha
b∇b and D̃a = h̃a

b∇b for the spatial gradients. Also, the ten-

sors hab = gab + uaub and h̃ab = gab + ũaũb project orthogonal to ua and ũa respectively.

Figure 2.1: The 4-velocities ua and ũa define, respectively, the CMB frame of the background

expansion and the frame of the peculiar motion, having an hiperbolic tilt angle β (with coshβ =

−uaũa) between them. The surfaces S is orthogonal to the 4-velocity ua and define the rest-

space of the CMB family of observers.

The kinematic information of the observers’ motion is decoded by decomposing

the gradient of their 4-velocity field as follows (see 2.1):

∇bua =
1
3

Θhab + σab + ωab − Aaub . (2.32)

In the above, Θ is the volume expansion/contraction scalar (when positive/negative

respectively), σab is the shear, ωab is the vorticity and Aa is the 4-acceleration

(e.g. see Tsagas et al., 2008; Ellis et al., 2012). In an exactly analogous way, the ũa-

field splits as ∇bũa = (Θ̃/3)h̃ab + σ̃ab + ω̃ab − Ãaũb, with the tildas denoting variables

evaluated in the tilted frame of the bulk flow. Relative to the same coordinate system,

the peculiar-velocity field splits as

D̃bṽa =
1
3

θ̃h̃ab + ς̃ab + ϖ̃ab , (2.33)

where θ̃, ς̃ab and ϖ̃ab are the volume scalar, the shear and the vorticity of the bulk pe-

culiar motion Tsagas & Kadiltzoglou, 2015. Of the last three variables, the most impor-
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tant for our purposes is the peculiar volume scalar (θ̃), which takes positive/negative

values in locally expanding/contracting bulk flows respectively.

The three kinematic sets defined above are related by lengthy nonlinear expres-

sions (e.g. see Maartens, 1998 for the full list). Assuming non-relativistic peculiar mo-

tions on an FRW background, we obtain the linear relations

Θ̃ = Θ + θ̃ and Θ̃′ = Θ̇ + θ̃′ , (2.34)

between the volume scalars and between their time derivatives evaluated in the two

frames (see figure 2.2 for a schematic representation). At this point, we note that Θ and

Θ̃ monitor the expansion rate of the universe, namely the Hubble parameters, as mea-

sured in their corresponding frames (that is Θ = 3H and Θ̃ = 3H̃). Then, equations

(2.34) imply that the expansion and the acceleration/deceleration rates measured in

the tilted coordinate system differ from those measured in its CMB counterpart solely

due to relative-motion effects. In particular, recalling that

q = −1 − 3Θ̇
Θ2 and q̃ = −1 − 3Θ̃′

Θ̃2
, (2.35)

define the deceleration parameters in the CMB and the bulk-flow frames respectively,

the following useful relation between q̃ and q can be obtained Tsagas & Kadiltzoglou,

2015; Tsagas, 2021:

q̃ = q +
θ̃′

2Ḣ
, (2.36)

to first approximation. Recall that Θ̃ = Θ = 3H in the Friedmann background. Also

note that, whereas θ̃/H ≪ 1 at the linear level, the ratio θ̃′/Ḣ of their time derivatives

is not always small. Finally, using relativistic linear cosmological perturbation theory,

we arrive at:

q̃ = q +
1
9

(
λH

λ

)2 θ̃

H
. (2.37)

with λH = 1/H and λ representing the Hubble horizon and the scale of the bulk flow

in question. Note that we have focused on bulk peculiar flows with sizes considerably

smaller than the Hubble length (i.e. λ ≪ λH – see Tsagas & Kadiltzoglou, 2015; Tsagas,

2021 for the full details of the derivation).1

1Expression (2.37) has been obtained on an Einstein-de Sitter background, primarily for reasons of

mathematical simplicity. It is fairly straightforward to show that the linear result (2.37) holds on essen-

tially all FRW and Bianchi backgrounds with conventional equation of state satisfying the strong energy

condition (it doen’t work, for example, in cases with ω = −1 state equation). Tsagas, 2022; Tzartinoglou

& Tsagas, 2024.
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Figure 2.2: White arrows represent the family of idealized observers that moves with the ex-

pansion of the Hubble Flow. Green arrows are the field describing the real observers that

doesn’t follow the Hubble expansion due to the peculiar movement. Note that, as those fam-

ilies of observers are related to a fluid-like behavior, fluid parameters such as the expansion,

vorticity, shear and acceleration doesn’t have to me the same for both fields.

Following (2.37), the deceleration parameter measured locally by the bulk flow ob-

servers (q̃) differs from that of the global universe, which by definition coincides with

the deceleration parameter measured in the idealised CMB frame (q). The difference

is entirely due to the peculiar motion of the tilted observer, since q̃ = q when θ̃ = 0.

Also, the “correction” term in (2.37) is scale-dependent and it gets stronger on pro-

gressively smaller scales (i.e. for λ ≪ λH), despite the fact that θ̃/H ≪ 1 throughout

the linear regime. Moreover, in accord with (2.37), the overall impact of relative mo-

tion on q̃ is also determined by the sign of the peculiar volume scalar (θ̃). The latter is

positive in locally expanding bulk flows, which means that the deceleration parameter

measured by observers residing in them will be larger than that of the actual universe

(i.e. q̃ > q when θ̃ > 0). In the opposite case, that is inside locally contracting bulk

flows, the local deceleration parameter becomes smaller (i.e. q̃ < q for θ < 0). The

latter case is clearly the most intriguing, since it allows for the sign of the deceleration

parameter to change, from positive to negative, when measured by observers inside

locally contracting bulk flows. Although the sign-change of q̃ is simply an illusion

and a local artefact of the observer’s relative motion, the affected scales can be large

enough (between few to several hundred Mpc, see related Tables in Tsagas, 2021, 2022;

Tzartinoglou & Tsagas, 2024) to make it look as a recent global event. If so, an unsus-
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pecting observer may be misled to believe that their universe has recently entered a

phase of accelerated expansion. According to (2.37), the “transition scale”, where the

local deceleration parameter crosses the q̃ = 0 threshold is Tsagas, 2021

λT =
1
3

√
|̃θ|
qH

λH , (2.38)

where q > 0 always (with q = 1/2 in the case of the Einstein-de Sitter background).

In chapter 4 we will study how to relate tilted cosmology with observations and ex-

plore if the tilted scenario could be considered as a potential explanation for the recent

acceleration of the universe.
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Figure 2.3: The gradient of the velocity field can be decomposed in (A) a expansion scalar

(divergence) which quantifies the change in the volume, (B) a shear tensor that characterizes

the change of shape without a change in the volume and (C) a vorticity tensor (curl) measuring

the rotational part of the field. A mixture of these 3 features compose all the instantaneous

variations that any field could experience (D).
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CHAPTER 3

Modeling the fractal matter

structure in cosmology

Although the universe appears to be highly homogeneous and isotropic on large

scales, a more detailed examination reveals notable deviations from this idealized

view at smaller scales. The existence of intricate structures such as underdense re-

gions Keenan et al., 2013, fractal-like patterns Labini, 2011; Labini et al., 1998, and bulk

flows that diverge from the Hubble flow rest frame Feindt, 2013; Hudson et al., 1999;

Magoulas et al., 2016 challenges the assumption of perfect global uniformity. These

local structures, which occur on smaller cosmological scales, may have a significant

impact on observed phenomena such as the apparent acceleration of the universe’s

expansion. In fact, several studies have proposed that the collective effects of these

local inhomogeneities could mimic the influence typically attributed to dark energy

Celerier, 2006; Enqvist, 2007; Cosmai et al., 2019; Tsagas, 2011; Asvesta et al., 2022. It

is therefore plausible that the contribution of these local structures—whether individ-

ually or together—could be far more substantial than previously thought.

In this chapter, we aim to take a closer look at how local structures influence cos-

mological measurements by specifically investigating the fractal-like nature of the uni-

verse. We take a simplified approach, using luminosity distance relations derived

from Type Ia Supernova (SNIA) data as a tool to explore this connection. By analyz-

ing these relations, we seek to uncover potential links between the universe’s fractal
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structure and the observed acceleration, offering new insights into the possible role of

local inhomogeneities in the broader cosmological context. This chapter is based on

the published work Pastén & Cárdenas, 2022 made by the author.

3.1 Fractal cosmology

Fractal cosmology is defined as the branch of astrophysics that study the cosmos using

fractals as tools, from minimum scales such as Planck to the enormous size of the

universe (Dickau, 2009). Fractals appear in observational and theoretical cosmology,

and its definition comes from Benoit Mandelbrot in the book The fractal geometry of

nature. In this work we adopt the definition based on the fractal dimension D on a

distribution of a physical property. Usually the integer dimension of a curve, surface

or volume can be related with an homogeneous distribution of matter. For example,

if a plane surface has a surface mass density of σ, then the mass M enclosed in a circle

of radius r will be:

M(r) ∝ r2 (3.1)

In the same sense, a homogeneous density ρ in the space will fix the mass enclosed

in a sphere of radius R as:

M(r) ∝ r3 (3.2)

Here 2 and 3 are the dimensions, respectively, of the surface and the space. We

introduce then the fractal dimension D, as the exponent in the power function of the

mass enclosed in a sphere of radius r as:

M(r) ∝ rD (3.3)

In observational astrophysics, a fractal distribution of galaxies was demonstrated

to fit the astronomical data at the late 80’s (Pietronero, 1987). Since then, the scale in

which the galaxy distribution smooths (in which the fractional dimension D of the

matter distribution goes to an integer value 3) has been deeply researched and has

been interpreted as an homogeneity scale of the universe.

In the previous chapter, we provided the reader with an overview of the theoretical

framework of the Lemaı̂tre-Tolman-Bondi (LTB) model and in the next section, we will

explain its incorporation of fractal structures within cosmology, based in the previous
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definition of a fractal dimension. Next, we introduce our novel model, which aims to

address specific problems and limitations associated with previous approaches. By in-

corporating both a fractal dimension and a length-scale parameter into the LTB metric,

our model provides a more robust and comprehensive framework for understanding

the interplay between cosmic acceleration and fractal structure formation. Finally, we

present the results of our analysis, where we compare the luminosity distance rela-

tions derived from SNIA data with the predictions of our proposed cosmology using

MCMC (Markov chain Monte Carlo).

3.2 Fractals in LTB Model

In a recent paper by Cosmai et al., 2019, 2023, an intriguing proposal was put forward.

The authors demonstrated that a fractal-like function, denoted as M(r), could success-

fully fit the SNIA data within a non-dark energy LTB model. The expression for M(r)

was given as:

M(r) ∝ rD, (3.4)

where D represents the fractal dimension. However, it is important to note that

the analysis presented in that paper relied on highly specific assumptions such as

an inhomogenous bang-time function, rendering the model an exceptional case with

limited generalizability.

Building upon the previous work, we propose an alternative analysis based on

the LTB metric, incorporating both a fractal dimension and a length-scale parameter.

This approach offers several advantages, addressing the theoretical concerns associ-

ated with previous models while ensuring a homogeneous big bang scenario. We

follow the treatment of Ref. Cosmai et al., 2019, 2023. In that work, the authors argue

that from a statistical analysis of galaxy distribution in 3D, the average conditional

density can be described locally as

⟨n(r)⟩ ∼ r−γ (3.5)

where γ is a phenomenological parameter that can take values from 0.2 to 0.9 in a

range scale from 1 Mpc/h until 100 Mpc/h. Beyond that scale, a transition to homo-

geneity (γ = 0) is expected, whose behavior is not completely clear. Then, for the

structure of a real galaxy we can approximate the matter density as

ρM(r) ∼ ⟨n(r)⟩, (3.6)

43



CHAPTER 3. MODELING THE FRACTAL MATTER STRUCTURE IN COSMOLOGY

a behaviour that can be described using a LTB model. In this case, the function M(r)

is related to this fractal density function due to equation (2.5)

M(r) =
ˆ r

0
⟨n(r)⟩(4πR′R2dr), (3.7)

where M(r) can be interpreted as the matter contained inside a sphere of radius r. In

Cosmai et al., 2019, it was stated that a fractal-like M(r) function can fit the SNIA data

in a pressure-less LTB model given by

M(r) = ΦrD, (3.8)

where D = 3 − γ is the fractal dimension and Φ is the mass-scale. Let us study this

model at some detail.

First of all, we have to emphasize a subtlety in the notation. The authors of Cosmai

et al., 2019 perform the integration of the equation

Ṙ2 + 2RR̈ + k = 0, (3.9)

assuming that at t = 0, the R function takes the value R0 from which leads the defini-

tion:

R(r, 0) = R0(r). (3.10)

In the LTB literature the symbol R0(r) is used to denote the present scale factor (which

is usually a gauge in LTB cosmology when Ωm(r) is used instead of M(r)), while

R(r, 0) = 0 is the initial scale factor in the homogeneous big bang itself (usually set-

tled to 0). This leads to a confusion with the common definitions in LTB cosmology

literature and should be pointed out.

Second, following the previous redefinition for R0(r), we get an inhomogeneous

negative bang time function tBT(r) < 0 which notably depends on the matter fractal

dimension D Cosmai et al., 2023

tBT = −2
3

√
R3

0(r)
2GM(r)

. (3.11)

However, an inhomogeneous bang time is physically undesirable if we are trying

to understand the influence of the fractal matter distribution in cosmology. A sim-

ilar problem was pointed out by Kenworthy et al., 2019 discussing the work made

in Hoscheit & Barger, 2018 about the influence of a large void in a LTB cosmology,

because an inhomogenous big bang leads to obtain different ages of the universe in
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difference places of it. This introduces a new fundamental inhomogeneity that re-

quires new physics to explain, in the same sense than the addition of dark energy. If

we perform the integration for a purely flat universe with an homogeneous bang time

function and use a M(r) with the usual limits (t ∈ [0, t], R ∈ [0, R(r, t)] we just get the

EdS results

R(r, t) =

(
9M(r)

2

)1/3

t2/3. (3.12)

From here, we see that the election made of M(r) with the assumption of global flat-

ness and homogeneous big-bang, it is just a gauge related to the scale of the radial

coordinate. Also, the Hubble function can be written as

H(t) =
Ṙ
R

=
2
3t

, (3.13)

independently of the M(r) function used. We have no divergences for H0 at r = 0,

however the fractal structure described with M(r) cannot be used to explain any H0

tension.

The question now emerges, can we use LTB models with E(r) = 0 (see 2.9) to

describe a fractal distribution of matter assuming an homogeneous big bang? In the

following we describe our proposal to do that.

3.2.1 Sharp transition model

First, we propose to define a function M(r) that can describe both the internal fractal

statistical behaviour of the density and also a transition to a FLRW universe (a transi-

tion between fractality to non-fractality). The function M(r) can be defined as

Min(r) = ΦinrD, r < L (3.14)

Mout(r) = Φoutr3, r > L, (3.15)

where M ∼ r3 is the mass for a FLRW universe. At this point, we have four free

parameters in the model: the mass scale Φin and Φout, the fractal dimension D and the

scale of the fractal structure L. If we demand for continuity at r = L we can reduce to

three free parameters

ΦinLD = ΦoutL3, (3.16)
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then the model becomes

Min(r) = ΦoutL3
(

r
L

)D

, r < L (3.17)

Mout(r) = Φoutr3, r > L. (3.18)

Defining the function in this way, the effects between the internal fractal structure and

the external EdS universe should be noticeable. A similar approach was developed

in Ruffini & Stahl, 2017, but the difference is that they fix the scale of transition about

r = 2300 Mpc meanwhile for us this scale is a free parameter to be fixed by the obser-

vations.

As a first approach, we assume ΩΛ = 0 and the universe being just EdS beyond

the transition. We use low redshift type Ia supernova data to estimate the transition

scale to fractality. We also use the full sample 1, in which case we have to add another

parameter to be fixed. Following Alexander et al., 2009 and considering an EdS uni-

verse for r > L, we choose for Φout to be in agreement with the age of the universe in

an EdS universe:

Φout =
4π

3
ρ0 =

H2
0

2
, (3.19)

where H0 ∼ hout/3000 Mpc is the Hubble parameter outside the fractal region in the

FLRW limit. Using this scale we get the radial coordinate in Mpc and just two free

parameters: D and L. The R(r, t) can then be written as:

Rin(r, t) =

(
9Φin

2

) 1
3

L
(

r
L

)D/3

t2/3, r < L (3.20)

Rout(r, t) =

(
9Φout

2

) 1
3

rt2/3, r > L, (3.21)

It is important to note that in this model, the density is surprisingly homogeneous.

Using equation (2.10) we can obtain the same density profile than an EdS universe:

ρ0(r) =
3Φout

4π
, (3.22)

but the integrated density at t0 is

ρH
0 (r) ∝ rD−3 = r−γ, r < L (3.23)

1We understand this approach as being a tool to estimate the fractal transition in low redshift data, but

also as a possible explanation for dark energy with fractal structure using the full sample. However, this

last approach is questionable as it does not exist a clear evidence for fractal structure for scales r > 100

Mpc
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which is constant for r > L. Using the continuity condition at L we obtain:

ρH
0 (r) =

 3Φout
4π

( r
L

)−γ , r < L
3Φout

4π , r > L.
(3.24)

The behaviour of M(r) and the densities are displayed in Fig. 3.1 and Fig. 3.2. It is

interesting to note that the fractal behaviour can be also be defined as

ρH
0 (r) = ρ0

(
r
L

)−γ

, r < L (3.25)

ρH
0 (r) = ρ0, r > L. (3.26)

As simple it is, this model assumes a sharp transition which is not very realistic. The

Purely Fractal and Fractal-EdS universe are plotted in Fig. 3.3.

3.2.2 Smooth transition model

A smooth slope transition around r = L could be introduced considering a multi-

power mass function. Motivated by the work developed in Calcagni, 2017, a binomial

“average” mass profile could be useful for this case. If D < 3 we can write

M1(r) = Φout

[
L3
(

r
L

)D

+ r3

]
. (3.27)

Note that as D < 3, for r ≫ L the term r3 dominates the mass function, meanwhile for

r ≪ L the rD term is stronger. In the opposite case when D > 3 we can propose:

M2(r) =
Φout

1
L3

(
L
r

)D
+ 1

r3

, (3.28)

which follows a similar asymptotic behaviour. We choose the same Φout value de-

scribed in the last section to allow for consistent convergences at r ≫ L. This approach

has the advantage of being numerically friendlier as we have a unique mass profile for

all r space.

3.2.3 Luminosity Distance in LTB models

The luminosity distance in LTB models can be obtained from

dL = (1 + z)2R(r, t), (3.29)
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Figure 3.1: M(r) profiles. In black appears the fractal model with a sharp transition to EdS; in

red pointed line EdS and in yellow pointed line a purely fractal universe. We use D = 3.36,

L = 100Mpc and hout ∼ 0.73. The vertical gray line is the lenght L of the transition. The

functions M1(r) and M2(r) that describes a smooth transition in equations (3.27) and (3.28)

are not plotted as those are very similar to the black line (see, e.g., fig. 2 of Calcagni, 2017).

where r = r(z) and t = t(z) are defined through the geodesic equations

dr
dz

=

√
1 − k

(1 + z)Ṙ′ , (3.30)

dt
dz

= − R′

(1 + z)Ṙ′ . (3.31)

These equations are necessary to make contact with the observations. We use the

Pantheon sample (Scolnic et al., 2018) that release the redshift z, distance modulus µ(z)
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Figure 3.2: Integrated density profiles for different values of D. We use L = 100Mpc and

hout ∼ 0.73. The vertical gray line is the length L of the transition. Note that profiles with

D > 3 are similar to an over-dense region and D < 3 to an under-dense region. D = 3

correspond to the common constant integrated density profile in EdS universe.

and the error σµ(z) for 1048 type Ia supernova that can be compared to the theoretical

expectation using an LTB model in a fractal-like context:

µ(z) = 5 log10
dL(z)
10pc

. (3.32)
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Figure 3.3: Luminosity Distance for the different universes. Same description as in FIG. 3.1.

Note that we use the purely fractal universe with the scale Φin to illustrate.

3.3 Statistical analysis with SNIa data

To test our models, we use the Pantheon sample comprised by 1048 SNIa in the red-

shift range z ∈ (0.01, 2.3). As we are interested in studying a possible transition be-

tween fractal behaviour and a FLRW universe, we consider two approaches. First,

using only low redshift SNIa, using a cutoff of z < 0.3 corresponding approximately

to ∼ 800Mpc. Second, using the full sample. We select hout ∼ 0.73 in the first case to

match local Hubble parameter scale measures (Dainotti et al., 2021) and hout ∼ 0.45 in

the second case, in order to converge for low scales of the Hubble parameter that fits

CMB with an EdS universe (Alnes et al., 2006). The full Tripp Formulae for distance

modulus is

µobs = m∗
b − M = mb + αx − βc + ∆M − M, (3.33)
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here mb corresponds to the peak apparent magnitude in the B-band, M is the abso-

lute B-band magnitude of a fiducial SNIa, x and c are light curve shape and color

parameters, α is a coefficient of the relation between luminosity and stretch and β is

a coefficient of the relation between luminosity and colour, and ∆M is a corrections

based on the mass of the host galaxy. All of these parameters, usually called nuisance

parameters, are needed to standardize the SNIa data leading to the corrected magni-

tude m∗
b . Those correction are provided in the Pantheon catalogue, and the parameter

M can be marginalized. This relation can be used to perform statistical analysis with

the distance theoretical modulus for any cosmological model given by Eq.(3.32).

3.4 Results

We use the code EMCEE (Foreman-Mackey et al., 2013) to test the models against the

SNIa data. This is a pure python implementation of the affine invariant ensemble

sampler for Markov chain Monte Carlo proposed by Goodman and Weare (Good-

man & Weare, 2010). From this analysis we obtain the best fit values for D and L for

each model. We used directly the corrected magnitudes from the catalogue, but also

another approach allowing the nuisance parameters α and β to vary along the cosmo-

logical parameters. In this last approach, we ignore the step mass correction as this

does not impact significantly the cosmological fit.

3.4.1 Sharp transition

The results for the sharp transition model case and details are shown in Table 3.1. We

note that using low redshift supernovae data, we can get a relatively good fit, but it

does not happens using the full sample. We also note the the errors increase in the

parameter estimation if we do not use tight priors, a result possible attributed to the

sharp transition at r = L. The best fit result using the full sample is displayed in Figure

3.4.

To look for insights into the value of the fractal dimension D, we also explore the

case of considering priors on the parameter L, which is our fractal transition scale.

Instead of fixing it at a convenient value, as previous works have done, here we intro-

duce Gaussian priors for L based on values coming from large scale observations of

the transition scale to homogeneity. For example, in Yadav et al., 2010 the authors con-

cluded that the scale of homogeneity should be less than 260h−1 Mpc. Also in Yadav
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et al., 2005 and Hogg et al., 2005 the authors have suggested even a smaller scale of

L = 60h−1Mpc. Let us consider four values for L: L = 60h−1, L = 100h−1, L = 150h−1

and L = 200h−1. Considering Gaussian priors on this values with a 5% of error, we

find the results showed in the last panel in Table 3.1 using low redshift supernovae at

z < 0.3. Again, for the sharp transition model the error on D is very high. This means

that a flat LTB fractal model with a sharp transition, an homogeneous big bang and no

cosmological constant, does not perform well to fit SNIA data.

Figure 3.4: Best fit function for corrected magnitudes of the full Pantheon sample using a

fractal sharp transition. We get a notably worst fit than previous studies in fractal LTB models

that use an inhomogeneous big bang.
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Figure 3.5: Best fit functions for corrected magnitudes of the full Pantheon sample using the

two M(r) functions of the fractal smooth transition. The errors in the parameter estimation are

much more lower than the sharp case, but still the fit does not perform well.
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3.4.2 Smooth transition

The results for the best fit for the sharp transition model and details are shown in

Table 3.2. We note that the errors in the parameter estimation are notably lower once

the model is tested against the corrected magnitudes of the Pantheon sample, which

support the idea that a smooth function performs much better in the MCMC sampling.

However, the χ2
red values obtained are even worse than in the sharp transition model

for all the cases. We conclude that a flat LTB fractal model with a smooth transition,

an homogeneous big bang and no cosmological constant neither perform well to fit

SNIA data. The best fits are displayed in Figure 3.5.

Corrected magnitudes
hout zcut D L(Mpc) χ2

red

0.73 z < 0.3 3.16+0.36
−0.63 696.83+113.01

−298.50 1.15

0.45 Full Sample 3.471.04
−1.38 1354.17232.08

−313.73 1.43

Tight priors for L and corrected magnitudes
L Prior D L(Mpc) χ2

red

60h−1 2.97+1.26
−1.07 85.02 +0.53

−0.52 1.15

100h−1 2.74 ± +1.24
−1.09 137.02+0.54

−0.51 1.15

150h−1 2.73 ± +1.2
−1.1 205.02+0.54

−0.51 1.16

200h−1 2.6 ± +1.15
−1.13 273.00+0.51

−0.5 1.16

Table 3.1: Best fit values for D and L using a sharp transition, fitting for corrected magnitudes

as are given in Pantheon catalogue. Also we perform a fit with a tight prior for L with the

corrected magnitudes to look for insights into the value of D.

3.5 Discussion

We have show that a purely fractal model following M(r) ∼ rD with an homogeneous

big bang is not different from an usual EdS universe with another scaling relation. As

an alternative to the fractal model proposed in Cosmai et al., 2019, a more consistent

model was developed, allowing for a transition between a fractal scale with M ∼ rD

to an homogeneous universe M ∼ r3 without requiring the idea of using an inhomo-

geneous big bang.

We performed two analyses putting in stress our model with the Pantheon data. In

the case of a sharp transition model, we got a good fit using low redshift supernovae,
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Corrected magnitudes M1(r) function
hout zcut D L(Mpc) χ2

red

0.73 z < 0.3 3.16+0.018
−0.018 1020.86+0.015

−0.021 1.37

0.45 Full Sample 3.150.017
−0.017 1020.84+0.026

−0.014 1.46

Corrected magnitudes M2(r) function
hout zcut D L(Mpc) χ2

red

0.73 z < 0.3 3.14+0.019
−0.018 1020.86+0.022

−0.020 1.33

0.45 Full Sample 3.15+0.014
−0.017 1020.85+0.021

−0.018 1.46

Table 3.2: Best fit values for D and L using a smooth transition, fitting for corrected mag-

nitudes. Due to the low errors in the parameter estimation we did not extent further this

approach.

but the model fails to describe the full behaviour of the Pantheon data sample. We

conclude that a fractal LTB model cannot explain the effects of dark energy. Overall,

we looked for insights into the fractal dimension value performing a different anal-

ysis using low redshift supernovae with tight priors for the transition scale. It was

observed that the errors are still high at z < 0.3. The results are not very different

from the smooth transition case model, giving a slightly worst fit than the sharp case,

although the errors were much lower.

The physical validity of our model could be studied more deeply if we summarize

the problems that those have. First, we have not used a cosmological constant. This

constant could be added to the models in order to fit the full SNIA data looking

for effects of the local fractal structure in the cosmological constant value. Also,

we assumed that the M scale should converge to a fixed H0 experimental value.

Two possibilities accounting for convergence to CMB h ∼ 0.45 and another to SNIA

estimation to h ∼ 0.73 were used. Those values may be modified allowing for other

definitions like the one presented in Camarena & Marra, 2020 Valkenburg et al.,

2013. In future works, we propose to study how a fractal structure in LTB models

can impact ΛCDM cosmology. We reinforce the importance to take into account the

full information about our local large scale structure to the development of a better

cosmological description that lead us to stronger constraints on the ΛCDM model.

We highlight that, in principle, the fractality degree of our universe cannot be studied

independently from cosmological parameters using cosmological data such as SNIA.

However, it could be useful to extract fractal dimension from other sources of data
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and incorporate it as a correction to the cosmological fit. The procedure to perform

this inclusion of fractal dimension in cosmological analysis is still an open question,

since the nature of fractal geometry is contrary to the differential nature of general

relativity.
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Tilted Cosmologies

In Chapter 2, we introduced cosmologies that challenge the assumption of global ho-

mogeneity and isotropy of the universe. However, there is also a class of cosmological

models that maintain the hypothesis of homogeneity and isotropy but account for the

effects of peculiar motions of observers. These models are referred to as tilted cos-

mologies.

One such model is the tilted cosmological framework proposed by Tsagas, 2011.

This model offers a natural environment to study the large-scale peculiar motions ob-

served in the universe, allowing for two groups of relatively moving observers. The

first group is aligned with the reference frame of the cosmos, identified with the co-

ordinate system of the Cosmic Microwave Background (CMB), where the associated

dipole vanishes by construction. The second group consists of real observers, such

as those in galaxies like our Milky Way, which are moving relative to the CMB frame

(e.g., see Tsagas et al., 2008; Ellis et al., 2012). In this tilted almost-Friedmann universe,

linear relativistic cosmological perturbation theory was used to show that the effects

of relative motion can lead to an apparent change in the sign of the deceleration pa-

rameter inside locally contracting bulk flows. Although this effect is a local artifact of

the observers’ peculiar motion, the scales involved can be large enough to have cos-

mological relevance. In this context, observers within slightly contracting bulk flows

could be misled into believing that their universe has recently entered a phase of ac-

celerated expansion. In other words, these observers might incorrectly interpret the
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local contraction of their bulk flow as the global acceleration of the surrounding uni-

verse (see Tsagas & Kadiltzoglou, 2015; Tsagas, 2021, 2022 for further discussion and

details). The goal of this study is to investigate this possibility by comparing the the-

oretical predictions to observational data.

Other studies have utilized the velocity field reconstruction from the 2M++ galaxy

survey Carrick et al., 2015, which provides a pair of data cubes containing the density

contrast and velocity vectors in galactic coordinates. This data can be used to apply

basic calculus and to make corrections to cosmological data for peculiar velocities, as

was done in the latest Pantheon+ SN Ia compilation Scolnic et al., 2022; Carr et al.,

2022. In this paper, we estimate the average volume scalar of this local velocity-field

reconstruction using various methods and scales. In all cases, the local bulk flow is

found to contract on average, leading to negative values for the local deceleration

parameter across a range of scales. These results appear to support the tilted cosmo-

logical scenario as a plausible alternative explanation for the dark energy problem.

However, caution is required in interpreting these results, as the data may contain

significant biases due to the reconstruction procedure.

In Section 2.5 of Chapter 2, we provided a brief yet concise description of the tilted

cosmological scenario and referred readers to the related literature for further details.

In Section 4.1 of this chapter, we will discuss the observational parameters that can

be related to this theoretical framework. In Section 4.2, we explain how to relate the

parameters obtained from the velocity-field reconstruction to the theory. Section 4.3

presents the data used and addresses the potential biases in the data. Finally, in Sec-

tions 4.4 and 4.5, we summarize the method and results obtained from this recon-

struction and discuss their implications for cosmology. In addition to cosmology, our

analysis has potential applications to astrophysics and the dynamics of local struc-

tures.

4.1 Observables in Tilted Cosmology

Tilted cosmology model has been described briefly in the section 2.5 of chapter 2.

Although theoretically the model outlined above is well developed, it is not obvi-

ous yet how one should relate the tilted cosmological scenario to the observations.

Parametrizing the deceleration function as q̃ = q̃(z) and then using it in (2.37), has led

to a good fit with the Pantheon SNIA sample Asvesta et al., 2022. Also, an apparent

(Doppler-like) dipole anisotropy is expected to appear in the observed distribution
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of the local deceleration parameter (q̃), due to the bulk-flow motion relative to the

CMB frame Tsagas, 2011. However, which observational frame (heliocentric, geocen-

tric, galactic, or cosmological) should be employed and what peculiar-velocity correc-

tions should be applied to the data, in order to observe the aforementioned dipolar

anisotropy, are the subjects of ongoing debate Colin et al., 2019a; Rubin & Heitlauf,

2020; Colin et al., 2019b.

The possible astronomical observables in the tilted cosmology context can be di-

vided mainly in two groups. The first one involve parameters that depend on the

luminosity distance to be computed using standard candles such as SNIA. The second

group of observables can be studied directly from the local large scale structure and

represent physical parameters of the bulk flow and the peculiar velocity field.

4.1.1 Luminosity distance dependent observables

The negative deceleration parameter observed when comparing SNIA with FLRW lu-

minosity distance is attributed to a real acceleration of the expanding universe. How-

ever, in the tilted cosmology scenario, the deceleration parameter structure should

have features that are not present in the standard cosmology. The 2 important anoma-

lies that should be observed are:

1. Anisotropy in q0 angular distribution: According to the standard model of cos-

mology, the anisotropy level of the q0 parameter should not be significant, since

LCDM obeys the cosmological principle. There are many studies that claim to

detect a significant anisotropy in q0 distribution (Colin et al., 2019a; Deng & Wei,

2018b; Sorrenti et al., 2023). However, there are others that report consistency

with LCDM (see e.g.Chang et al., 2019). Whether the anomaly is real and if it

can be explained in standard cosmology scenario is an interesting and contin-

gent topic in observational cosmology.

2. Evolution in q0 with redshift: In standard cosmology, the value of q0 should be

the same no matter the redshift space of the universe observed. However, since

in tilted cosmology the negative deceleration parameter is a local artifact of the

peculiar motion measured by observers inside a bulk flow, a evolution in q0 with

the redshift is expected. This feature has been addressed in multiple studies such

as Pastén & Cárdenas, 2023; Perivolaropoulos & Skara, 2023; Ó Colgáin et al.,

2023 with different results.
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The problem with those observational insights, is the needing of the luminosity

distance, as SNIA provide the best constraint to the late epoch parameters. However,

to use the luminosity distance, the data has to be corrected to the CMB frame of refer-

ence as the geodesic equation from which it is derived deals with an observer in rest

w.r.t the Hubble flow. Whether it is a valid approach is debatable (Colin et al., 2019a;

Rubin & Heitlauf, 2020; Colin et al., 2019b). It is possible that correcting the data to

the CMB frame could erase tilted effects, since those are general relativistic in nature.

Therefore, the proper way to analyze those features are still unknown.

4.1.2 Local large-scale structure observables

One interesting feature of tilted cosmology is that the values of the cosmological pa-

rameters are related to LLSS features (see eq 2.37) and therefore are extremely weakly

dependent of the luminosity distance. Therefore, it is possible to study tilted cos-

mology physics directly from the surveys of the local universe. In particular, relation

2.37 requires a negative (average) divergence of the bulk flow to explain a negative

deceleration parameter. Our aim is to study the dynamical structure of the peculiar

velocity field directly from data reconstruction. We choose the velocity field recon-

struction of the 2M++ survey Carrick et al., 2015, which has been previously used

in cosmology to correct the peculiar velocities of the SNIA data in the last Pantheon+

compilation Scolnic et al., 2022; Carr et al., 2022. The methods used to characterize this

peculiar velocity field and the procedures employed to relate our results with those of

the tilted cosmologies are discussed in the next sections.

4.2 Classical Fluid approximation

The kinematic analysis outlined in the previous section, is straightforwardly adapted

to the Newtonian framework as well (e.g. see Ellis, 1971, 1990 for further discussion

and details). In so doing, one replaces the projector (hab), which also acts as the met-

ric tensor of the 3-space, with the Kronecker delta (δij). Also, time derivatives and

3-dimensional covariant gradients are replaced by convective derivatives and by or-

dinary partial derivatives respectively. Note that, given the near spatial flatness of

the observed universe, any curvature corrections due to a nonzero connection (Γa
bc)

will be of the second perturbative order. Then, focusing on the peculiar-velocity field
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(v = vi), we have θ̃ij = ∇v = ∂jvi and

θ̃ij =
1
3

θ̃δij + ς̃ij + ϖ̃ij . (4.1)

Here, the (local) volume expansion/contraction scalar, the shear tensor and the vor-

ticity tensor of the bulk peculiar flow are respectively defined as

θ̃ = ∂ivi = δij∂jvi , (4.2)

ς̃ij =
1
2

(
∂jvi + ∂ivj

)
− 1

3
θ̃ δij, (4.3)

ϖ̃ij =
1
2

(
∂jvi − ∂ivj

)
. (4.4)

It ts possible to evaluate the gradient tensor of the local peculiar-velocity field us-

ing this approach. In particular, the gradient tensor can be reduced to the 3× 3-matrix

of the partial derivatives of the ṽi-field as:

θ̃ij = ∂jvi =


∂vx
∂x

∂vx
∂y

∂vx
∂y

∂vy
∂x

∂vy
∂y

∂vy
∂y

∂vz
∂x

∂vz
∂y

∂vz
∂y

 , (4.5)

directly relating θ̃ij to the Jacobian tensor of the field.

4.3 The 2M++ velocity field reconstruction

The last Supernovae IA compilation, namely Pantheon+ Scolnic et al., 2022, was re-

leased in 2022 showing a great improvement in the utility of data at low redshifts for

cosmological uses. Part of this improvement is due to better corrections of the peculiar

velocities of the SNIA data Carr et al., 2022 (see Figure 4.1). This was done by using a

velocity field reconstruction based on the 2M++ galaxy survey Carrick et al., 2015 (see

Figure 4.2). The reconstruction procedure can be summarized as follows. If δ(r) is the

density contrast, then the peculiar velocity field can be approximated as proportional

to the gravitational acceleration when the fluctuations are small:

v(r) =
f (Ωm)

4π

ˆ
d3r′δ(r′)

r′ − r
|r′ − r|3 . (4.6)

Here, f is the growth rate of cosmic structures defined as f = Ωγ
m, where γ = 0.5

for ΛCDM cosmology (see A.1 for further details about peculiar velocity treatment on
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Figure 4.1: Peculiar velocities of the Pantheon+ SNIA compilation

large-scale structure physics). Also, r = HR is measured in km/s, with R being the

co-moving distance in Mpc and H the Hubble parameter.

Since the total density perturbation (δ) cannot be directly observed, a bias param-

eter (b) has been introduced to relate the observed density contrast (δg) with the real

one:

δ =
δg

b
, (4.7)

at the linear level. Therefore, the important parameter in evaluating the velocity field

is the ratio β = f /b, since we can write:

v(r) =
β

4π

ˆ
d3r′δg(r′)

r′ − r
|r′ − r|3 , (4.8)

to relate directly the peculiar velocity with the observed galaxy density. Also, as the

observations extend only up to a maximum scale (Rmax), the contribution beyond this

length can be added as a constant external velocity parameter (Vext), so that finally:

v(r) =
β

4π

ˆ Rmax

d3r′δg(r′)
r′ − r
|r′ − r|3 + Vext , (4.9)
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Figure 4.2: Peculiar Velocity field reconstruction from the 2M++ density field in galactic coor-

dinates. Visualizations in 3D, with (left) and without (right) external dipole component.

where β and Vext are determined empirically from the reconstruction of the density

field.

We use the density contrast and the velocity field (see Figures 4.3 and

4.4)) given by Carrick et al., 2015, which can be easily downloaded from

https://cosmicflows.iap.fr/. There, the authors provide two useful data-cubes con-

taining the density contrast δ and the velocity field v using the best-fit parameters

β = 0.431 ± 0.021 and Vext = (89 ± 21,−131 ± 23, 17 ± 26) km/s (with |Vext|=
159 ± 23 km/s) in galactic Cartesian coordinates. It is also important to note that β

parameter depends on scale and redshift. To consider this, we use also a different

value of β, namely β = 0.341+0.031
−0.047, which was used to correct the Pantheon+ data Said

et al., 2020; Carr et al., 2022 combining 6dFGS and SDSS. To cover a wide range of

possible values, we also use a lower value for β = 0.314+0.031
−0.047 corresponding to Said

et al., 2020 fit using just SDSS. We expect that this 3 value could be representative of β

variations. Overall, we can write v = βvrec, where vrec gives the directions and relative

magnitudes of the velocity field. Then, it is easy to use the three values and compare

the results.

In order to apply the same corrections to Pantheon+, the whole velocity field was

approximated by a radially decaying function along the direction of the bulk flow.

The latter is a 200 Mpc sphere, composed by the sum of an external Vext and a small

63

https://cosmicflows.iap.fr/


CHAPTER 4. TILTED COSMOLOGIES

average internal velocity v200. Interestingly, the external dipole component does not

contribute to the gradient as it is a constant.1 Therefore:

∇v = ∇(βvrec + Vext) = β∇vrec . (4.10)

4.3.1 Bias in the velocity field reconstruction

The divergence of the reconstructed velocity field could be computed directly as:

∇ · v(r) = −βδg(r) .

This is expected as in linear theory; the divergence of the velocity field is propor-

tional to the density contrast. However, is important to note that according to Carrick

et al., 2015 this density contrast is normalized over the mean density of a selected scale

of the survey denoted by ρ̄. Therefore, this could introduce an important bias in the

velocity field. To analyse this, we define δ as the real density contrast:

δ =
ρ − ρ0

ρ0
,

Here, ρ0 refers to the mean density of the universe. It is possible that this density

contrast, denoted by δ, is different from the density contrast δs of the reconstruction:

δs =
ρ − ρ̄

ρ̄
,

where ρ̄ refers to the mean density of the survey area considered (in this case, over

a scale of 200 Mpc
h or z ∼ 0.07). Note that, according to this definition, the averaged

density contrast over the entire scale of the survey, and therefore the averaged diver-

gence of the velocity field, should be zero. If we eliminate the real density ρ from the

two equations, we can obtain the relation:

(δ̄ + 1)δs + δ̄ = δ (4.11)

Where δ̄ is the mean density contrast of the 200 Mpc
h scale w.r.t. to the density of the

universe:

1Even a radially decaying Vext function, with a fixed direction, does not affect the average divergence

of the velocity field.
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δ̄ =
ρ̄ − ρ0

ρ0
(4.12)

Therefore, δ̄ quantify the deviation that δs has from the real value δ. We will con-

sider this possible effect in our analysis.

Overall, is important to note that according to Carrick et al., 2015 in section 5.3.4,

the authors state that the average density contrast over different regions of the survey

is consistent with some observational results in Whitbourn & Shanks, 2013; Böhringer

et al., 2015. Additionally, it is worth remembering that this velocity field has already

been used to correct peculiar velocities in the last Pantheon+ compilation, which is

crucial for observational cosmology. Therefore, we conclude that while there could be

a bias in the data that we need to consider carefully, this reconstruction field is a good

starting point for the extraction of interesting parameters for LLSS research.

4.3.2 Dependence of the reconstruction in background cos-

mology

As the report states, the reconstruction procedure was performed using a complex al-

gorithm using an iterative procedure. This procedure was found to be unbiased in

determine the best fitting value of β when performed over simulations on ΛCDM.

However, it is important to ask if the data is useful to compute fluid dynamics param-

eters in backgrounds with values of Λ different than the used in the reconstruction.

The cosmological dependence of the algorithm comes in the step number (vi) (see sec-

tion 2.5 of Carrick et al., 2015) which uses the approximation:

R ∼ c
H0

(
z − 1 + q0

2
z2
)

(4.13)

to predict co-moving distance values of R. Here z is the cosmological redshift. We

ignore which values of q0 and H0 where used to perform the algorithm, but we can

study an scale impact of the change between a EdS cosmology with q0 = 0.5 an a

ΛCDM cosmology with q0 = −0.3. Using the the maximum redshift of the survey

area as z ∼ 0.07, we can compute an approximated variation on the distance scale

using this 2 cosmologies:
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Figure 4.3: The density contrast projected over the GZ = 0 and GZ = 50h−1Mpc galactic

planes.
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Figure 4.4: The the vector velocity field projected over the GZ = 0 and GZ = 50h−1Mpc

galactic planes.

Figure 4.5: Graphic representation of the upper face of a box with side 2s enclosing the pixel

[I, J, K]. The finite difference method approximate the flux across this surface as simply the

contribution of v[I, J, K + 1] over it (left). Meanwhile, the integral approximation technique

considers the contributions of the side and of the diagonal pixels as well (right).
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R(0.5) ∝ 0.066

R(−0.3) ∝ 0.068

As the divergence scales with magnitude of θ̃ ∼ v/R3 where v is the peculiar

velocity, an approximated variation in the computed divergence value is:

θ̃(0.5)

θ̃(−0.3)
=

0.0683

0.0663 ∼ 1.09 (4.14)

This means that the magnitude of the divergence could be a 9% higher in a Eds

universe than a q0 = −0.3 one (this is expected as dark energy tend to expand fast the

distance scales, lowering the estimations on divergence). As is important to consider

this possible bias in the data, note that it affects the magnitude and not the sign of

the divergence, which is the most important feature to measure. Even if a model with

q0 = −0.3 was used in the reconstruction, the values of the divergence should be

greater in magnitude in a EdS universe compared with the computed in this work,

highlighting our results. We conclude that this reconstruction is useful to extract the

approximated values of the divergence of the peculiar velocity field as it is to correct

peculiar redshifts on data used to constrain cosmological parameters.

4.4 Divergence reconstruction

4.4.1 Finite differences

We use the central finite difference method to compute derivatives in each pixel of the

data-cube as:

∇v = ∂jvi ≈
vi(xj + s)− vi(xj − s)

2s
, (4.15)

where xi is the central point of a pixel (I, J, K) of the array. Also, s is the physical size

of a pixel, so we can use directly the cube data to ensure the right conversion of a pixel

to the physical value, which fortunately is the same for each coordinate. For the case

of the velocity field used here, with 2573 pixels in a datacube of length 400/h (where

h is the dimensionless normalised Hubble parameter), we have:

s =
400Mpc

257h
, (4.16)
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Neglecting the borders of the sample, leads to a 2553 array containing each pixel

in a 3 × 3 matrix that corresponds to the gradient tensor of the peculiar velocity field.

For a central finite difference approximation of a function f , one may write:

f ′(x) =
f (x + s)− f (x − s)

2s
− s2

6
f ′′′(ξ)

= f ′1(x)− ϵ ,
(4.17)

for some ξ ∈ [x − s, x + s]. In the above, f ′1(x) is the central approximation for the

derivative and ϵ ∝ s2 f ′′′(ξ) is the truncation error.

4.4.2 Integral Approximations

A direct approximation of the divergence could be computed recalling the definition

of the operator:

∇ · v = lim
V→0

1
V

‹
∂V

v · dA . (4.18)

In so doing, we choose a box-like volume of size 2s around the central point of each

pixel and compute the flux of the velocity field through the box. Then, by dividing

the flux over the volume, we can extract an approximate value for the divergence.

Note the difference with the central finite difference method in equation (4.15), as this

approach ignores the contribution over diagonal pixels (see Figure 4.5) .

4.4.3 Theoretical estimation

Following equation (4.9) the divergence of the velocity field and the density contrast

are also related by the linear expression:

∇ · v(r) =
β

4π

ˆ Rmax

d3r′δg(r′)∇ · r′ − r
|r′ − r|3 = −βδg(r) . (4.19)

Note that, as the r coordinate is measured in km/s, to express the divergence in km/s
Mpc/h

units, we need to multiply this quantity by a factor of 100h2.

4.5 Results

We have computed the gradient matrix using the Numpy package from Python to ma-

nipulate matrix and arrays. The following three methods of estimating the volume

scalar have been used:
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1. A decomposition of the full gradient tensor of the velocity field employing finite

differences.

2. A integration approximation for the divergence using a box volume around the

pixels.

3. A theoretical estimation by means of relation (4.19).

The results obtained via these different methods are plotted in Figures 4.6,4.7 and

4.8. To relate the latter with the tilted cosmology scenario, we need to estimate an

average value for θ̃ and thus put the predictions of the tilted model to the test. In our

analysis, this corresponds to an average divergence of the entire fluid, which is then

averaged over a spherical volume V = 4πλ3/3 as:

θ̃ =
1
V

ˆ
V
(∇ · v)dV ≈ s3

V ∑
i
(∇ · v)i , (4.20)

where the sum is over the pixels that reside inside a sphere of radius λ.

Substituting θ̃ into the right-hand side of equation (2.37), we can compute repre-

sentative estimates of the local deceleration parameter (q̃) measured by the bulk-flow

observers on different scales (λ). The results, which assign negative values to q̃ on

scales up to 200 Mpc through all three estimation methods, are summarized in Ta-

ble 4.1. Note that we have set h ≃ 0.7 in all cases. Also, although (2.37) holds in essen-

tially all tilted FRW models, here we have assumed an Einstein-de Sitter background

(with q = 0.5) for mathematical simplicity. It seems that the theoretical estimation

provides the higher values for θ̃, while the integral approximation gives the lowest.

What is most important, however, is that all three methods are consistent both in the

sign and in the magnitude of θ̃.

4.5.1 Bias on the averaged density contrast

According to equation (4.11), the difference between the mean density used to normal-

ize the survey and the real mean density of the universe could introduce a significant

bias in the results. If we express this relation in terms of divergence with a proper unit

scaling, we obtain:

θ = (δ̄ + 1)θs − 100h2 f δ̄ (4.21)

Where θ is the real divergence, θs is the divergence estimated from the reconstruc-

tion, and f ∼ Ωγ
m is the growth factor, which is approximately 1 for an EdS universe.
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Both divergences are in units of km/s
Mpc/h . A positive value of δ̄ indicates that the survey

area coverage is inside an over-density region. In this case, the estimated divergence

tends to be more negative, which supports the idea of a slightly contracting bulk flow.

However, a negative δ̄ would increase the divergence to positive values and therefore

should be carefully analyzed.

We can estimate the effects of this possible underdensity by assuming an extreme

value for δ̄. For example, according to Haslbauer et al., 2020, for a scale ∼ 300Mpc

we can estimate the value of δ̄ ≳ −0.032 from cosmic variance for a fiducial ΛCDM

cosmology. The deviation ∆θ for the estimated divergence from the real value is ap-

proximately:

∆θ ≲ 1.6
Mpc

h

According to Table 4.1, cosmic variance could strongly modify the values of the

average divergence and even change its sign for scales λ > 125 Mpc
h . Also, the impact

of this possible bias in the values of q is strong. For example for q at ∼ 125Mpc/h

computed with Method C:

∆q ≲ 1.03

However, it’s important to note that this is an extreme value of cosmic variance,

and it’s more likely that the deviation with respect to the mean density of the universe

δ̄ is more positive than −0.032. Furthermore, a value of δ̄ that is much more nega-

tive than this cosmic variance could represent a problem for ΛCDM, as suggested in

Haslbauer et al., 2020. Overall, we emphasize the necessity of broader surveys in order

to better constrain the values of δ̄ and therefore θ, as the bias is completely dependent

of the chosen cosmology and doesn’t have a true observational origin yet.

4.5.2 Uncertainties

We have identified both controlled and uncontrolled uncertainties in our estimations.

In the former group we have the fit uncertainties for the reconstruction parameters β

and Vext. Of those two, we are mainly interested in β, given that Vext does not enter

the gradient calculation. Then, if we define the divergence of the relative velocity field

vrec as θ̃rec, we have:

θ̃ = βθ̃rec , (4.22)
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while the uncertainty in θ̃ due to the β parameter can be written as:

∆θ̃β = θ̃rec∆β . (4.23)

This is the uncertainty recorded in Table 4.1.

Turning to the uncontrolled uncertainties, we can group different possible system-

atic effects coming from the reconstruction process, as well as errors between approxi-

mations and real values. A detailed summary of the first type can be found in Carrick

et al., 2015. With regard to the approximation errors, we can estimate the precision of

the estimation by comparing to the theoretical result. In this respect, the finite differ-

ence method seems more precise than the volume integration method, as it is closer to

the theoretically predicted values. Moreover, according to relation (4.6), the velocity

field should be irrotational as the field is proportional to a Newtonian gravity potential

in the linear regime. However, when the anti-symmetric part of the gradient tensor is

computed we got a non-zero value, leading to a residual low vorticity term that could

be related with a deviation of the finite difference method with respect to theoretical

estimation. A symmetric trace-less part of the gradient can also be computed via finite

difference method. Residual Curl and projections of the estimated Shear are plotted

in Figures 4.9 and 4.10.

4.5.3 Velocity dispersion

In Carrick et al., 2015, authors gave a velocity dispersion parameter of σv = 150km/s

for particles and σv = 250km/s for haloes. Therefore, we have explore how this dis-

persion impacts the values of the estimated divergence in our 3 different methods. In

the 2 first methods we used directly the velocity field reconstructed, so we expect ve-

locity dispersion being important in those cases. In the following we assume that the

velocity dispersion estimated is the same in each one of the 3 degrees of freedom.

If we use a linear approximation for the error in finite difference method, we note

that the dispersion contribute 6 times as we subtract 2 velocity values and then we

sum the 3 degrees of freedom to compute the divergence. Therefore the uncertainty

on the value of the divergence using σv ∼ 250km/s ended being an humongous value:

∆θ̃ =
6σv

2s
∼ 360

km/s
Mpc

(4.24)

Interestingly, using the same approach with the second method we get the same

result: as the dispersion is the same for each cell, we sum this value multiplied over
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the area A = (2s)2 of the cube 6 times. Then divided by the volume V = (2s)3:

∆θ̃ =
6σv A

V
∼ 360

km/s
Mpc

(4.25)

We note that using just a linear approximation of the errors, those values exceed

notably the values for the estimated divergence and represent a potential problem

for our work. However, for the third method we didn’t use the velocity field: the

relation 4.19 works directly with the density contrast and not with the velocity field

reconstruction. As we didn’t use directly the velocity field, we expect than velocity

dispersion doesn’t contribute to the error in the estimated divergence using this

method 2. We can conclude that the main results of this paper are fully trustworthy

regardless of the velocity dispersion.

4.6 Discussion

We have estimated the average volume scalar of the reconstructed peculiar velocity of

the local universe via different methods. The volume scalar is related to the divergence

of the velocity field. This is so because the velocity divergence measures the change

in the local volume of the associated bulk flow and therefore its tendency to locally

expand or contract. Then, a positive divergence implies that the fluid tends to expand

locally, whereas a negative one indicates a contracting region. We have plotted the

divergence scalar for different galactic planes in Figure 4.6. There, one can see that the

peculiar velocity divergence is highly negative in regions where the density contrast is

high, while it is positive in regions where matter content is low. This is to be expected,

of course, given the attractive nature of gravity. At this point, it also helps to recall the

familiar divergence theorem:
˛

V
(∇ · v)dV =

˛
∂V

v · dA . (4.26)

Integrating the divergence over the region V reveals whether the latter contracts or ex-

pands, as the right-hand side of the equation represents the fluid fraction that ”enters”

or ”goes out” of the volume surface ∂V over time.

2As the values estimated by the third method are of the same order of magnitude than the first 2

numerical approximations, we suspect that velocity dispersion should not be treated directly as a source

of error and the inclusion in the numerical methods should be more complex. This is an interesting

debate that exceed the scope of this work.
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Surprisingly, the values of the local volume scalar (θ̃) associated with the recon-

structed peculiar velocity field, were found negative over a range of scales and by

means of different estimation methods. This result has direct implications for the

tilted cosmological scenario Tsagas, 2011; Asvesta et al., 2022. The latter predicts that

observers living in contracting bulk peculiar flows could measure a negative decel-

eration parameter locally, even when the universe is decelerating globally Tsagas &

Kadiltzoglou, 2015; Tsagas, 2021, 2022. Also, as predicted, we found that the impact

of the observer’s peculiar motion becomes stronger on progressively smaller scales,

namely closer to the observer, while it decays away from them (see Table 4.1). The

transition length (λT), that is the maximum scale where the local deceleration param-

eter appears to cross the q̃ = 0 mark and turn negative, also depends on the ob-

server’s position inside the bulk flow. Following (2.38), for observes residing within

70/h Mpc from the centre of the bulk flow, we find λT ≳ 360 Mpc, λT ≳ 310 Mpc

and λT ≳ 390 Mpc, when adopting the Finite Difference method, the Integral Approx-

imation method and the Discrete Density Integration method respectively. Overall,

the closer the observer is to the bulk-flow centre, the more negative the local value of

θ̃ and the larger the associated transition length. According to 4.1, the derived mean

deceleration parameter appears to become positive at scales larger than 150 Mpc, cor-

responding to a redshift of about 0.04. At first, our result seems inconsistent with the

findings of Asvesta et al., 2022, where q becomes positive at higher redshifts (z > 0.5)

based on a fit to the Pantheon data. However, is important no note that Asvesta et al.,

2022 and our results are not directly comparable but they complement each other as

they also seem to point in the same direction. In Asvesta et al., 2022, the authors fit-

ted the recent evolution of the deceleration parameter, as deduced from the Pantheon

data, by adopting a particular profile for θ̃ (see Eq. (13) in that paper). That profile

introduces a parameterised scale/redshift dependence to θ̃, with its physical motiva-

tion discussed just above Eq. (13). In that paper they also assume that θ̃ is negative. In

our paper we are using the density profiles reported on certain scales, to calculate the

average values of θ̃ on those scales and find them negative (a rather important quali-

tative result). So, by default, this θ̃ has no scale/redshift dependence. Then, based on

these negative values of θ̃, we have estimated the corresponding average values of the

local deceleration parameter on the same scales. Future work should introduce some

scale/redshift dependence in our results, in which case one could compare the theo-

retically motivated θ̃ profile of Asvesta et al., 2022 with the observationally estimated

one.
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As appealing these results may be, it is important to remain vigilant. It is possible,

for example, that the values of the average divergence could change, as more refined

surveys and models are developed. The value of the average divergence could be

modified due to cosmic variance. which we estimate as ∆θ ∼ 1.6 Mpc
h for a fiducial

ΛCDM cosmology. Recall that in the reconstruction used here this contribution was

approximated by a constant velocity term. In addition, there have been recent claims

that we live in a large void extending up to ∼ 300 Mpc. However, a negative expan-

sion scalar is not compatible with the idea of a large void, where one expects to find an

expanding bulk flow rather than a contracting one. In this respect, this velocity field

reconstruction not seem to support the presence of a large underdensity.

Finally, peculiar velocities seem unlikely to change the local value of the Hubble

parameter appreciably and therefore to solve the H0 tension. One can immediately

realise this by looking at the linear relation (2.34a). Indeed, keeping in mind that

|θ̃|/Θ = |θ̃|/3H ≪ 1 on sufficiently large scales, the impact of the observer’s relative

motion on the Hubble parameter should be minimal.3 Instead, there might be other

explanations, such as systematics, the evolution of cosmological parameters with red-

shift, etc (e.g. see Krishnan et al., 2020; Colgain et al., 2022).

4.7 Other evidences for a contracting bulk flow

As we have seen, characterizing the local peculiar velocity field remains a significant

observational challenge in modern cosmology. In principle, it seems nearly impossible

to break the degeneracy between the background kinematical cosmological parame-

ters and the properties of the kinematical bulk flow without making global cosmolog-

ical assumptions. Velocity reconstructions, such as the one used in this work (Carr

et al., 2022), rely on Newtonian physics to relate the density contrast to the peculiar

velocities, often neglecting contributions from vorticity or possible biases due to local

under- or over-densities.

Recently, a blind study of the redshift structure in the Pantheon+ supernova com-

pilation found observational evidence for a locally contracting bulk flow on average

(Sorrenti et al., 2024a). This result aligns with the findings in this chapter and with the

study presented in Giani et al., 2024, which uses a reconstructed velocity field from

the Cosmicflows-4 catalog (Courtois, H. M. et al., 2023). In that study, an ellipsoid-

3Recall that, although |θ̃|/H ≪ 1 always during the linear regime, this is not necessarily the case for

the ratio |θ̃′|/Ḣ.
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like structure was fitted to the Laniakea velocity structure, revealing a non-zero shear

in the local kinematics, but with an average negative scalar expansion. Interestingly,

when an isotropic spherical model was applied instead of the ellipsoidal one, the sign

of the expansion turned positive. Thus, it is important to analyze the shear degree in

the redshift structure of the Pantheon+ compilation to see if it aligns with these recent

findings.

To better understand the kinematical properties of the peculiar velocity field, we

propose extending the work done in Sorrenti et al., 2024b, in which a monopole,

quadrupole, and dipole were fitted to the perturbed luminosity distance. In our ap-

proach, we interpret the involved parameters as kinematical quantities related to the

peculiar velocity field—namely the expansion scalar, bulk flow velocity, and shear.

The goal of this study is to assess whether the values extracted from the luminosity

distance are consistent with the results found in Giani et al., 2024.

4.7.1 Modeling the relation of the peculiar velocity field kine-

matics between the 2 frames of reference

We assume 2 frame of reference. One is the centered in Laniakea and is Cartesian in the

axis of the ellipsoid xL and the other is centered in the solar system xS and is Cartesian

in the equatorial plane. The first was used in Giani et al., 2024 to fit the ellipsoid model

while the second is the frame in which SNIA are observed. Consider the solar system

is at a position d from the Laniakea and the equatorial plane is rotated w.r.t to the axis

of the ellipsoid. If R is the rotation matrix associated, then the position of a source in

the 2 frames are related by:

xL = R · xS + d (4.27)

If we perform the temporal derivative then:

vL = R · vS + V (4.28)

Where vL and vS are the velocities of the source w.r.t Laniakea and the solar system,

respectively. vS is the velocity of the solar system w.r.t Laniakea. vL can be modeled

as a ellipsoid-like velocity field with 3 parameters (Giani et al., 2024) which we group

in a diagonal tensor ∆H:
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vL = ∆H · xL (4.29)

Here ∆H = diag(∆Ha, ∆Hb, ∆Hb). Then, the peculiar velocity field seen from the

solar system should be:

vS = R−1 · (∆H · xL − V) (4.30)

Substituting equation 4.27, we have:

vS = R−1 · [∆H · (R · xS + d)− V] (4.31)

= (R−1 · ∆H · R) · xS + R−1 · (∆H · d − V) (4.32)

The latter relation provides a connection between the peculiar velocity field on

both frames. Note that, according to the solar system, the observed peculiar velocity

field will be composed by an ellipsoid velocity field plus an extra dipole term.

4.7.2 The monopole, dipole and quadrupole of the luminosity

distance as kinematical quantities

The next step is to understand the relation between the monopole, dipole and

quadrupole term of the perturbed luminosity distance with the kinematical quantities

of the peculiar velocity field measured from the solar system. Let’s call by simplicity:

E = R−1 · ∆H · R

P = R−1 · (∆H · d − V)

Then the peculiar velocity field in the solar system is:

vS = E · xS + P (4.33)

Note that P is a dipole term in the velocity field while the tensor E encodes a

monopole and a quadrupole term as we will see in the next section.. This means that,

even if the bulk flow is subtracted in Laniakea reference frame, the measured dipole
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in the solar system would not be zero. This is because, as we see in the definition for

P, the displacement and the velocity of the solar frame w.r.t to Laniakea modify the

measured dipolar structure of the peculiar velocity field, even if the solar system is

assumed to be in rest w.r.t Laniakea. If we assume that the velocity of the solar system

is well described by the ellipsoid model, then the vector V can be written as:

V = ∆H · d (4.34)

Which implies that the vector P goes to zero:

P = 0

Note here that if the solar is system well described by Laniakea field, we will not

see a relative dipole contribution, since the velocity and the displacement contribution

cancel each other. Then, the value of P indicates how well our velocity w.r.t Laniakea

is modeled by the ellipsoid field. Is important to note that to get these results, all

supernovae analyzed have to be inside Laniakea. If this is not the case, the relative

dipole contribution doesn’t have to be zero as we are losing the correlations between

the peculiar velocities inside Laniakea. If we want to express the peculiar velocity field

vpec as it should be seen from an observer in rest w.r.t the Hubble flow, we just need to

subtract the velocity v0 of the solar system w.r.t CMB:

vpec = E · xS + P − v0 (4.35)

4.7.3 The perturbed luminosity distance

In the analysis of supernovae Sorrenti et al., 2023, the corrections to the luminosity

distance at low redshift are assumed to be solely by the peculiar movements. When a

dipole structure is considered, the perturbed luminosity distance can be written as:

dL(z, n) = d̄L(z)
[

1 +
u0 · n

H(z)r(z)

]
(4.36)

Where H(z) is the co-moving Hubble parameter, n is the source direction vector

and r(z) is the proper distance. u0 = v0 − vbulk is the difference between the velocity

of the solar system and the peculiar velocity field of source assumed to be fully dipolar
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vpec = vbulk, both w.r.t the CMB. A step forward in this analysis made in Sorrenti et al.,

2024b was to consider a monopole and a quadrupole as well as a dipole in the peculiar

velocity field vpec as:

dL(z, n) = d̄L(z)
[

1 +
v0 · n

H(z)r(z)

− 1
H(z)r(z)

(
γ + vbulk · n + njniαij

)] (4.37)

Where γ is a monopole contribution and αij is a traceless simetric tensor corre-

sponding to the quadrupole. We can show that this decomposition is equivalent to a

ellipsoid like-structure for the velocity field. Note that we can write the luminosity

distance as:

dL(z, n) = d̄L(z)
[

1 +
v0 · n

H(z)r(z)

− ninj

H(z)r(z)

(
γδij + (vbulk · n)δij + αij

)] (4.38)

Using the expression 4.35 for the peculiar ellipsoid-like velocity field as seen from

an observer in rest w.r.t the Hubble flow, we can do the correspondence noting that

the position in the solar system is related with the proper distance and the direction of

the source as:

xS = r(z)n (4.39)

Then we can write:

vpec = r(z)Eijnj + P − v0 (4.40)

vpec = r(z)(
1
3

θδij + σij)nj + P − v0 (4.41)

Where we decomposed the Eij tensor in its diagonal and its trace-free part:

θ = δijEij (4.42)

σij = Eij −
1
3

δijθ (4.43)
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We can finally write the relations between both, the multi-polar parameters of the

luminosity distance and the kinematical parameters of the peculiar velocity field:

vbulk = P − v0 (4.44)

γ =
r(z)

3
θ (4.45)

αij = r(z)σij (4.46)

4.7.4 Numerical estimations

We have shown that an ellipsoid structure fitted in Giani et al., 2024 to the Laniakea

rest frame is composed solely by a monopole an a quadrupole term according to the

tensor ∆H. However, in the solar system frame, this kinematic is encoded in E and

a dipolar term emerges. The relations 4.46 between the kinematical quantities and

the multi-polar terms are dependent on the redshift. To explore simple numerical

connections between the two sources of data, we adopt an average scale of about z ∼
0.0175 which corresponds to a size of approximately λ ∼ 75Mpc to ensure that all

supernovaes are inside Laniakea. Then, roughly we can approximate:

vbulk = P − v0 (4.47)

γ ∼ λ

3
θ (4.48)

αij = λσij (4.49)

In section 4.7.5 we develop a modification to the luminosity distance to include the

redshift dependence.

The monopole term or the expansion scalar

The monopole term in the luminosity distance is related with the expansion scalar.

This is computed from the trace of the gradient of the velocity field. We note that a

rotation transformation leaves invariant the trace, so the expansion scalar should be

the same in both experiments:

Tr(R−1 · ∆H · R) = Tr(∆H)

Results from Giani et al., 2024 follows:
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θL ≃ −3.33 ± 0.27 (4.50)

While the estimated from the multi-polar analysis in Sorrenti et al., 2024b with a

redshift cut of zcut ∼ 0.0175:

γ ≃ −97 ± 68[km/s] (4.51)

This correspond, as a rough estimation to an expansion scalar of:

θS ≃ −3.88 ± 2.72 (4.52)

Both seems to be in agreement with each other.

The dipole term or the bulk flow velocity

The dipole was set to zero in the Laniakea frame to compute the values of the expan-

sion scalar and the shear. However, if we want to compare the values extracted from

supernovae with Laniakea, then the vbulk contribution should be strongly related with

the displacement and the velocity of the solar system w.r.t Laniakea. We have shown

previously that the dipole component should be:

vbulk = P − v0 (4.53)

(4.54)

If the solar system is well described by Laniakea ellipsoid field, then:

|vbulk| = |v0| (4.55)

According to Sorrenti et al., 2024b, the estimated bulk flow for a redshift cut of

zcut ∼ 0.0175 is:

|vbulk| = 335 ± 70km/s

(ra, dec) = (21617
−15,−52.17.2

−9.9)
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While last Planck results Planck Collaboration et al., 2020:

|v0| = 369.82 ± 0.9km/s

(ra, dec) = (167.942 ± 0.007,−6.944 ± 0.007)

The dipoles are in agreement in magnitude, but not in direction. This could indi-

cate that the direction of the motion of the solar system is not well modeled by the

ellipsoid field which is expected as this is field is an average fit that doesn’t identify

each object with its exact peculiar velocity. We can also add that, while the velocity

of the milky way could be modeled by this peculiar velocity field, the velocity of the

solar system is not necessarily pointing in the same direction since it moves around

the milky way center. Moreover, we assumed just a redshift cut zcut to do the estima-

tion, but a proper analysis should consider all supernovaes that are inside Laniakea.

Finally, we consider the possibility stated in Sorrenti et al., 2023 in which the data is

not in agreement with Planck.

The quadrupole term or the shear tensor

We have shown that the shear of the velocity field is related with the quadrupolar

term of the luminosity distance. In the supernova analysis, the quadrupole αij was

diagonalized to extract the eigenvalues and the eigenvector. The shear of the Laniakea

peculiar velocity field, in its rest frame could be computed as:

σL
aa = ∆Ha +

θ

3
≃ −2.29 ± 0.7,

σL
bb = ∆Hb +

θ

3
≃ 0.46 ± 0.55,

σL
cc = ∆Hc +

θ

3
≃ 1.8 ± 0.45,

While in the supernova analysis the eigenvalues for the quadrupole at a zcut ∼
0.0175 are:

λ1 = −187+69
−53[km/s] (4.56)

λ2 = 16 ± 48[km/s] (4.57)

λ3 = 171+50
−60[km/s] (4.58)
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Is easy to note that, if the traceless part of the metric was diagonalized in the frame

of the solar system, then this correspond exactly to the diagonal shear of Laniakea,

since the diagonalization is actually the application of the rotation matrix. This also

could be interpreted as a come back to the Laniakea frame:

R · E · R−1 = ∆H

When a monopole, a dipole and a quadrupole is fitted, the shear values according

to Sorrenti et al., 2024a analysis give:

σS
aa ≃ −2.490.92

−0.7,

σS
bb ≃ 0.21 ± 0.64,

σS
cc ≃ 2.280.66

−0.8,

The magnitudes are, surprisingly, in good agreement with the computed from Gi-

ani et al., 2024. The eigenvectors of the diagonalization should also be in agreement

with the axis of the ellipsoid. However, the eigenvectors related with the monopole,

dipole and quadrupole fit are not provided in the paper.

4.7.5 Proposed Method

We have seen that the rotation and translation of a field composed by a monopole,

dipole and quadrupole, maintains the structure in the new frame but adds a dipole

term. It follows that if the dipole is set to zero in one frame, it doesn’t have to be zero

in the other since there is a displacement and a velocity of the solar system with respect

to the Laniakea rest frame. Expansion scalars seem to agree roughly in values, as well

as the shear tensor, while the relative dipole was found to be non-zero. However, the

estimations were used by introducing an average scale λ to get rid of the redshift-

dependent relations of equations 4.46. To improve the analysis, we propose to use a

different relation for the luminosity distance using kinematic parameters accounting

for the redshift dependence between the kinematical quantities and the multipolar

parameters as:
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dL(z, n) = d̄L(z)
[

1 +
v0 · n

H(z)r(z)

− 1
H(z)r(z)

(
r(z)

3
θ + vbulk · n + r(z)njniσij

) (4.59)

In this way, we can obtain the kinematical parameters such as θ and σij directly,

without having to average over a scale after the fit. The proposition made here by the

author of this thesis is currently being worked on together with the authors of Sorrenti

et al., 2024b and Giani et al., 2024, using the Pantheon + compilation.
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Figure 4.6: Divergence of the velocity field in km/s
Mpc/h using the finite difference approximation,

projected over GZ = 0 and GZ = 50h−1Mpc galactic planes.
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Figure 4.7: Divergence of the velocity field in km/s
Mpc/h using the integral approximation projected

over GZ = 0 and GZ = 50h−1Mpc galactic planes.
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Figure 4.8: Divergence of the velocity field in km/s
Mpc/h using theoretical computation, projected

over GZ = 0 and GZ = 50h−1Mpc galactic planes.
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Figure 4.9: Residual curl vector field in km/s
Mpc/h units from finite difference method, projected

over GZ = 0 and GZ = 50h−1Mpc. Note that this is more a numerical residual rather than a

physical meaningful result.
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((a)) X-Plane ((b)) Y-Plane

((c)) Z-Plane

Figure 4.10: Projections of the shear tensor in km/s
Mpc/h units estimated with finite difference

method over Cartesian planes that pass on the origin.
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−
0.20 ]
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-

−
1.48

+
0.07

−
0.07

(−
1.17

+
0.16

−
0.11 )

[−
1.08

+
0.16

−
0.11 ]

−
0.45

+
0.05

−
0.05 (−

0.25
+

0.10
−

0.07 )[−
0.19

+
0.10

−
0.07 ]
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-

−
0.65

+
0.03

−
0.03

(−
0.51

+
0.07

−
0.05 )

[−
0.47

+
0.07

−
0.05 ]

+
0.21

+
0.01

−
0.01 (+

0.27
+

0.03
−

0.02 )[0.29
+

0.03
−

0.02 ]

200
-

−
0.24

+
0.01

−
0.01

(−
0.19

+
0.03

−
0.02 )

[−
0.17

+
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−
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+
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+
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−
0.005 (+
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−
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+
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+
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−
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+
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−
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+
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−
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200
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−
0.21

+
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−
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(−
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+
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−
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+
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−
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+
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+
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−
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0.46
+
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−
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+
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−
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M
ethod

C

70
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−
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−
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−
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−
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+
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−
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+
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−
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+
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−
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−
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−
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−
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−
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−
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−
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+
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−
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+
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−
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+
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−
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+
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−
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−
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+
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−
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+
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−
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+
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−
0.02 ]

+
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+
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−
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+
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−
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+
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−

0.01 ]
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CHAPTER 5

The non-Newtonian effects in

peculiar velocity evolution

Over the past fifteen years or so, an increasing number of studies have reported large-

scale peculiar flows that are much faster and deeper than theoretical expectations sug-

gest, often defying conventional models. These bulk flows, which involve the mo-

tion of galaxies or large-scale structures in the universe, have drawn attention due

to their apparent deviations from the standard predictions based on linear theories.

However, much of the work done on the linear evolution of peculiar velocities has

been grounded in Newtonian theory. Only in recent years have fully relativistic treat-

ments of the problem begun to emerge in the literature, bringing new insights into

how these flows may evolve. These relativistic models argue that the peculiar-velocity

field grows at a much stronger rate than predicted by Newtonian mechanics, poten-

tially explaining the faster and more pronounced bulk flows observed in cosmological

surveys.

The key difference between the Newtonian and relativistic treatments lies in the

treatment of the peculiar flux, specifically the energy flux generated by the drift mo-

tion of the matter. In Newtonian theory, matter fluxes do not contribute directly to the

gravitational field. However, in general relativity, the situation is quite different. Here,

the energy fluxes resulting from the motion of matter contribute directly to the energy-

momentum tensor, which influences the spacetime curvature and the evolution of the
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gravitational field. As a result, the gravitational impact of peculiar flux survives at the

linear level and feeds into the conservation laws of energy and momentum, leading to

modified equations for the evolution of the peculiar-velocity field.

Relativistic treatments of peculiar flows have shown that the gravitational effect

of these energy fluxes modifies the relativistic formulae that govern cosmic evolution,

leading to a significantly different prediction for the growth rate of the peculiar ve-

locity field compared to the Newtonian case. These differences may explain some

of the observed discrepancies in bulk flow measurements. Moreover, the additional

contribution of the peculiar flux in relativistic cosmology could have significant im-

plications for understanding large-scale structure formation, galaxy motion, and even

the dynamics of dark matter and dark energy.

The goal of this study is to directly compare the Newtonian and relativistic ap-

proaches, providing a clear understanding of the reasons behind the markedly differ-

ent results. By analyzing the discrepancies, we aim to highlight the importance of ac-

counting for relativistic effects when studying large-scale flows in the universe. In the

process, we also demonstrate how one could recover the relativistic peculiar growth

rate from a Newtonian framework. This can be achieved by selectively incorporating

certain terms that are typically ignored in standard Newtonian treatments—namely,

source-free terms—into the Poisson equation. Although selective and not uniquely

determined, this approach allows us to bridge the gap between Newtonian and rela-

tivistic models and refine our understanding of peculiar flows in cosmology.

5.1 General relativity and peculiar velocities

Large-scale peculiar motions, often referred to as bulk flows, are an established obser-

vational fact, confirmed by a variety of surveys over many decades. Although many of

the observed bulk peculiar flows have velocities that fall within the theoretical limits

of the current cosmological model Ma & Pan, 2014; Scrimgeour et al., 2016, a growing

number of recent surveys have reported bulk flows that are much faster and deeper

than expected Watkins et al., 2009; Colin et al., 2011; Salehi et al., 2021; Watkins et al.,

2023. Additionally, there is the controversial issue of ”dark flows,” which exhibit both

size and velocity far exceeding the predictions of the ΛCDM model Kashlinsky et al.,

2008; Kashlinsky et al., 2011.

In the case of peculiar motions, the ΛCDM predictions have traditionally been

based on Newtonian theory, which suggests a relatively mild linear growth-rate for
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the peculiar-velocity field v ∝ t1/3 Peebles, 1976, 1980. This result is also consistent

with so-called “quasi-Newtonian” treatments Maartens, 1998; Ellis et al., 2001, which,

despite their relativistic appearance, ultimately reduce to Newtonian. One reason for

this reliance on Newtonian theory was the perceived difficulty of treating the bulk-

flow question relativistically. Another factor was the widespread belief that using

general relativity for non-relativistic peculiar motions would not substantially alter

the established Newtonian picture. As a result, fully relativistic linear studies of pe-

culiar velocities have only recently emerged in the literature Tsaprazi & Tsagas, 2020;

Maglara & Tsagas, 2022; Miliou & Tsagas, 2024. These recent studies suggest a much

stronger growth-rate for peculiar velocities, with v ∝ t4/3, which could help explain

both the higher velocities and greater depths of the bulk flows observed in Watkins

et al., 2009; Colin et al., 2011; Salehi et al., 2021; Watkins et al., 2023. The key differ-

ence between the Newtonian/quasi-Newtonian and relativistic studies stems from the

significantly different role of the ”peculiar flux” in these two theoretical frameworks.

Peculiar flows, by definition, involve matter in motion, and moving matter corre-

sponds to non-zero energy flux. In general relativity, unlike Newtonian gravity, en-

ergy fluxes contribute to the stress-energy tensor and, as a result, influence the gravi-

tational field. The gravitational effect of the peculiar flux is not accounted for in either

Newtonian or quasi-Newtonian treatments, but for different reasons. In the New-

tonian case, this omission is automatic, while in the quasi-Newtonian framework, it

occurs due to the constraints imposed by the approximation, which restrict the host

spacetime to a form that closely resembles Newtonian gravity Ellis et al., 2012; Tsagas,

2024. The limitations of the quasi-Newtonian approach were known (see, for exam-

ple, the cautionary comments in §6.8.2 of Ellis et al., 2012), though the lack of direct

comparison with fully relativistic studies meant that this issue was not widely rec-

ognized until recently Tsagas, 2024. Incorporating the gravitational influence of the

peculiar flux in a fully relativistic (linear) study feeds into the conservation laws and

modifies the linear evolution equations governing the peculiar-velocity field. In prac-

tice, the changes to the gravitational field induced by the flux alter the form of the

differential equations that describe the growth-rate of peculiar velocities, leading to

significant differences between the Newtonian and relativistic solutions. Specifically,

general relativity predicts a much stronger linear growth of peculiar velocities during

the Einstein-de Sitter phase of the universe. This relativistic field could readily explain

the speed and depth of the bulk flows reported in Watkins et al., 2009; Colin et al., 2011;

Salehi et al., 2021. Moreover, if the Einstein-de Sitter era transitions into a period of
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accelerated expansion, the peculiar-velocity field’s growth should slow down at later

times, as seen in the study of Salehi et al., 2021 and discussed in Maglara & Tsagas,

2022.

This work offers a direct comparison between Newtonian and relativistic analy-

ses of linear peculiar velocities in a Friedmann-Robertson-Walker (FRW) background.

We begin by setting up the theoretical framework for both approaches, identifying

the point at which they diverge, and explaining the underlying reasons for these dif-

ferences. We then derive alternative linear evolution laws for the peculiar-velocity

field, emphasizing the differences between the solutions and discussing their impli-

cations for understanding bulk flows. Finally, we present a method for selectively re-

covering relativistic results from the Newtonian framework by including certain typ-

ically ignored source-free terms in Poisson’s equation. While this recovery process is

not uniquely determined, it provides useful analogies between the two approaches.

For instance, neglecting these source-free terms in Newtonian studies can be seen as

equivalent to overlooking the gravitational input of the peculiar flux in relativistic

models.

We begin our presentation with the traditional Newtonian treatment of cosmo-

logical linear peculiar velocities, following the work of Peebles, 1976, 1980 and Nusser

et al., 1991 in Section § 5.2. We then introduce the covariant analogue of the Newtonian

analysis in § 5.3 to familiarize the reader with the covariant formalism, connecting the

Newtonian framework to the fully relativistic approach discussed in § 5.4. In the latter

section, we explore the physical reasons why Newtonian and quasi-Newtonian stud-

ies of linear peculiar velocities yield significantly different results. We also discuss a

selective method for bridging these differences by incorporating extra contributions

to the Newtonian gravitational potential in § 5.5, and conclude with a discussion of

our findings and their implications in § 5.6.

5.2 Newtonian treatment of peculiar velocities

Let us consider Newtonian theory and use physical coordinates {r}, where r = ax,

with a = a(t) being the cosmological scale factor and {x} representing the comov-

ing coordinates. In this setup, the velocity (u) of a typical observer in a perturbed

(Newtonian) Einstein-de Sitter universe can be expressed as

u = Hr + v , (5.1)
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with H = ȧ/a representing the Hubble parameter. Also, v = aẋ is the observer’s

peculiar velocity relative to the universal rest-frame, which has been typically iden-

tified with the rest-frame of the Cosmic Microwave Background (CMB). Within the

adopted cosmological framework, the linear evolution of the peculiar-velocity field is

monitored by the associated Euler equation, namely by Peebles, 1976

v̇ + Hv = −1
a
∇ϕ , (5.2)

where ϕ is the peculiar gravitational potential. The latter acts as a linear source of

peculiar-velocity perturbations and satisfies Poisson’s formula, that is

∇2ϕ = 4πGa2ρ0δ , (5.3)

with δ = (ρ − ρ0)/ρ0 being the familiar density contrast, ρ the matter density and ρ0

its background value.

Differentiating Eq. (5.2) in time, recalling that H = 2/3t and Ḣ = 2/3t2 to zero

order, while keeping up to linear order terms, leads to

v̈ + 2Hv̇ − 1
2

H2v = v̈ +
4
3t

v̇ − 2
9t2 v = −1

a
(
∇ϕ
)· . (5.4)

One may ignore the right-hand side of the above, by assuming that the gradient of the

peculiar gravitational potential varies slowly in time, for example. Then, (5.4) reduces

to

9t2 d2v
dt2 + 12t

dv
dt

− 2 v = 0 , (5.5)

which accepts the power-law solution

v = C1t1/3 + C2t−2/3 , (5.6)

on all scales. Therefore, according to Newtonian physics, linear peculiar velocities ar

expected to grow as v ∝ t1/3 after recombination.

One can refine solution (5.6) by incorporating to it the source term on the right-

hand side of (5.4). Following Peebles, 1980, we start by recalling that the peculiar

gravitational acceleration is

g = −1
a
∇ϕ = Gaρ0

ˆ
δ

x′ − x
||x′ − x|| d3x′ , (5.7)

Given that ϕ and δ also depend on time, after a relatively straightforward calculation,

the temporal derivative of the above leads to the linear auxiliary relation(
∇ϕ
)·
= −H∇ϕ − 3

2
aH2v . (5.8)
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In deriving this relation, we have employed the background expressions ρ0 =

3H2/8πG and ρ̇0 = −3Hρ0, along with the linear result δ̇ = −∇ · v. This follows

from the continuity equation, which at the linear level is written as ρ̇ = −Hρ, where

ρ and H represent the perturbed matter density and Hubble parameter, respectively.

By setting ρ = ρ0(1 + δ) and H = H + ∇v, and substituting these into the linear

continuity equation while retaining first-order terms, we obtain the desired relation:

δ̇ = −∇ · v. Finally, combining equations (5.2), (5.4), and (5.8), we arrive at the differ-

ential equation,

v̈ + 3Hv̇ − H2v = v̈ +
2
t

v̇ − 4
9t2 v = 0 (5.9)

and the associated power-law solution( Peebles, 1976)

v = C1t1/3 + C2t−4/3 , (5.10)

on all scales. Comparing solutions (5.6) and (5.10) makes it clear that the inclusion of

the nonzero right-hand side of (5.4) has no physical/practical significance. The rate of

the growing mode in the former of the two solutions has remained the same and only

the decaying mode changed.

5.3 Newtonian covariant treatment of peculiar ve-

locities

Let us now provide the covariant Newtonian treatment of linear peculiar velocities in

cosmology. In so doing, we will facilitate the comparison with the standard Newto-

nian treatment of the previous section, as well as with the subsequent fully relativistic

analysis.

5.3.1 Newtonian peculiar kinematics

Consider a pair of relatively moving observers with velocities uα and ũα. In Newtonian

theory, these two velocity fields are related by the Galilean transformation1

ũα = uα + ṽα , (5.11)

1Hereafter, Greek indices will run from 1 to 3, whereas their Latin counterparts (see § 5.4 below) will

run from 0 to 3.
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where ṽα is the peculiar velocity of the ũα-field relative to the (reference) uα-frame.2

The irreducible kinematics of the uα-field are given by the decomposition( Ellis, 1990)

∂βuα =
1
3

Θhαβ + σαβ + ωαβ . (5.12)

Here, the scalar Θ = ∂αuα indicating an expanting/contracting uα-field, when pos-

itive/negative. Also, the symmetric, traceless tensor σαβ = ∂⟨βuα⟩ and its antisym-

metric counterpart, ωαβ = ∂[βuα], are respectively the shear and the vorticity of the

uα-field. Finally, hαβ, with hαβ = h(αβ), hα
α = 3 and hαµhµ

β = hαβ, is the metric of the

space( Ellis, 1990). It goes without saying that an exactly analogous split applies to the

tilded ũα-field (i.e. ∂βũα = (Θ̃/3)hαβ + σ̃αβ + ω̃αβ). Similarly, the spatial gradient of the

peculiar velocity field decomposes as

∂βṽα =
1
3

ϑ̃hαβ + ς̃αβ + ϖ̃αβ , (5.13)

with ϑ̃ = ∂αṽα, ς̃αβ = ∂⟨βṽα⟩ and ϖ̃αβ = ∂[βṽα]. As before, positive/negative values

for ϑ̃ indicate (locally) expanding/contracting peculiar flows. Also, ς̃αβ and ϖ̃αβ are

respectively the shear and vorticity of the peculiar-velocity field. Starting from (5.11),

one arrives at the following (nonlinear) relations( Filippou & Tsagas, 2021)

Θ̃ = Θ + ϑ̃ , σ̃αβ = σαβ + ς̃αβ and ω̃αβ = ωαβ + ϖ̃αβ , (5.14)

between the three kinematic sets. In addition, taking the convective derivative of

(5.11), with respect to the tilded frame, and then employing Eq. (5.11) again, we ar-

rive at the expression( Filippou & Tsagas, 2021)

ũ′
α = u̇α + ṽ′α +

1
3

Θ ṽα +
(

σαβ + ωαβ

)
ṽβ , (5.15)

relating the (inertial) acceleration vectors in the two coordinate systems. Alternatively,

one can replace ṽ′α on the right-hand side of the above by means of the (nonlinear) ex-

pression ṽ′α = ˙̃vα + (ϑ̃/3)ṽα + (ς̃αβ + ϖ̃αβ)ṽβ, which relates the convective derivatives

of the peculiar velocity (ṽα) in the two frames. Then, Eq. (5.15) recasts as( Filippou &

Tsagas, 2021)

ũ′
α = u̇α + ˙̃vα +

1
3

Θ ṽα + (σαβ + ωαβ)ṽβ +
1
3

ϑ̃ṽα + (ς̃αβ + ϖ̃αβ)ṽβ . (5.16)

2Typical Newtonian studies of peculiar motions introduce physical (rα) and comoving (xα) coordi-

nates, with rα = axα. The time derivative of the latter leads to vt = vH + vp, where vt = ṙα, vH = Hrα

and vp = aẋα are the total, the Hubble and the peculiar velocities respectively. On an FRW background,

the above velocity relation is equivalent to Eq. (5.11). Also note that the mean peculiar velocity (Ṽ) is

given by the integral Ṽ = (3/4πr3)
´

x<r ṽdx3, with ṽ2 = ṽα ṽα and with r representing the radius of the

moving region.
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Note that primes denote convective derivatives in the tilded frame (i.e. ũ′
α = ∂tũα +

ũβ∂βũα), while overdots indicate convective differentiation in the reference frame

(i.e. u̇α = ∂tuα + uβ∂βuα). Following (5.15) and (5.16), the presence of relative motion

means that (generally) we cannot set u̇α and ũ′
α to zero simultaneously. The same is

also true for the rest of the kinematic variables (see Eqs. (5.14a)-(5.14c) above). Finally,

we should point out that, in contrast to the relativistic treatment (see § 5.4 below), the

matter variables remain unchanged when transforming from one coordinate system

to the other.

5.3.2 Linear sources of peculiar velocities

So far all our Newtonian formulae have been nonlinear. Let us now consider a per-

turbed almost-FRW Newtonian universe, filled with a pressureless perfect fluid (bary-

onic or/and CDM – with p = 0 = παβ) and treat the peculiar velocity field as a linear

perturbation on the aforementioned background. Then, by identifying the uα-field

with the CMB frame, we may set u̇α = 0 = σαβ = ωαβ. On these grounds, expressions

(5.15) and (5.16) linearise to

ṽ′α = ˙̃vα = −Hṽα + ũ′
α , (5.17)

where H = ȧ/a is the background Hubble parameter. According to the above, the sole

source of linear peculiar velocities is the acceleration, which in the absence of pressure

is given by ũ′
α = −∂αΦ. Then, Eq. (5.17) recasts into

˙̃vα = −Hṽα − ∂αϕ . (5.18)

Thus, in Newtonian theory, linear peculiar velocities are generated and driven by gra-

dients in the gravitational potential (Φ). Note that relation (5.18) is identical to the

one obtained in typical Newtonian studies, provided the equations of the latter are

written in physical (rather than comoving) coordinates (e.g. see Peebles, 1976; Nusser

et al., 1991).

5.3.3 Linear evolution of peculiar velocities

Taking the convective derivative of (5.18), employing the background relations Ḣ =

−3H2/2, ∂βuα = Hhαβ and keeping up to linear-order terms, leads to

¨̃vα + 2H ˙̃vα −
1
2

H2ṽα = −∂αϕ̇ , (5.19)
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since (∂αϕ)· = ∂αϕ̇ − H∂αϕ to first approximation. To proceed further, we may appeal

to Jeans’ swindle (see e.g. Binney & Tremaine, 2008) and write the Poisson equation as

∂2ϕ = ρδ/2, where δ = δρ/ρ is the familiar density contrast. Then, a relatively lengthy

but fairly straightforward calculation leads to

∂2ϕ̇ = −H∂2ϕ +
1
2

ρδ̇ . (5.20)

The next step involves the continuity equation, ρ̇ = −Θ̃ρ, starting from which one

finds that δ̇ = −ϑ̃. Substituting this linear result back into the above gives

∂2ϕ̇ = −H∂2ϕ − 3
2

H2ϑ̃ . (5.21)

given that ρ = 3H2 in the background. Taking the divergence of (5.18) and combining

the resulting expression of ϑ̃ with (5.21), yields

∂αϕ̇ =
1
2

H∂αϕ +
3
2

H ˙̃vα . (5.22)

Finally, after substituting the latter expression into the right-hand side of (5.19), one

arrives at the homogeneous differential equation

¨̃vα + 3H ˙̃vα − H2ṽα = 0 , (5.23)

with H = 2/3t in the background. The above solves to give

ṽ = C1t1/3 + C2t−4/3 = C3a1/2 + C4a−2 , (5.24)

on all scales and in complete agreement with solution (5.10) in § 5.2 and also with Pee-

bles, 1980.

5.4 Relativistic covariant treatment of peculiar ve-

locities

In relativity, the Galilean transformation between two relatively moving

frames/observers is replaced by the Lorentz boost, which in the case of non-

relativistic peculiar motions reads just as equation 5.11:

ũa = ua + ṽa , . (5.25)

Here, ua is the 4-velocity of the reference frame, ũa is the 4-velocity of the tilted frame

and ṽa is the peculiar velocity of the latter coordinate system relative to the former.

Note that uaua = −1 = ũaũa and uaṽa = 0 by construction. Also, ṽ2 = ṽaṽa ≪ 1 when

dealing with non-relativistic peculiar flows.
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5.4.1 Relativistic peculiar kinematics

In the relativistic analysis, the irreducible kinematics of the reference ua-field is no

longer given by decomposition (5.12). Instead, the (covariant) gradient of the 4-

velocity splits as( Tsagas et al., 2008; Ellis et al., 2012)

∇bua =
1
3

Θhab + σab + ωab − Aaub , (5.26)

where Θ, σab and ωab are the relativistic analogues of the volume scalar, the shear

tensor and the vortiicty tensor respectively (see (5.12) for the Newtonian version of

the above). Relative to the latter expression, the new quantity is the 4-acceleration,

which is defined by Aa = ub∇bua and represents non-gravitational forces. An exactly

analogous decomposition also applies to the gradient of the ũa-field, so that ∇bũa =

(Θ̃/3)h̃ab + σ̃ab + ω̃ab − Ãaũb, with h̃ab = hab + 2u(aṽb) at the linear level. Also to linear

order, the peculiar-velocity field splits according to

Dbṽa =
1
3

ϑ̃hab + ς̃ab + ϖ̃ab (5.27)

with Da = ha
b∇b representing the spatial (covariant) derivative operator, while ϑ̃, ς̃ab

and ϖ̃ab are the volume scalar, the shear and the vorticity associated with the ṽa-field.

The three kinematic sets defined above are related by( Maartens, 1998)

Θ̃ = Θ + ϑ̃ ,

σ̃αβ = σαβ + ς̃αβ ,

ω̃αβ = ωαβ + ϖ̃αβ

Ãa = Aa + ˙̃va + Hṽa

(5.28)

to first approximation.

5.4.2 Peculiar flux and peculiar 4-acceleration

The crucial distinction, at least for our purposes, between the Newtonian and rela-

tivistic treatments of peculiar motions arises when the matter variables are involved.

Unlike in Newtonian physics, in relativity the matter variables observed by two rel-

atively moving observers generally differ. For example, in a perturbed Friedmann

universe filled with a pressureless perfect fluid, we have (Maartens, 1998):

ρ̃ = ρ , p̃ = p = 0 , q̃a = qa − ρṽa and π̃ab = πab = 0 , (5.29)
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to linear order. In the above, ρ. p, qa and πab are respectively the density, the isotropic

pressure, the energy flux and the viscosity of the matter measured in the reference

ua-frame, with their tilded counterparts measured in the coordinate system of the pe-

culiar flow.

At this point, it is important to draw the readers’ attention to relation (5.29c). Ac-

cording to the latter, in the presence of peculiar motions, one cannot set both qa and q̃a

to zero simultaneously. This means that the cosmic fluid can no longer be treated as

perfect. The imperfection appears in the form of a nonzero peculiar flux triggered by

the matter flow. Indeed, setting qa = 0 ensures that q̃a = −ρṽa ̸= 0, whereas q̃a = 0

guarantees that qa = ρṽa ̸= 0. One is free to choose the coordinate system where the

energy flux vanishes. In what follows, we will take the traditional view and assume

that there is no flux in the frame of the matter (i.e. we will set qa = 0). Reversing this

assumption and setting q̃a = 0 does not change the results, since it is only the frames’

relative motion that matters.

In general relativity matter fluxes gravitate, since they contribute to the energy

momentum tensor. The gravitational input of the peculiar flux survives at the linear

level and modifies the relativistic conservation laws of energy and momentum, which

for a pressureless medium assume the linear forms (Sah et al., 2024):

ρ̇ = −Θρ − Daqa and ρAa = −q̇a − 4Hqa , (5.30)

respectively. According to (5.30b), the nonzero peculiar flux ensures the presence of a

nonzero peculiar 4-acceleration even in the absence of pressure. It is also important to

note that expression (5.30b) also follows from the linear relation (5.28d) after setting

qa = ρṽa and Ãa = 0. Indeed, when dealing with pressure-free matter, one is free to

choose the coordinate system where the 4-acceleration vanishes. Here, we will also

take the traditional route and set Ãa = 0, in which case the linear relations (5.28d) and

(5.30b) guarantee that the Newtonian evolution law of linear peculiar velocities (see

Eq. (5.17 in § 5.3 previously) is replaced by3.

˙̃vα = −Hṽα − Aa , (5.31)

Therefore, in general relativity, linear peculiar velocities are not sourced by the grav-

itational potential, which does not exist anyway, but by the non-gravitational forces

that the 4-acceleration represents. The exact linear form of the 4-acceleration follows

for the linear energy density conservation law, ρ̇ = −Θρ − Daqa, the spatial gradient

3As with the energy flux before, it makes no practical difference if we were to assume that Aa = 0
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of which leads to (Tsaprazi & Tsagas, 2020; Maglara & Tsagas, 2022; Miliou & Tsagas,

2024):

Aa = − 1
3H

Daϑ̃ +
1

3aH

(
∆̇a +Za

)
, (5.32)

where ∆a = (a/ρ)Daρ and Za = aDaΘ monitor the non-gravitational forces triggered

by inhomogeneities in the spatial distribution of the matter and in that of the universal

expansion.

5.4.3 Linear evolution of peculiar velocities

Taking the time-derivatives of (5.31 and (5.32), combining the resulting expressions

and keeping up to linear order terms, leads to the inhomogeneous differential equa-

tion Tsaprazi & Tsagas, 2020; Miliou & Tsagas, 2024

¨̃va +
1
2

H ˙̃va − 2H2ṽa =
1

3H
Da

˙̃ϑ +
1

3aH

(
∆̈a + Ża

)
. (5.33)

There is no analytic solution for the above. We will therefore confine to its homoge-

neous component, namely to4

¨̃va +
1
3t

˙̃va −
8

9t2 ṽa = 0 , (5.34)

since H = 2/3t between equipartition and the onset of the accelerated-expansion

phase. Then, Tsaprazi & Tsagas, 2020; Miliou & Tsagas, 2024

ṽ = C1t4/3 + C2t−2/3 = C3a2 + C4a−1 , (5.35)

the dominant mode of which grows much faster than its Newtonian counterpart (see

solution (5.10) in § 5.2 before).

5.5 An effective gravitational potential

We can compare the two equations which are the origin of the second order velocity

equations. In relativistic physics we have:

¨̃va +
1
2

H ˙̃va − 2H2ṽa == 0 (5.36)

4According to a well known theorem, the solution of an inhomogeneous differential equation com-

prises of the general solution of its homogeneous part plus a partial solution of the inhomogeneous

equation. This guarantees that the growth rate (ṽ ∝ t4.3) seen in solution (5.35) is the minimum possible.
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And in the Newtonian treatment:

¨̃vα + 2H ˙̃vα −
1
2

H2ṽα = −∂αϕ̇ (5.37)

(5.38)

Where we have shown that two evolutions for the gravitational potential are used,

namely:

∂αϕ̇ = 0 (5.39)

∂αϕ̇ = H ˙̃va −
1
2

H2ṽa (5.40)

These both ansatz gives a growing mode for the velocity evolution as ṽa ∝ t
1
3 . The

first represent a slowly evolving gravitational field, meanwhile the second is a con-

sequence of ignore source-free terms on the gravitational potential when the Poisson

equation is integrated. This last assumption is described in (Peebles, 1980) as a way

to get rid of source-free gravitational evolution. However, we showed that density

perturbations are not the only source of gravitational effects in general relativity. The

question now is if we can introduce another ansatz in the Newtonian treatment to

obtain general relativity evolution law for peculiar velocities. We propose a general

function of the form:

∂αϕ̇ = f (H, Ḣ, ṽa, ˙̃va) (5.41)

This is well motivated because general relativistic effects are introduced by the flux

qa = ρva as a source of gravity. By simple inspection, we note that this function has to

be:

∂αϕ̇ = −3
2

H ˙̃va −
3
2

H2ṽa (5.42)

to reproduce relativistic velocity perturbation equation. The relation can be written

also as:

∂αϕ̇ = −3
2

H ˙̃va + Ḣṽa = −3
2

H( ˙̃va + Hṽa) (5.43)
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or:

∂αϕ̇ =
3
2

H∂αϕ (5.44)

It is possible then to approximate linear effects of general relativity in the evolu-

tion of peculiar velocities, modifying the time evolution of the peculiar gravitational

potential gradient of Newtonian Gravity. The implications of this will be discussed in

the next section.

5.6 Discussion

Large-scale peculiar motions, often referred to as bulk flows, are a well-established

phenomenon in cosmology, consistently confirmed by numerous surveys. These

flows, which currently span domains up to several hundred megaparsecs (Mpc), are

believed to have originated as small peculiar-velocity perturbations around the time

of recombination. Over time, these perturbations grew larger and faster through the

process of structure formation and the increasing inhomogeneity of the universe af-

ter recombination. Despite this, the detailed evolution and implications of these bulk

peculiar motions remain largely unexplored and poorly understood. The bulk-flow

problem has become even more puzzling with the advent of more surveys, which

have reported velocities and sizes that exceed the theoretical expectations set by the

ΛCDM cosmological model. This discrepancy is particularly striking when consider-

ing the controversial ”dark flows,” which, with sizes on the order of 1000 Mpc and

velocities reaching around 1000 km/s, seem to severely contradict the predictions of

the standard model.

Interestingly, the growth rate of peculiar velocities appears to be more pronounced

when a covariant general relativistic approach is employed, as opposed to the tra-

ditional Newtonian framework. To gain deeper insight into these results, we have

attempted to develop a Newtonian model where the growth rates emerge more nat-

urally. A critical aspect of this framework is the term involving the gradient of the

time derivative of the peculiar gravitational potential, ∂αϕ̇. We demonstrated that in

the work of Filippou & Tsagas, 2021, this term is set to zero, while in Peebles, 1980,

it is effectively handled by solving the Poisson equation and neglecting the so-called

”source-free” terms in its integral solution. Building on this, we suggest that if these

”source-free” terms are interpreted as resulting from the peculiar velocity flux, the
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growth rate of peculiar velocities is likely higher than previously anticipated. The key

conclusions derived from this approach are currently under development in collab-

oration with Professor Christos Tsagas from the Aristotle University of Thessaloniki,

with further updates expected by the time of this thesis submission.
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CHAPTER 6

Studying the cosmological principle

using SNIA data

Recent studies using the latest Pantheon+ SNIA compilation Scolnic et al., 2022, Brout

et al., 2022 continue to favor a non-zero cosmological constant Λ, which supports the

idea of an accelerating universe with a negative deceleration parameter q0 at present.

However, to fully understand the true nature of dark energy (DE), further in-depth

investigations are needed to extract meaningful insights from these data.

Theoretical perspectives on inhomogeneous cosmologies (Celerier, 2006, Alexan-

der et al., 2009, Cosmai et al., 2019, Pastén & Cárdenas, 2022, Clarkson et al., 2011) and

tilted cosmologies (Tsagas, 2011, Tsagas & Kadiltzoglou, 2015) suggest that the large-

scale structure of the universe could significantly affect the interpretation of cosmo-

logical data. This challenges the traditional assumptions of the Copernican Principle,

which posits that we are located in a typical, homogeneous region of the universe.

In reality, we might reside in a region of underdensity, overdensity, or even within

a bulk flow that is not at rest relative to the Hubble flow, all of which can influence

measurements.

Observational evidence has shown that the distribution of matter in the local uni-

verse affects measurements in such a way that the scale of homogeneity appears to

be larger than previously thought, potentially extending beyond 300 Mpc. Within the

framework of the ΛCDM model, this implies that these effects should be observable
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at redshifts below 0.1. In fact, the existence of a so-called Hubble Bubble—a local

void—was proposed by the author of Zehavi et al., 1998, who used type Ia super-

novae data to highlight these localized phenomena. This suggests that data at very

low redshifts might not be entirely reliable, as shown in Kenworthy et al., 2019, where

anomalous behavior was observed. Since the Pantheon+ dataset includes observa-

tions at redshifts as low as z = 0.0001, we may expect unusual or anomalous behavior

in this region as well.

To fully explore these possibilities, it is crucial to study cosmological data across

different redshift ranges and in various directions in order to critically assess the as-

sumptions of the cosmological principle. A significant contribution to this field is the

work by Asvesta et al., 2022, where the authors demonstrated that a tilted Einstein-de

Sitter universe could account for the observed acceleration of the universe without

invoking dark energy, simply by considering the linear effects of peculiar motions. In

the present study, we investigate the local universe through a cosmological differential

approach, extracting the cosmological deceleration parameter q0 for different redshift

bins of SNIA data. Our results show both qualitative and quantitative deviations from

the predictions of the ΛCDM model. These findings prompt further investigation into

the potential causes behind these anomalies. This chapter is based on the published

work Pastén & Cárdenas, 2023 of the author.

6.1 Cosmographic analysis

The well known cosmographic Taylor expansion (Visser, 2004, 2005)up to the third

term or the luminosity distance is given by:

DL(z) =
z

H0
+

(1 − q0)

2H0
z2 − (1 − q0 − 3q2

0 + p0)

6H0
z3, (6.1)

with a(t) being the scale factor of the FLRW universe, q0 is the deceleration parameter

q = −äa/ȧ2 evaluated today and p0 = j0 − Ωk, where j = ˙̈a/aH3 is the jerk which

is degenerated with the curvature parameter and cannot be determined separately.

Usually it is argued that q0 ∼ −0.5 from supernovae data (Scolnic et al., 2018) and

this is interpreted as an acceleration of the universe due to the presence of the mys-

terious DE. However, this interpretation changes if we consider inhomogeneous or

tilted cosmologies, in which case q0 is determined by the inhomogeneties rather than

a cosmological constant.
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Motivated by ideas on inhomogeneous and tilted cosmologies, we perform a dif-

ferential study binning the data for different redshift ranges, to determine if the best

fit of q0 changes with redshift. In this case we use

Di
L(z) =

z
H0i

+
(1 − q0i)

2H0i
z2 −

(1 − q0i − 3q2
0i + p0i)

6H0i
z3, (6.2)

for the i-th bin in the sample. The procedure for binning SNIA data is explained in the

following section. To perform a comparison, we use both the cosmographic luminos-

ity distance as well as the one for the flat ΛCDM model. In this case the q0i parameter

is the same for every redshift given by:

q0i =
1
2

Ωmi − ΩΛi =
3
2

Ωmi − 1. (6.3)

The main difference is that the fit of q0 from the cosmographic approach needs to be

performed for redshifts below z ≃ 0.3 as the Taylor approximation fails at higher val-

ues, while for the fit of q0 using ΛCDM we can use all the data for which the quantity

of SNIA in those redshift is significant.

We have used z ∼ 0.8 as an upper redshift limit for ΛCDM cosmology, as the

number of data points per redshift bin for values larger than z = 0.8 falls rapidly to

less than 40 data points per bin, very low to perform significant statistical analysis. We

hope that this redshift threshold increase in the future.

It is important to notice that the cosmographic approach is commonly described as

a fully independent model relation, but that is not exactly true. This relation comes from

the assumption that we are co-moving observers with the so-called CMB rest-frame

(which is also assumed to be in rest with respect to the Hubble Flow). This means that

possible effects of our relative motion are reduced to redshift corrections on observer

and the data due to peculiar velocities.

If the data is corrected due to peculiar velocities, corrections has to been made also

over the luminosity distance (Davis et al., 2011). However, as pointed out in some

studies (Tsagas, 2011; Tsagas & Kadiltzoglou, 2015), strong cosmological implications

could be hidden in this relative motion more than just data corrections. If z⊙ is the

peculiar movement of our solar system moving w.r.t. the CMB and zsn is the peculiar

movement of each supernovae, then the luminosity distance should be corrected to:

D̄L(z, z⊙, zsn) = (1 + zsn)
2(1 + z⊙)DL(z), (6.4)

where D̄L is the corrected luminosity distance and z is the cosmological redshift. This

redshift corrections should not modify significantly the cosmological parameters esti-
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mation (Davis et al., 2019). However, as we are doing a redshift binned analysis, those

corrections could be more important at low redshift bins.

6.1.1 SNIA analysis: The Pantheon + Sample

The Pantheon + sample (Scolnic et al., 2022, Brout et al., 2022) is the latest compila-

tion of high and low redshifts SNIA and has a lot of improvements on photometric

uncertainties and systematic as well as peculiar velocity corrections based on a veloc-

ity field reconstruction, improving the quantity of data at low redshift. To extract the

information on q0 from the data, we use the full Tripp Formulae for distance modulus:

µobs = m∗
b − M = mb + αx − βc + ∆M − M (6.5)

here, mb corresponds to the peak magnitude at time of B-band maximum, M is the ab-

solute B-band magnitude of a fiducial SNIA, x and c are light curve shape and color pa-

rameters corrections, α is a coefficient of the relation between luminosity and stretch,

β is a coefficient of the relation between luminosity and colour, and ∆M is a correc-

tions based on the mass of the host galaxy. This relation is used to compare with the

theoretical expectation of a particular model using standard statistical analysis where:

µ = 5 log10
DL

10Mpc
+ 25. (6.6)

In a ΛCDM universe we expect to obtain a uniform distribution values for q0 as any

part of a homogeneous-isotropic universe should lead to the same “ today” deceler-

ation parameter. This expectation increases as the corrected magnitudes in Pantheon

+ has been performed even allowing for peculiar velocities corrections and redshift

dependent nuisance parameters. As we are interested just in the q0 parameter, we

marginalize over the degenerated parameter involving H0 and M according to Con-

ley et al., 2010.

6.1.2 Binning

We follow two different approaches to study the q0 distribution as a function of red-

shift, searching for cumulative and local effects in the Pantheon+ sample.

Redshift spheres

We begin with a sphere centered at z = 0 of radius zout = 0.01 and we fit q0 for all

supernovae inside this sphere. Then, we increase the radius of the sphere in steps ∆z
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Figure 6.1: The 2 approaches used to describe q0 distribution using redshift bins.

repeating the analysis for supernovae inside the new sphere until we reach the radius

zout = 0.3. This method allows us to describe the behaviour of the local deceleration

parameter and to search where DE existence becomes noticeable. Also, this procedure

has the advantage that the number of data always increases from a initial value which

is the number of supernovae with z ≤ 0.01. A similar approach was used in Colgain,

2019. However, we are not able to describe how q0 behaves locally for each redshift as

this study search for cumulative effects.

It is well established the presence of a Hubble Bubble in low z (see e.g. Kenworthy

et al., 2019) leading to the usual removal of low redshift supernovae with z ≤ 0.023 in

cosmological analysis as we can expect any unusual cosmological inference at those

redshift.

Because SNIA with low redshift induce a bias in the Hubble diagram we also per-
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form our study avoiding the use of data with z < 0.023. Overall, it is difficult to look

for effects of the local structure in cosmology if we do not consider the redshifts in

which those effects are more powerful. Therefore, we first consider the analysis using

all supernovae and then remove the low redshift ones to look for variations.

Redshift layers

The second approach is to perform the analysis in layers of redshift. For example,

the studies performed in Kazantzidis & Perivolaropoulos, 2020; Dainotti et al., 2021,

2022, use this type of layer selection. As the previous method, we begin with a sphere

this time of radius zout = 0.1. Then we increase the radius in step of ∆z but this time

we also increase the inner radius in the same step. It means that the second fit is

performed in a layer of redshift z ∈ [∆z, 0.1 + ∆z], the second for z ∈ [2∆z, 0.1 + 2∆z]

and so on. This method is very useful to search for local difference in q0 at different

redshift.

6.2 Results

6.2.1 Initial Qualitative test

We use the code Emcee (Foreman-Mackey et al., 2013) to test the model against the

data: the Pantheon+ SNIA (Brout et al., 2022). This is a pure python implementation

of the affine invariant ensemble sampler for Markov chain Monte Carlo proposed by

Goodman and Weare (Goodman & Weare, 2010). The results of fitting q0 using both the

cosmographic luminosity and ΛCDM are shown in Fig. (6.2) and (6.3) for the sphere

and layer approaches respectively. To look for insights in the cosmographic approach,

we use a weakly uninformative uniform prior for q0 ∼ U(−4, 4) not restricting our

analysis to any cosmology. Qualitatively, we can observe a deviation from the uniform

distribution for q0 expected from a ΛCDM universe. Also, it is interesting to note

that without a tight prior, MCMC samples tends to prefer higher values for q0 in the

cosmographic Taylor approximation than the ones allowed in ΛCDM at low redshifts.

6.2.2 Quantifying possible anomalies in the layer approach

In the context of the ΛCDM model, we expect q0 should take the same value indepen-

dent of z. To quantify the possible deviation of this result, we explore by using bins

112



6.2. RESULTS

Figure 6.2: q0 parameter using the layers approach. z here is the mean redshift of the bin.

in which qualitatively we see a deviation from a uniform distribution for q0. We have

chosen the width of each bin to show the most appreciable differences in the fit of q0.

The results are summarized in table 6.1.

Assuming independent realizations, we observe that q0 has a tension of ∼ 2.2σ

between the best fit values from supernovae at z < 0.15 with those at z ∈ [0.15, 0.3].

Overall as data in the two analysis are correlated, this tension could increase. How-

ever, if we remove the very low redshift SNIA data at z < 0.08 the results change,

decreasing this tension to zero with a value ∼ 0.7σ (Figure 6.4).
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Figure 6.3: q0 parameter using the spheres approach. z here is the upper redshift of the sphere.

To check the consistency of the derived q0 values with the expectations in the

ΛCDM model, we also performed a general linear model fit using the package

STATSMODELS Seabold & Perktold, 2010. In this case we use:

q0(z) = Qmz + Q0, (6.7)

and any deviation from a zero value for Qm is an indicator of a departure from the

ΛCDM model. For simplicity we approximate each fit for q0(z) in the ΛCDM as being

gaussian distributed, estimating the error σ as the average between the asymmetric

errors obtained by Emcee and also estimating σ as the maximum between them. We
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z Bin Number of SNIA q0

0 − 0.15 826 −0.087+0.18
−0.17

0.008 − 0.15 746 −0.453+0.16
−0.16

0.05 − 0.2 300 −0.457 0.17
−0.16

0.1 − 0.25 346 −0.501 0.18
−0.17

0.15 − 0.3 381 −0.610.16
0.15

Table 6.1: Values for q0 fit in wide redshift bins using the cosmographic Taylor expansion of

the luminosity distance.

do not consider the first bin for z ≤ 0.008 data. We also performed a fit with a zero

slope Qm = 0 model, in order to compare with the general non zero case. Results

are summarized in Table 6.2 and the best fit are plotted in figure 6.5. According to

the statistics, the fit tends to prefer a non-zero slope over a constant value of q0 for all

redshifts. Overall, the fit is consistent with a negative mean q0 parameter.

Statistic Best linear fit of SNIA Constrained fit with zero slope

Qm 0.5341 ± 0.190 (0.4532 ± 0.173) 0

Q0 −0.5736 ± 0.071 (−0.5189 ± 0.066) −0.3987 ± 0.037(−0.3699 ± 0.034)

logL −9.4073(−5.0585) −13.241(−8.4040)

Pearson χ2 35.7(26.0) 40.6(29.1)

Pseudo R2 0.1260(0.1101) 0.0001453(0.0001453)

AIC 22.81(14.11) 28.48(18.8)

BIC 26.96(18.27) 30.55(20.89)

Table 6.2: Best linear fit parameters for q0 using ΛCDM luminosity distance estimating the

Gaussian error σ as the average between asymmetric errors from MCMC. In parenthesis, same

values but this time estimating σ as the maximum value between them.

6.2.3 Quantifying possible anomalies in the spheres approach

Using the “spheres” method, and from the results displayed in Fig.(6.3), we observe

a noticeable difference between the best fit for q0 from the cosmographic expansion

and those from the ΛCDM model for redshift below z = 0.1. For example, restricting

our analysis to data points below z = 0.05, we obtain the best fit values quoted in

Table (6.3). Considering gaussian distributions, we obtain a tension between the cos-
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Figure 6.4: Gaussian distribution of q0 cosmographic parameter for different redshift bins.

Between [0, 0.15] (green) and [0.15, 0.3] (orange) appears a tension of 2.2σ considering inde-

pendent realizations. The tension almost disappear when supernovae below z < 0.008 are

removed, reaching a value ∼ 0.7σ (dashed line).

mographic distance fit and the ΛCDM one of ∼ 2.8 (Figure 6.6). Even by decreasing

the parameter space for the prior q0 ∼ U(−1, 1), the cosmographic distance still pre-

fer a best fit q0 > 1. Interestingly, in both cases the best fit takes positive values of the

deceleration parameter at low redshift z < 0.008, but the value changes dramatically

when they are removed, making the tension disappears.
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Figure 6.5: Best general linear model fits for q0(z) using ΛCDM luminosity distance with

Gaussian error σ estimated as the mean of the asymmetric errors from MCMC (Left) and esti-

mated as the maximum value between them (Right).

6.2.4 Local Structure Effects

In this section we consider a possible orientation dependence of the best fit value for

q0 motivated by anomalies in the CMB dipole direction (see Aluri et al., 2022 for a

review). Similar analysis have been performed in the past with different data sets.

Usually, a positive result of this orientation dependence is interpreted as a local dis-

tribution structure effect on the data. We perform a layer binned analysis with the
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Distance indicator Number of SNIA q0

Cosmographic 648(568) 2.78 0.98
−0.87(−0.25 0.73

−0.68)

ΛCDM 648(568) 0.35 0.11
−0.22(−0.26 0.47

−0.45)

Table 6.3: Best fit values for q0 in wide redshift bins using the cosmographic Taylor expansion

of the luminosity distance at z < 0.05. In parenthesis we quote the values obtained when we

have removed the SNIa data with z < 0.008

Figure 6.6: Gaussian distribution of q0 cosmographic luminosity distance (green) and ΛCDM

(orange) up to redshift 0.05. The cosmographic distance prefer higher values for q0 even when

the prior is tight, giving a tension of ∼ 2.8σ between both distance indicators. This tension

disappears when the low redshift z < 0.008 data is removed (dashed line).

cosmographic luminosity distance for two hemispheres, oriented to the dipole of the

CMB, the one interpreted as our motion respect the CMB rest frame. To look for re-

lations between our movement w.r.t. the CMB and the q0 parameter distribution, we

perform a layer binned analysis with the cosmographic luminosity distance for two
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Figure 6.7: q0 dipolar parameter using the layers approach.

hemispheres separated by our direction of movement. We take the direction reported

in Planck Collaboration et al., 2020 corresponding to (263.99, 48.26) in galactic coor-

dinates to split the data in two groups according to the two hemispheres of the CMB

dipole. We call UP and DOWN respectively to the blue-shifted and red-shifted hemi-

spheres of the dipole. Although there are others possible anomalous directions in cos-

mology, we selected directly the CMB dipole direction as it is the principal standard

cosmological anisotropy (see Aluri et al., 2022 for a review). Also some alternative

cosmologies as tilted cosmologies predict an anisotropy in the q0 parameter close to this
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direction (see Tsagas, 2011; Tsagas & Kadiltzoglou, 2015).

The results are shown in Figure 6.7. Qualitatively, we can see two possible sources

of anomalies. First, a visual discrepancy of q0 values between the hemispheres at

low redshift is observed. To analyze this, we fit q0 for the two hemispheres at z ∈
[0.008, 0.075]. Results are in Table 6.4. For Gaussian distribution of parameters, we can

see that the tension between hemispheres is non-existent (Figure 6.8).

Notice that for z < 0.1 the UP value for q0 is lower than the DOWN one by a

factor of 1, at more than one sigma. In the range 0.11 < z < 0.15 the trend is the

opposite, being the UP value higher than the DOWN one. From z > 0.2 considering

the uncertainties, both hemispheres fit essentially the same value for q0, although with

larger uncertainties.

Also only on the UP hemisphere, we note an increase in the q0 parameter com-

paring the redshift ranges lower than z ∼ 0.075 and z ∼ 0.11 − 0.15. For example,

in particular the bins [0.0232, 0.1232] and [0.0754, 0.1754] show the best fit parame-

ters summarized in Table 6.5, giving a tension around 3.8σ (Figure 6.9). However, at

z ∼ 0.11− 0.15 there are only 23 supernovas, requiring more data to extract significant

conclusions.

z bin Number of SNIA q0

0.008 − 0.075(UP) 314 −0.59 0.62
−0.59

0.008 − 0.075(DOWN) 314 0.19 0.62
−0.57

Table 6.4: Values for q0 fit at low redshift using the cosmographic Taylor expansion of the

luminosity distance for the 2 hemispheres.

z bin Number of SNIA q0

0.0232 − 0.1232(UP) 214 −1.37 0.41
−0.39

0.0754 − 0.1754(UP) 92 1.69 0.68
−0.67

Table 6.5: Values for q0 fit in particular redshift bins using the cosmographic Taylor expansion

of the luminosity distance on the UP hemisphere.

6.3 Discussion

In this work we have found several unexpected behavior for the distribution of the de-

celeration parameter q0 values using the recent type Ia supernova sample Pantheon+.
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Figure 6.8: Gaussian distribution of q0 cosmographic luminosity distance at low redshift

[0.008, 0.075] for the 2 hemispheres. The tension between the fits doesn’t reach the unity.

First, analyzing the low redshift supernovae (z < 0.3) we obtain evidence for a lo-

cal decelerating universe using the cosmographic distance and considering the full

sample of Pantheon+. However, this behaviour disappears once the SNIA at redshift

lower than z = 0.008 are removed. A tension of ∼ 2.2σ between the cosmographic ex-

pansion fit at different redshift bins are observed when the full sample is considered,

and also a discrepancy of ∼ 2.8σ between the preferred values for q0 with the cosmo-

graphic expansion function and the full ΛCDM one. Again, this behaviour disappears

once the lowest redshift supernovae (those with z < 0.008) are removed.

At this point it is interesting to comment the result of Colgain, 2019 where the

author find, using the Pantheon sample, the fit for Ωm0 varies with the maximum

redshift of the data used, finding a very low value between z ≃ 0.1 to z ≃ 0.15,

a result also found in Camarena & Marra, 2020, and even wiggles have been found

Kazantzidis & Perivolaropoulos, 2020.
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Figure 6.9: Gaussian distribution of q0 cosmographic luminosity distance at z ∈
[0.0232, 0.1232] and z ∈ [0.0754, 0.1754] for the UP hemispheres. The tension between the

posterior paremeter distributions reach 3.8 σ.

Also, assuming the q0(z) is a varying function of redshift, being described by a

linear model, the statistical analysis favours a non-zero slope according to AIC and

BIC criteria, showing a clear departure from the ΛCDM universe. Finally, we per-

formed a binned study in the hemispheres defined by the CMB dipole. We did not

found evidence for tensions between the hemispheres. However, in the hemisphere

with the positive direction of our movement, we found a tension of 3.8σ between two

particular redshift bins. All results can be summarized as:

1. When z < 0.008 supernovaes are considered, a local decelerated universe in

all fits is observed, and tensions ∼ 2σ − 3σ between q0 parameters at different

redshift and between different distance indicator emerge. According to Brout

et al., 2022, the very nearby Hubble Diagram shows a positive bias at z < 0.008,
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attributed to measurement errors, unmodeled peculiar velocities and the volu-

metric bias they induce. Moreover, they suggest to avoid the use of data for

z < 0.01 and also in Riess et al., 2022 the author neglect data below z < 0.023 to

measurements of the Hubble Flow. Then, is therefore possible that the tensions

found in q0 comes from the same origin. However, it is difficult to perform a

deep analysis of local large-structure effects if the lowest SNIA redshift are re-

moved, as it is possible that strong effects for the overall cosmology are ignored

with this approach. As is presented qualitatively in the spheres binned analysis,

the consideration of the lowest redshift SNIA fit a positive value for q0 until

z ∼ 0.09 for the cosmographic luminosity distance. We conclude that it is im-

portant to model the very nearby peculiar velocity field to extract cosmological

useful information of the most local universe with Pantheon+ as is impossible to

do it with the data as it is.

2. Linear regression favours a non-zero slope for q0 in the layer approach with

ΛCDM luminosity distance when the posterior distributions for q0 are as-

sumed to be gaussians. This result is important because it is observed even re-

moving the lowest redshift supernovae, concluding that the binned values q0(z)

are not uniform across redshift bins. The ΛCDM model predicts the same value

for q0 independent of redshift bin chosen. We consider that a departure from

this behaviour can be considered as an evidence against ΛCDM. This method

would become stronger as the quantity of data increase, reducing the errors in

the parameter extraction from each redshift binned universe.

3. Not evidence for tensions between UP and DOWN hemispheres. As previous

studies, we did not find evidence for anisotropies between the hemispheres de-

fined by the CMB dipole. In our analysis we used as redshift z the value zHD

provided in the catalogue. However, there is an ongoing debate about which

is the correct reference frame to be used to find anisotropies in the data. Over-

all, we do not suggest to use zhel as the frame of reference, because the current

cosmology and distance indicators are constructed for observers that are in rest

w.r.t. the Hubble flow, requiring a new theoretical approach to analyse the data

directly from observed redshift.

4. 3.8σ tension for the UP hemisphere at particular redshift bins. Intriguingly,

in one of the hemispheres appears a high tension for the q0 parameter at differ-

ent redshift bins. If the data is correct, this could be evidence for a local large
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structure effects and/or peculiar velocities that are not considered in the current

cosmological analysis.

6.3.1 Interpretations

We have summarized the main results of our analysis of the Pantheon+ survey, show-

ing that the q0 parameter exhibits certain anomalies when compared with what we

would expect in the standard ΛCDM model. However, what could these deviations

mean from a cosmological perspective?

One possibility is that the universe could still be described as a ΛCDM universe on

a local scale, but the global cosmological parameters (ΩM ∼ 0.3, ΩΛ ∼ 0.7, ΩK ∼ 0)

may not represent the behavior of the universe everywhere. This idea, however, poses

a contradiction. If the ΛCDM model cannot provide the same parameters across all

regions of the universe, where homogeneity is assumed to hold, then the universe is

not truly ΛCDM after all. Variations in the q0 parameter across different regions could

suggest that the dynamics of the universe are not uniform everywhere. We must also

keep in mind that our analysis is based on a Taylor approximation and assumes a

flat ΛCDM universe, so other parameters—such as curvature, Ωk—might vary from

place to place, potentially introducing biases into our local estimates of q0. Again,

this would challenge the cosmological principle and necessitate the development of

alternative models.

Evidence supporting such deviations in cosmological parameters with redshift has

been observed in previous studies (Dainotti et al., 2021, Dainotti et al., 2022, Colgain,

2019, Wong et al., 2019, Millon et al., 2020, Krishnan et al., 2020, Colgain et al., 2022,

Camarena & Marra, 2020). These works show a decreasing trend for H0 and an in-

creasing one for Ωm0, which align with the results we present in Figure 6.5, as Ωm0 is

directly related to q0 through Eq. 6.3, and H0 is anti-correlated with Ωm0 in the ΛCDM

framework.

However, we cannot disregard the possibility that the discrepancies observed in

the data are due to systematic errors resulting from the combination of different sur-

veys within the Pantheon sample. According to Kazantzidis & Perivolaropoulos, 2020,

there are noticeable “wiggles” in the best-fit values of Ωm0 when derived from Pan-

theon data. While Pantheon+ has made efforts to reduce these systematic anomalies,

it is still plausible that such issues persist in the dataset. These systematic effects could

potentially account for the anomalies we observe, particularly since we are comparing
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different surveys across various redshift bins. It is also crucial to replicate our analysis

on mock data to ensure that the observed results are not merely artifacts of the binning

procedure. As our analysis involves extensive binning and multiple statistical tests,

which require significant computational resources, we are preparing such an analysis

for a future study.

Alternatively, if the universe is not ΛCDM, it raises the question of whether the

q0 value extracted from cosmological luminosity distance measurements truly re-

flects cosmic acceleration. For example, in inhomogeneous cosmological models like

Lemaı̂tre-Tolman-Bondi (LTB), q0 arises from the radial inhomogeneities in our uni-

verse, rather than from a real kinematic acceleration. Moreover, some models of cos-

mological Taylor approximations predict q0 values outside the range expected by the

ΛCDM cosmology (q0 ∈ [−1, 0.5]), but further data is needed to confidently constrain

these values and fully understand the implications.

It is also important to consider the possibility that the data itself has not been prop-

erly processed. There has been significant criticism regarding the treatment of type Ia

supernova data, particularly in not accounting for potential magnitude evolution or

introducing redshift-dependent nuisance parameters to address correlations between

SNIA properties and redshift. These correlations are often attributed solely to intrin-

sic properties of the supernovae, rather than being related to cosmological factors. As

such, we must be cautious in drawing definitive conclusions from the current dataset.

Further, additional data is needed to better constrain the potential deviations in q0

from the expectations of the ΛCDM cosmology.

In conclusion, while our results highlight some intriguing deviations, a conclusive

understanding of these anomalies requires much more detailed data and further the-

oretical investigation. Until we have more comprehensive and refined datasets, any

strong assertions regarding the nature of q0 and the validity of ΛCDM are premature.

6.4 Conclusions

We proposed two approaches to extract information about the local deceleration pa-

rameter q0 from different redshift binned universe, using the well known cosmological

Taylor expansion of the luminosity distance and also a flat ΛCDM universe. The first

accounting for a cumulative effect (spheres) and the second to study differences in cos-

mological parameter for different redshift bins (layers). We found that when z < 0.008

supernovae are added to cosmological analysis, tensions ∼ 2σ − 3σ emerge between
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different redshift bins and different luminosity distance indicator. We suggest not to

use lowest Supernovae IA in cosmological analysis, but we also state the importance

to improve the scientific utility of the data at lower redshift as are necessary to un-

derstand the influence of the local large-scale structure in cosmology. Also, using the

cosmological Taylor expansion of the luminosity distance, we observe a strong ten-

sion ∼ 3.9 between particular redshift bins, when we analyze the data on the hemi-

sphere that the CMB dipole points. However, significant anisotropies between the 2

hemispheres were not observed. Finally, performing a simple general linear model

fit against the redshift binned ΛCDM parameters, we found that the q0(z) function

prefers a non-zero slope over a model with zero slope expected from a ΛCDM uni-

verse. Those results have to be treated with caution as the quantity of data is not

that big to state definitive conclusions. We proposed this method as a test for ΛCDM

cosmology, which could be improved as more data is release.

Finally, we conclude that binned cosmology will be a promising tool to analyze

deeply the structure of our universe without assuming the cosmological principle.

Our analysis is similar to a recent paper Perivolaropoulos & Skara, 2023 – that use the

Pantheon + sample – where the authors have shown a 2 to 3 σ tension between the low

and high redshift best fit for the SNIA absolute magnitude M. However they did not

find variations in Ωm0 and therefore not in q0. As the quantity of data increase, this

tool could be performed jointly with anisotropic cosmology in order to get the best

insights of the deviations of our universe from ΛCDM model.

6.5 On the inhomogeneity of redshift bins

There is the possibility that the inhomogeneity in the quantity of data in each red-

shift bin affect our results. To study this concern, we seek for correlations between

q0 best values and the quantity of data in each redshift bin for Cosmographic and

ΛCDM approach. Plots of q0 against the quantity of data in each bin n appears in

Figure 6.10 for the 2 approaches. The correlation coefficients are R = −0.168 and

R = −0.201 respectively, which pointed a slightly negative but statistically negligi-

ble correlation. We can address the inhomogeneity in bins further studying q0 over

redshift bins with z > 0.008 each one having 300 supernovaes. Note that despite of

an homogeneous distribution of data across redshift bins, each redshift space is not

homogeneous anymore. To perform a good comparison, we select the lower limits of

the bin to be the same obtained in the layer approach for cosmographic and ΛCDM
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luminosity distance, varying therefore the upper limit. Results are plotted in Figure

6.11. The principal problem with this approach, is that we are not able to study higher

redshift data isolated as those bins are far wider. For example the last bin with 300

SNIA data is z ∈ [0.40, 1.54], covering more than ∆z ∼ 1 space. Indeed, if we try to

fit the general linear model over q0(z) function, we cannot discriminate between zero

or non-zero slope. Results are plotted in Figure 6.12 and best statistics in Table 6.6.

Finally, we tried to find tensions at low redshift data with the cosmographic Taylor

expansion approach analogous as the results shown in Table 6.1 and Figure 6.4, but

this time using the homogeneous redshift bin. We found a tension of ∼ 1.7σ between

2 particular redshifts. Results are plotted in Figure 6.13 and details in Table 6.7. Note

that SNIA with z < 0.008 are not influencing this result.

Statistic Best linear fit of SNIA Constrained fit with zero slope

Qm 0.1970 ± 0.110 (0.1817 ± 0.108) 0

Q0 −0.5220 ± 0.053 (−0.5109 ± 0.052) −0.4429 ± 0.030(−0.4383 ± 0.030)

Log-Likelihood 10.061(10.356) 8.4402(8.9112)

Pearson Chi-Square 27.4(22.9) 30.1(24.8)

Pseudo R-Square 0.08897(0.07949) 0.0004160(0.0004160)

AIC −16.12(−16.71) −14.88(−15.82)

BIC −13.01(1 − 13.60) −13.32(−14.27)

Table 6.6: Best statistics for general linear model fits of q0 using ΛCDM luminosity distance,

estimating the Gaussian error σ as the average between asymmetric errors from MCMC. In

parenthesis, same values but this time estimating σ as the maximum value between them.

z Bin Number of SNIA q0

0.0312 − 0.1364 300 −0.19+0.27
−0.29

0.0544 − 0.20549 300 −0.50+0.16
−0.17

0.1066 − 0.23684 300 −0.52+0.19
−0.21

0.2052 − 0.3221 300 −0.815+0.25
−0.20

Table 6.7: Values for q0 fit in wide homogeneous redshift bins using the cosmographic Taylor

expansion of the luminosity distance.

127



CHAPTER 6. STUDYING THE COSMOLOGICAL PRINCIPLE USING SNIA DATA

Figure 6.10: q0 values against the number n of data in each redshift bin for the Cosmographic

(left) and the ΛCDM (right) approach. The correlation coefficients are R = −0.168 and R =

−0.201 respectively.
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Figure 6.11: q0 values against z for cosmographic and ΛCDM luminosity distance in the layer

approach using redshift bins with exactly 300 supernovaes each one. z here is the mean red-

shift value of the bin. Note that the bins are not equispaced anymore and the presence of

the outlier value around z ∼ 0.03 possible attributed to the influence of lower redshift super-

novaes even when z < 0.008 are removed.
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Figure 6.12: Best general linear model fits for q0(z) using homogeneous redshift bins, each

one with 300 SNIA. We used ΛCDM luminosity distance with Gaussian error σ estimated as

the mean of the asymmetric errors from MCMC (Left) and estimated as the maximum value

between them (Right).
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Figure 6.13: Gaussian distribution of q0 cosmographic parameter for different redshift ho-

mogeneous bins, each one of 300 SNIA. Between [0.0312, 0.1364] (blue) and [0.2052, 0.3221]

(orange) appears a tension of 1.78σ considering independent realizations.
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CHAPTER 7

Global discussion and conclusions

In this work, I provided different observational and theoretical contributions to the sci-

ence behind the cosmological principle and the large-scale structure evolution. First,

I summarized the state of the art of the theoretical framework in which the cosmo-

logical principle is currently studied, classifying alternative inhomogeneous and/or

anisotropic metric tensors, perturbative approaches, averaging approaches, cosmo-

graphic analysis, and tilted cosmological scenarios. As a first approach to inhomoge-

neous cosmology, I used a simple LTB radially inhomogeneous metric to study the po-

tential connections between the fractal distribution of matter and dark energy, allow-

ing for a fractal dimension and a transition scale. Next, the tilted cosmology scenario

has been deeply studied, in which the deceleration parameter could be explained by

a contracting bulk flow and the possible related observables that could be extracted

from the data. I estimated the divergence of the local peculiar velocity field using a

Newtonian linear reconstruction and concluded that there is a high chance that this

is, in average, contracting. Following the same covariant formulation of general rela-

tivity used in tilted cosmology, I explored some results in which the peculiar velocity

field grows faster in time when relativistic effects are included in the dynamics of

large-scale structure, showing that this effect could also be included by modifying the

temporal derivative of the peculiar gravitational potential. Finally, a statistical analy-

sis over the last SNIA Pantheon+ compilation was performed, showing that the decel-

eration parameter fitted across redshift bins is not fully in agreement with a ΛCDM
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universe.

7.1 Main conclusions

In the following, I provide what I consider to be the most significant implications of

this thesis to the science of the cosmological principle.

7.1.1 The magnitude of the effects of the LLSS in cosmology

could be greater than what is commonly assumed

There exists a significant tension between different claims regarding the effects of the

large-scale structure (LSS) on cosmological parameters. On one hand, some studies

argue that voids, under-densities, bulk flows, and even non-linear structure dynam-

ics have minimal to no impact on the estimation of cosmological parameters. On the

other hand, a different faction within the astrophysics community suggests that these

very features—or possibly the sum of them all—could explain the observed negative

deceleration parameter in cosmological data, thereby challenging the need for dark

energy. According to this view, cosmic acceleration may be an artifact of our observa-

tional perspective, with us being non-typical observers within the universe. From the

perspective of the author, these two claims seem to be two opposing sides of a see-saw,

where each one negates the other.

Based on the results presented in this work, I conclude that the effects of the LSS

on cosmology could be currently misunderstood, irrespective of whether they are

the origin of dark energy or not. This conclusion is supported by the following argu-

ments:

1. The modeling of the large-scale structure is degenerated w.r.t to cosmology:

Corrections in cosmological data assume a distribution of peculiar velocities.

Currently, the peculiar velocity field could not be fully separated from the selec-

tion of a cosmological model or the ignoring of GR effects. Commonly, the pecu-

liar velocity structure properties are obtained by measuring densities of matter

and reconstructing a Newtonian velocity field, such as in Carrick et al., 2015;

Giani et al., 2024, while the other approach is to study the redshift structure of

the data assuming a background homogeneous and isotropic cosmology as in

Sorrenti et al., 2024a. The first approach ignores general relativistic effects such
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as vorticity, while the second assumes a background cosmology that fully agrees

with the cosmological principle. Even when the consensus is that the effects of

those approximations are small, in light of the recent theoretical and observa-

tional discoveries, those effects should not be ignored.

2. The back-reaction problem still holds: There is no consensus on how to per-

form the average of a clumpy distribution of matter to account for back-reaction

effects without using perturbative approaches. However, arguments such as

those presented in Verweg et al., 2024 seem to challenge previous constructions

based on scale-dependent perturbations that reduce the back-reaction effect to

gravitational waves Green & Wald, 2011. Without complete solutions to the field

equations of general relativity with a complex non-linear structure, it is not pos-

sible to strongly claim that the back-reaction is negligible.

3. Metric approaches are not the best to study the LSS in cosmology: In 3, we

used a toy-like LTB model developed in Cosmai et al., 2019, in which a fractal

parameter D was included in the distribution of matter. Following the observa-

tions that contradict a fractal universe at large scales, we imposed a transition

scale to homogeneity. The goal of this study was to explore possible connections

between the fractality and dark energy by contrasting it with the SNIA data,

but the results were negative, making it impossible to explain cosmic acceler-

ation without introducing unphysical assumptions such as an inhomogeneous

Big Bang. However, the analysis presented here relies on a simple metric, which

is far from accurately describing the true fractal distribution of matter. The in-

clusion of the true fractal distribution in the Einstein field equations remains an

open research topic that involves two types of mathematics that are not com-

patible. In such approaches, the differentiability of GR has to be abandoned

to introduce fractal manifolds and fractal calculus, which presents a theoretical

challenge to this day (see e.g. Khalili Golmankhaneh et al., 2024).

4. General relativity is still not fully understood: Although a significant portion

of the scientific community is actively working on extensions of general rela-

tivity (GR), the theory itself—without modifications—remains incompletely un-

derstood in several key areas. General relativity, as formulated by Einstein, is a

well-established theory that has been confirmed through numerous experiments

and observations, from the bending of light by gravity to the precise orbits of

planets and the recent observations of gravitational waves. However, despite

135



CHAPTER 7. GLOBAL DISCUSSION AND CONCLUSIONS

its success, GR has limitations and open questions that continue to drive re-

search. One of the central issues is the integration of GR with quantum mechan-

ics. While GR excellently describes gravity on large scales (such as planets, stars,

and galaxies), it breaks down at the quantum level, where the effects of quantum

mechanics become significant. Current formulations of GR do not account for

quantum effects, and there is no fully consistent theory of quantum gravity that

has been universally accepted. This discrepancy is particularly evident in black

hole physics, where the event horizon and singularities predicted by GR seem

to conflict with the principles of quantum mechanics. The famous ”information

paradox” arising from the behavior of matter at the singularity is one example

of unresolved issues. Furthermore, GR also faces challenges when applied to

extreme conditions, such as within the early universe or at very high densities.

The theory breaks down at the Planck scale, and the singularities present in black

holes and the Big Bang suggest that new physics, beyond GR, is required to fully

understand these regimes. The theory’s inability to describe such phenomena

suggests that GR, though highly successful, is incomplete in its description of

the universe.

Moreover, the effect of the peculiar velocities, and how they interact with grav-

itational fields at large scales, has yet to be fully incorporated into the general

relativistic treatment of LSS. Standard models use Newtonian approximations,

but these neglect relativistic corrections, such as the influence of vorticity or the

time evolution of the peculiar velocity field, which can influence the rate of ex-

pansion and the growth of structures. The role of dark energy, dark matter, and

their interactions with LSS is another complex issue where GR’s implications

remain unclear. For example, models such as tilted cosmologies propose that

peculiar motions could lead to misinterpretations of cosmological acceleration,

challenging the need for dark energy as an explanation for cosmic acceleration.

To address these questions, we need a more robust general relativistic treatment

of the evolution of LSS, one that properly incorporates inhomogeneities, rela-

tivistic effects, and non-linear dynamics. This is crucial for refining our under-

standing of the universe’s expansion, structure formation, and the potential need

for new physics beyond GR. Given the difficulty in fully solving the Einstein

field equations for an inhomogeneous universe, the field is still evolving, and a

comprehensive understanding of GR’s role in large-scale structure evolution is
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far from complete. In the next section, this last issue will be explored further.

It is important to highlight that, regardless of the preconceived notions scientists

may have about the universe—biases that are often naturally influenced by human

nature—the true effects of large-scale structure (LSS) on cosmology remain an open

field of study. Whether these effects are significant enough to explain dark energy, or

whether other explanations are needed, is a question that will be addressed through

further research. Over time, and independent of personal biases, the collective efforts

of diverse scientific teams will clarify this issue. The evolution of scientific under-

standing relies on continued investigation, cross-validation of results, and the applica-

tion of new methodologies to ensure that our conclusions are as objective and accurate

as possible.

7.1.2 Local effects of General Relativity in cosmology and in

the evolution of LSS could being underestimated

In Chapter 2, we explored tilted cosmology as a potential explanation for the ob-

served negative deceleration parameter, considering the role of peculiar observers in

a contracting bulk flow. Under such conditions, it was shown that the deceleration

parameter could be measured as negative locally, even when the global background

cosmology suggests a positive deceleration. In Chapter 5, we extended this analysis

to the evolution of the peculiar velocity field in the large-scale structure (LSS), us-

ing a relativistic framework that led to a stronger growth rate than those predicted

by Newtonian and semi-Newtonian approaches. This difference in growth rates was

attributed to the omission of general relativistic effects, such as energy flux in the

dynamics of the peculiar velocity field, encapsulated in the concept of the ”effective

peculiar gravitational potential evolution.” These findings may have significant im-

plications, especially in addressing the high-velocity bulk flows observed, which are

currently incompatible with standard cosmological models, such as those discussed

by Tully et al. (2023).

From these results, it is evident that the effects of General Relativity on large-scale

structure evolution are still not fully understood. Importantly, this is not a call for

modifications to General Relativity itself, which has been the focus of much research

over the years, but rather a recognition that the standard, Einsteinian formulation of

General Relativity may still hold key insights yet to be fully explored. The possibility
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that these relativistic effects could explain cosmic acceleration warrants serious con-

sideration. Even if this is not the case, phenomena such as back-reaction where inho-

mogeneities affect the cosmological evolution remain crucial areas for further study.

As such, these issues represent unresolved aspects of General Relativity that should

continue to be examined in greater depth.

7.1.3 The geometry and the dynamics of the local-large scale

structure needs to be elucidated, independently of the

background cosmology

We have demonstrated that the study of the local large-scale structure (LSS) dynamics

cannot be fully separated from the background cosmology, as the redshift structure

of astronomical objects combines local effects with cosmological effects. The most

widely used method to describe the peculiar velocity field to date is through the re-

construction of the velocity field from mass density surveys, relying on Newtonian

linear dynamics. However, this approach completely neglects relativistic effects and

introduces biases, as the observed luminous mass does not necessarily represent the

total amount of matter. In Chapter 5, we explored the workings of these reconstruc-

tions and used one of them to conclude that the local peculiar velocity field is indeed

contracting. This result aligns with findings from other studies (Giani et al., 2024, Sor-

renti et al., 2024b), which employed similar methods. Nevertheless, these studies are

all dependent on either a Newtonian linear reconstruction or a background cosmology

framework. This highlights the need for the development of new methods to study the

local peculiar velocity field, a topic that will be further discussed in the future prospects

section.

7.1.4 Blind and cosmographic statistical analysis on cosmo-

logical data should be preferred over preselected cos-

mological models

Since the establishment of standard cosmology and the cosmological principle, the

ΛCDM model has been widely used as the benchmark to test against observational

data. However, the use of this model is not necessarily driven by an accurate under-

standing of the true structure of the universe, but rather by its simplicity. The prefer-
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ence for a particular cosmological model, such as λCDM, can introduce community

bias, where the focus shifts from uncovering the true dynamics of the universe to

fitting observations within the confines of the established model. As we discussed

in Chapter 2, it is possible to approach cosmology without predefined assumptions

about the universe’s dynamics. Some of these methods, such as cosmography, were

applied in Chapter 6 to study the latest supernova compilation, and the results appear

to contradict the predictions of the ΛCDM model. A recent study by Seifert et al., 2024

demonstrated how a model other than ΛCDM, based on timescape cosmology, can fit

the data even more effectively. This highlights the importance of adopting a blind ap-

proach to data analysis—such as cosmography—rather than relying on specific mod-

els. Without knowing the true dynamics of the universe, we risk drawing incorrect

conclusions or following misguided paths where researchers attempt to force the uni-

verse to fit the model, rather than allowing the data to guide our understanding of the

universe.

7.2 Future prospects

Here, I propose several future projects to build upon the work presented in this the-

sis regarding the cosmological principle and the large-scale structure (LSS) from both

observational and theoretical perspectives:

7.2.1 The covariant formulation of gravity and its effects in

Cosmology and LSS evolution

We have shown in chapters 4 and 5 that relativistic covariant cosmology can reveal

gravitational effects that were previously ignored using the metric approach. In the

first of these chapters, we observed that a negative deceleration parameter can appear

within contracting peculiar velocity fields, even when the deceleration parameter out-

side is positive or zero. In the second chapter, we demonstrated that the growth of

peculiar velocities increases when gravitational effects, such as the flow of energy due

to the movement of matter in a peculiar velocity field, are incorporated. If these effects

are indeed real, the central question is how these theories relate to cosmological and

astrophysical observables. The key is to deeply study the physical meaning behind

these theoretical results to interpret them correctly. Specifically, some study objectives

may be:
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1. Revisit the theoretical considerations behind the derivation of luminosity dis-

tance from the point of view of an observer moving with a certain peculiar ve-

locity. It is likely that, if the effects of tilted cosmology are real and some as-

sumptions in this derivation are modified, the negative deceleration parameter

would disappear.

2. Develop methods for reconstructing peculiar velocities that include general rel-

ativity effects, using approximations such as those proposed in chapter 5. This

is the most direct way to study relativistic effects on large-scale structure ve-

locities, as simulations using general relativity are still extremely demanding.

Furthermore, by using this method, it is possible to estimate parameters related

to general relativity by directly contrasting it with the data.

3. Derive other parameters of interest in the theory of tilted cosmology, such as the

divergence of the peculiar velocity field studied in chapter 4. It is quite possible

that other measurable quantities can be extracted from the theoretical formula-

tion of tilted cosmology if this is studied deeply.

4. Elucidate the correct frame of reference in which the degree of anisotropy in

the deceleration parameter should be analyzed. This anisotropy is predicted by

tilted cosmology. However, a heated debate has arisen recently, as it remains

unclear which frame of reference is appropriate for analyzing the data without

losing important information. Once again, the key to resolving this discussion

may lie in a deeper study of the tilted-luminous distance derivation.

7.2.2 The elucidation of the LLSS dynamics via different

sources of data and different methods

One of the main challenges in analyzing the peculiar velocities of the local large-scale

structure is that they cannot be separated from the dynamics of the background uni-

verse. This requires assuming the cosmological principle to study the various multi-

polar contributions of the velocity field, attributing each deviation to a local rather

than cosmological origin. However, since it is impossible to distinguish which con-

tributions are truly due to local structure and which may arise from deviations from

the cosmological principle, analyzing the anisotropy of the universe from this data be-

comes unfeasible. A key contribution is the analysis in Sorrenti et al., 2024b, where a
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monopole, dipole, and quadrupole are fitted to the supernova redshift structure with-

out assuming a cosmological model. However, interpreting all of these contributions

as arising from the local large-scale peculiar velocity field, rather than a cosmological

origin, is heavily dependent on the a priori assumption of the cosmological principle.

One approach to mitigate cosmological dependence is to reconstruct the velocities

using mass density surveys and Newtonian physics. However, this approach ignores

possible relativistic effects that may significantly influence the dynamics. As discussed

in the previous section, there is a need to develop methods that incorporate relativistic

effects into these reconstructions. Specifically, the work presented in Chapter 5 moves

in this direction.

7.2.3 The development of alternative cosmological sources of

information to study the cosmological principle

Currently, the main sources of cosmological information are the Cosmic Microwave

Background (CMB) (Planck Collaboration et al., 2020), Baryon Acoustic Oscillations

(BAO) (DESI et al., 2024), and Type Ia Supernovae (SNIA) data (Scolnic et al., 2022),

with the latter being the most important for measuring the acceleration of the uni-

verse. Other recently developed observational fields include TRGB stars (Freedman

et al., 2020), JAGB stars (Madore & Freedman, 2020), cosmic chronometers (Borghi

et al., 2022), and gravitational lensing (Shajib et al., 2024). Gravitational waves have

also gained attention, particularly due to the results from the NANOGRAV collabo-

ration in pulsar array experiments (Agazie et al., 2023). On the other hand, the cos-

mic neutrino background (Scott, 2024) remains a theoretical predicted observable, still

without an experimental approach. The expansion of data sources provides a greater

number of independent methods for studying cosmology and, by extension, the cos-

mological principle. Thus, it is crucial to stimulate the study of methods such as TRGB

or gravitational lensing, which can serve as arbiters in the debates and tensions sur-

rounding more classical observables like the CMB and supernovae. Moreover, it is

possible that additional cosmological methods and observables are still under devel-

opment. Notably, the work on quasars (Marziani & Sulentic, 2014; Watson et al., 2011)

as potential indicators of cosmological parameters seems particularly promising.

The author of this thesis is also a part of the DESC collaboration, an international

scientific group focused on making high-accuracy measurements of fundamental cos-

mological parameters using data from the LSST (Collaboration et al., 2021). This col-
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laboration offers increased opportunities for the author to engage in work related to

other cosmological observables.

7.2.4 The importance of practicing pedagogy for a scientist

Finally, I would like to highlight the significant impact that actively engaging in ped-

agogy during my PhD has had on my development as a researcher. Throughout my

doctoral studies, I had the privilege of teaching a range of undergraduate courses in

physics at both the University of Valparaiso and the Federico Santa Marı́a University.

Among the courses I taught were Optics, Stellar Structure and Evolution, Astropar-

ticles, Electrodynamics, and Cosmology. Teaching Cosmology, in particular, was in-

credibly important, as it required me to study the fundamentals of physical cosmol-

ogy—from general relativity to thermal history—thus deepening my understanding

and enhancing the quality of this thesis.

I believe that research work during a PhD is often prioritized over pedagogical

work, with teaching relegated to a secondary or optional activity. However, in the

future, it is highly likely that a PhD in physics will also involve substantial time dedi-

cated to teaching and interacting with students. This shift in responsibilities should be

acknowledged by both professionals and academic institutions, as educational work

is as crucial as scientific research for doctoral physicists. It is essential to foster and

support development in both areas, ensuring that future researchers also excel as ed-

ucators.

Personally, I aspire to dedicate a significant portion of my career to teaching. I have

been fortunate to find a wonderful team of colleagues at the Federico Santa Marı́a Uni-

versity’s physics department, who are equally enthusiastic about this field. Together,

we are advancing the concept of active pedagogy, which focuses on engaging stu-

dents through active participation in the learning process. This pedagogical approach

has been fundamental to shaping my teaching methods, and I have drawn inspira-

tion from it to enhance the effectiveness of my lectures and create a more interactive

learning experience.
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Appendix

A.1 Physics of Newtonian velocity field reconstruc-

tion and insights of structure evolution

We study the physics behind the velocity field reconstruction used in chapter 4. The

matter is treated as a pessure-less ideal fluid. u is the velocity referred to an iner-

tial system with proper position r in physical units. t is invariant between observers.

We assume 3 fundamental equations to model the velocity field: mass conservation

(matter), Euler equation (fluid) and Poisson equation (gravity).

(
∂ρ

∂t

)
r
+∇r(ρu) = 0 (A.1)(

∂u
∂t

)
r
+ (u · ∇r)u = −∇rΦ (A.2)

∇2
r Φ = 4πGρ (A.3)

Co-moving coordinates

We introduce the co-moving coordinate x which expand with the Hubble flow. This

coordinate is related with the physical r coordinate as:

x =
r

a(t)
(A.4)
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The velocity u = ṙ can be writed as:

u = ȧx + aẋ = Hr + v (A.5)

Where H is the Hubble parameter and v the peculiar velocity. Consider a function in

co-moving coordinates f (t, x) = f (t, r/a(t)). We can compute the partial time deriva-

tive at a fixed physical location r in terms of fixed co-moving location x:(
∂ f
∂t

)
r
=

(
∂ f
∂t

)
x
− ȧ

a
x · (∇x f ) (A.6)

Note that ∇x = a∇r. In this section, we use the notation:

∇x = ∇ (A.7)
∂

∂t x
=

∂

∂t
(A.8)

Mass conservation

In co-moving coordinates, the mass conservation can be written as:

(
∂ρ

∂t

)
− ȧ

a
x · (∇ρ) +

1
a
∇ · (ρu) = 0 (A.9)

Replacing the density contrast:

(
∂

∂t
− ȧ

a
x · ∇

)
ρ̄(1 + δ) +

ρ̄

a
∇ · [(1 + δ)(ȧx + v)] = 0 (A.10)

Expanding and noting that ∇ · x = 3, we can finally write:

∂δ

∂t
+

1
a
∇ · [(1 + δ)v] = 0 (A.11)

Poisson equation

We can write Poisson equation in co-moving coordinates as:

1
a2∇

2Φ = 4πGρ̄(1 + δ)− Λ (A.12)

Where we have introduced the cosmological constant Λ. Defining the gravitational

potential as:
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Φ = ϕ +
2
3

πGρ̄a2x2 − 1
6

Λa2x2 (A.13)

Removing perturbations, we can write:

1
a2∇

2ϕ = 4πGρ̄δ (A.14)

Euler equation

Finally, the euler equation can be written as:

(
∂

∂t
− ȧ

a
x · ∇

)
(ȧx + v) +

1
a
[(ȧx + v) · ∇](ȧx + v)

= −1
a

ϕ −
(

4
3

πGρ̄ − 1
3

Λ
)

ax (A.15)

Recalling the acceleration equation for a pressure-less universe:

ä
a
= −4

3
πGρ̄ +

Λ
3

(A.16)

We can write for a zero cosmological constant:

(
∂

∂t
− ȧ

a
x · ∇

)
(ȧx + v) +

1
a
[(ȧx + v) · ∇](ȧx + v) = −1

a
ϕ + äx (A.17)

Which results in:

∂v
∂t

+
ȧ
a

v +
1
a
(v · ∇)v = −1

a
∇ϕ (A.18)

A.1.1 Linear Regime

Removing vδ or v2 terms, the linear mass conservation and Euler equation are:

∂δ

∂t
+

1
a
∇ · v = 0 (A.19)

∂v
∂t

+
ȧ
a

v +
1
a
∇ϕ = 0 (A.20)
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We can derivate the first equation w.r.t time and compute the divergence of the

second to get:

∂2δ

∂t2 +
1
a
∇ · ∂v

∂t
− ȧ

a2∇ · v = 0 (A.21)

∇ · ∂v
∂t

+
ȧ
a
∇ · v +

1
a
∇2ϕ = 0 (A.22)

Subtracting both:

∂2δ

∂t2 − 2
ȧ
a2∇ · v − 1

a2∇
2ϕ = 0 (A.23)

Finally we get:

∂2δ

∂t2 + 2
ȧ
a

∂δ

∂t
= 4πGρ̄δ (A.24)

For EdS universe, a ∝ t
2
3 and t = 1√

6πGρ̄
. Then the equation becomes:

∂2δ

∂t2 +
4
3t

∂δ

∂t
=

2
3t2 δ (A.25)

With the solution:

δ = A(x)t
2
3 + B(x)t−1 (A.26)

Where the growing mode is identified by the term δ = A(x)t
2
3 and governs the

evolution of the density contrast in time. Suppose that δ evolves with a growth mode

δ = A(x)D(t). Then the linear mass conservation equation goes as:

∇v = −a
∂δ

∂t
= −aAḊ = −aδ

Ḋ
D

(A.27)

Considering the velocity field as irrotational, we can integrate this Poisson equa-

tion to get finally:

v(x) =
aḊ

4πD

ˆ
d3x′δ(x′)

x′ − x
|x′ − x|3 (A.28)

This equation can be rewritten in the form:
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v(x) =
a f H
4π

ˆ
d3x′δ(x′)

x′ − x
|x′ − x|3 (A.29)

Where H = ȧ
a and f is the dimensionless Growth factor:

f =
1
H

Ḋ
D

(A.30)

Note that we can write also the growth factor as:

f =
d ln δ

d ln a
(A.31)

Therefore, we can write the velocity field in Hubble units as:

v(r) =
f

4π

ˆ
d3r′δ(r′)

r′ − r
|r′ − r|3 (A.32)

According the equation A.27, the divergence of the velocity field is proportional to

the density contrast δ as:

∇v = −a f Hδ (A.33)

These relations were used to compute the divergence of the local peculiar velocity

field in chapter chapter 4.

A.1.2 The Growth Factor and δ evolution

For and EdS universe:

H =
2
3t

(A.34)

And therefore, if δ ∼ t2/3 we have:

Ḋ
D

=
2
3t

(A.35)

And f = 1. However, if δ ∼ tα we get:
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Ḋ
D

=
α

t
(A.36)

The growth factor f for an EdS universe now becomes:

f =
3
2

α (A.37)

This is an important result. If α ≥ 2
3 , the density perturbation growth faster over

time and the peculiar velocities are bigger than was previously expected.

A.1.3 The Growth Factor as a parametrization of Ωm

We follow the treatment in Wang & Steinhardt, 1998. Using the acceleration equation

with a quintessential form for a pressure-less matter content:

ä
a
= −4πG

3
(
ρ̄ + ρQ + 3p

)
= −8πG

3
(

ρ̄ + ρQ

2
+

3
2

pQ) (A.38)

The state equation pQ = wρQ:

ä
a
= −8πG

3
(

ρ̄ + ρQ

2
+

3
2

wρQ) (A.39)

Recalling that the density parameter Ωm(a) can be defined as:

Ωm(a) =
8πGρ̄

3H2 (A.40)

ΩQ(a) =
8πGρQ

3H2 (A.41)

We get:

ä
a
= −H2[

Ωm(a)
2

+ (
3
2

w +
1
2
)ΩΛ(a)] (A.42)

Finally:

äa
ȧ2 = −1

2
[1 + 3w(1 − Ωm(a))] (A.43)
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Energy conservation

Using the energy conservation:

d(ρa3) = −pd(a3) (A.44)

And the relation:

ρ̄

Ωm
= ρ̄ + ρΛ = ρ (A.45)

We can write:

a3dρ + 3ρa2da = −wρQ3a2da (A.46)

a
(

dρ̄

Ωm
− ρ̄dΩm

Ω2
m

)
= 3[−(w + 1)ρQ − ρ̄]da (A.47)

(A.48)

We can expand the dρ̄ term as:

dρ̄ = −3ρ̄

a
da = −9H2Ωm

8πGa
da (A.49)

Then:

−a

(
9H2

8πGa
da +

3H2dΩm

8πGΩm

)
= 3[−(w + 1)

3H2(1 − Ωm)

8πG
− 3H2Ωm

8πGΩm
]da (A.50)

(A.51)

Rearranging terms and simplifying:

3wΩm(1 − Ωm) =
dΩm

d ln a
(A.52)

(A.53)

Perturbation equation

The linear perturbation equation for density contrast is:
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∂2δ

∂t2 + 2
ȧ
a

∂δ

∂t
= 4πGρ̄δ (A.54)

We can write the following logarithmic derivatives as:

d
d ln a

= a
d
da

=
a
ȧ

d
dt

(A.55)

Then:

d ln δ

d ln a
=

a
ȧ

δ̇

δ
(A.56)

d2 ln δ

d ln a2 =
a
ȧ

 δ̇

δ

d
dt

(
a
ȧ

)
+

a
ȧ

d
dt

(
δ̇

δ

) (A.57)

We have for the derivatives:

d
dt

(
a
ȧ

)
=

ȧ2 − aä
ȧ2 (A.58)

d
dt

(
δ̇

δ

)
=

δδ̈ − δ̇2

δ2 (A.59)

(A.60)

And for the second order logarithmic derivative:

d2 ln δ

d ln a2 =
a
ȧ

 δ̇

δ

(
ȧ2 − aä

ȧ2

)
+

a
ȧ

(
δδ̈ − δ̇2

δ2

) (A.61)

This can be written as:

d2 ln δ

d ln a2 =
d ln δ

d ln a

(
1 +

1
2
[1 + 3w(1 − Ωm)]

)
+

1
H2

δ̈

δ
−
(

d ln δ

d ln a

)2

(A.62)

Then:

δ̈ = H2δ

[
d2 ln δ

d ln a2 − d ln δ

d ln a

(
3
2
+

3
2

w(1 − Ωm)

)
+

(
d ln δ

d ln a

)2
]

(A.63)

2
ȧ
a

δ̇ = 2H2δ
d ln δ

d ln a
(A.64)
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The perturbation equation can be written in a intersting form:

d2 ln δ

d ln a2 +
d ln δ

d ln a

(
1
2
− 3

2
w(1 − Ωm)

)
+

(
d ln δ

d ln a

)2

=
3Ωm

2
(A.65)

Growth factor definition

With the definition:

f =
d ln δ

d ln a
(A.66)

And the result

3wΩm(1 − Ωm) =
dΩm

d ln a
(A.67)

We can use the derivative of the growth factor as:

d f
dΩ

=
d2 ln δ

d ln a2
d ln a
dΩm

(A.68)

And the perturbation equation could be transformed in a relation between f and

Ωm:

3wΩm(1 − Ωm)
d f
dΩ

+ f
(

1
2
− 3

2
w(1 − Ωm)

)
+ f 2 =

3Ωm

2
(A.69)

Parametrization

Usually, f can be parametrized with a power law function:

f = Ωγ(Ωm)
m (A.70)

And the equation becomes:

3w(1 − Ωm)γ + 3wΩm(1 − Ωm)
dγ

dΩm
ln Ωm (A.71)

+
1
2
− 3

2
w(1 − Ωm) + Ωγ

m − 3Ω1−γ
m

2
= 0 (A.72)
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This equation can be resolved numerically for a slowly varying state equation

( dw
dΩm

∼ 0) to get:

γ =
3

5 − w/(1 − w)
+

3
125

(1 − w)(1 − 3w/2)
(1 − 6w/5)3 +O[(1 − w)2] (A.73)

For ΛCDM with w = −1:

f ∼ Ω6/11
m (A.74)

Which is a well known result.

A.1.4 Some time-evolution insights of velocity components

The Divergence of the velocity field can be wrote in the linear regime as:

∇v = −a
∂δ

∂t
(A.75)

If δ ∝ t2/3 in a Eds Universe, then the expansion θ:

θ =
1
a
∇v ∝ t−1/3 (A.76)

We can derive a similar result with the linearized Euler equation written in tenso-

rial notation as:

∂tvi + Hvi +
1
a
(∇ϕ)i = 0 (A.77)

Taking the gradient of this expresion:

∂t(∂kvi) + H(∂kvi) +
1
a

∂k(∇ϕ)i = 0, (A.78)

we can get the expansion evolution equation aθ = ∇ · v = ∂kvk:

θ̇ = −2Hθ − 1
a2∇

2ϕ (A.79)

For the shear aσki = ∂(kvi)=
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σ̇ki = −2Hσki −
1
a2 ∂(k∂i)ϕ (A.80)

And for the vorticity aωki = ∂[kvi]:

ω̇ki = −2Hωki −
1
a2 ∂[k∂i]ϕ (A.81)

where the last term on the right side is zero due to the conservative nature of the

newtonian potential. The solution of this equation in an EdS universe is then:

ω̇ki = −2
ȧ
a

ωki = − 4
3t

ωki (A.82)

ωki ∝ t−4/3 (A.83)

This result comes from the Newtonian nature of the gravity potential. Using the

Poisson equation the divergence equation results in:

θ̇ = −2Hθ − 4πGρ̄δ (A.84)

θ̇ = −2Hθ − δ
3H2Ωm

2
(A.85)

If we set δ = A(x)D(t):

θ̇ = −2Hθ − A(x)D(t)
3H2Ωm

2
(A.86)

And for a Eds Universe δ ∝ t2/3:

θ̇ = − 4
3t

θ − 8
3t4/3 A(x) (A.87)

Which solves as:

d(θt4/3)

dt
= −8

3
A(x) (A.88)

θ(t)t4/3 = −8
3

A(x)t + C(x) (A.89)

θ(t) = −8
3

A(x)t−1/3 + C(x)t−4/3 (A.90)

153



APPENDIX A. APPENDIX

As this equation is linear of first order, we can get the expansion of the velocity field

evolution formulae in any FRWL cosmology. The general evolution of the divergence

equation can be written as:

θ̇ + 2Hθ = −δ
3H2Ωm

2
(A.91)

Note that the integrating factor of this equation is:

I = e
´

2Hdt = e2da/a = a2 (A.92)

Then:

d(θa2)

dt
= −δa2 3H2Ωm

2
(A.93)

θ(t) = − 3
2a2

ˆ
ȧ2Ωmδdt +

C
a2 (A.94)

(A.95)

Second order differential equations

The temporal derivative of the euler equation is:

∂2v
∂t2 + Ḣv + Hv̇ − H

a
∇ϕ +

1
a
∇ϕ̇ = 0 (A.96)

∂2v
∂t2 + Ḣv + Hv̇ + H (v̇ + Hv) +

1
a
∇ϕ̇ = 0 (A.97)

Ignoring the term ∇ϕ̇ we can write:

∂2v
∂t2 + 2Hv̇ + (Ḣ + H2)v = 0 (A.98)

For EdS universe Ḣ = − 2
3t2 = − 3H2

2 . Then:

∂2v
∂t2 + 2Hv̇ − H2

2
v = 0 (A.99)

And we can construct a differential equation for EdS universe:

∂2v
∂t2 +

4
3t

v̇ − 2
9t2 v = 0 (A.100)

9t2 ∂2v
∂t2 + 12tv̇ − 2v = 0 (A.101)

154



A.1. PHYSICS OF NEWTONIAN VELOCITY FIELD RECONSTRUCTION AND
INSIGHTS OF STRUCTURE EVOLUTION

With the solutions:

v(t) = C1t1/3 + C2t−2/3 (A.102)

Note that the growing mode for the evolution of the peculiar velocity field is ∝ t1/3.

The use of other ansatz for ∇ϕ̇ is deeply studied in chapter 5. We can construct also

a second order differential equation for the divergence equation taking the temporal

derivative :

θ̈ + 2Ḣθ + 2θ̇H − 2ȧ
a3 ∇

2ϕ +
1
a2∇

2ϕ̇ = 0 (A.103)

(A.104)

Ignoring the term ∇2ϕ̇ and using the euler equation we can write:

θ̈ + 2Ḣθ + 2θ̇H +
2ȧ
a2 (∇v̇ + H∇v) = 0 (A.105)

θ̈ + 2Ḣθ + 2θ̇H + 2H(
∇v̇
a

+ Hθ) = 0 (A.106)

Now we can remember the definition for the physical expansion θ, and therefore

its temporal derivative:

θ̇ =
∂

∂t

(
∇v
a

)
=

a∇v̇ −∇vȧ
a2 (A.107)

∇v̇
a

= θ̇ + Hθ (A.108)

Then:

θ̈ + 4Hθ̇ + H2θ = 0 (A.109)

(A.110)

Which results in the differential equation:

θ̈ +
8
3t

θ̇ +
4

9t2 θ = 0 (A.111)

9t2θ̈ + 24tθ̇ + 4θ = 0 (A.112)
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With the solutions:

θ(t) = C1t1/3 + C2t−4/3 (A.113)
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A.2 1+3 covariant formalism for cosmology

The covariant approach uses a local splitting of the spacetime into time and space, by

introducing a family of time-like observers. As the metric doesn’t provide a covari-

ant description, the covariant formalism uses instead the observers kinematic vari-

ables, the energy-momentum tensor and the gravito-electromagnetic components of

the Weyl tensor, leading to a set of equations that describe the kinematic and dynamic

evolution of the space-time. In this appendix I will review the basic features of the

covariant formalism in order to understand better the basis of tilted cosmologies.

A.2.1 The 1+3 covariant description

In this appendix, we follow the amazing review of Tsagas et al., 2008, keeping the

enough information needed to understand the work done in this thesis. The key equa-

tions in the covariant description of cosmology are the Ricci and Bianchi identities,

applied to the fluid 4-velocity vector, while Einstein’s equations are incorporated via

algebraic relations between the Ricci and the energy-momentum tensor. Following

Tsagas et al., 2008, latin indices vary between 0 and 3 and refer to arbitrary coor-

dinate, meanwhile greek indices run from 1 to 3. We will use the unit convention

c = 1 = 8πG.

Local spacetime splitting

Consider a general spacetime with a Lorentzian metric gab of signature (−, +, +, +)

and a family of observers with world-lines tangent to the time-like 4-velocity vector:

ua =
dxa

dτ
, (A.114)

where τ is the proper time. The vector ua determines the time direction, while the

projection tensor defined by:

hab = gab + uaub (A.115)

projects orthogonal to ua into the observers instantaneous rest space at each event.

In the absence of vorticity, hab is the metric of the dimensional spatial sections orthog-

onal to ua.
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The spacetime can be decomposed in time-like and space-like parts using the 4-

velocity ua and the projection tensor hab. These objects can also be used to define the

covariant time of any tensor Tab···
cd··· as:

Ṫab···
cd··· = ue∇eTab···

cd··· (A.116)

while the covariant spatial derivative is:

DeTab···
cd··· = he

sha
f hb

phq
chr

d · · · ∇sTf p···
qr··· , (A.117)

The contraction of the spacetime volume element (ηabcd) along the time direction

gives the volume element in the observer instantaneous rest frame:

εabc = ηabcdud . (A.118)

The gravitational field

In general relativity, energy modify the curvature of the spacetime as the latter dictates

the motion of the matter. The Einstein field equations represent this interaction:

Gab ≡ Rab −
1
2

Rgab = Tab − Λgab , (A.119)

where Gab is the Einstein tensor, Rab = Racb
c is the Ricci tensor, R is the trace of the

Ricci tensor, Tab is the energy-momentum tensor and Λ is the cosmological constant.

The twice contracted Bianchi identities guarantee that ∇bTab = 0 and total energy-

momentum conservation.

The Ricci tensor describes the local gravitational field, while the long-range grav-

itational field (mediated via gravitational waves and tidal forces) is encoded in the

Weyl conformal curvature tensor Cabcd. The splitting of the gravitational field is given by

the decomposition of the Riemann tensor as:

Rabcd = Cabcd +
1
2
(

gacRbd + gbdRac − gbcRad − gadRbc
)
− 1

6
R
(

gacgbd − gadgbc
)

,

(A.120)

The Weyl tensor shares all the symmetries of the Riemann tensor and is also trace-free.

The conformal curvature tensor decomposes into its irreducible parts:

Eab = Cacbducud and Hab =
1
2

εa
cdCcdbeue . (A.121)
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Then,

Cabcd =
(

gabqpgcdsr − ηabqpηcdsr

)
uqusEpr −

(
ηabqpgcdsr + gabqpηcdsr

)
uqusHpr , (A.122)

where

gabcd = gacgbd − gadgbc (A.123)

The spatial, symmetric and trace-free tensors Eab and Hab are known as the electric

and magnetic Weyl components. The electric part represent the well known tidal ten-

sor of the Newtonian gravitational potential, but Hab has no Newtonian counterpart.

The dynamics of the Weyl tensor are given by the Bianchi identities which gives:

∇dCabcd = ∇[bRa]c +
1
6

gc[b∇a]R , (A.124)

This equation can be splitted into a set of two propagation and two constraint equa-

tions, which govern the dynamics of the electric and magnetic Weyl components.

Matter fields

The energy-momentum tensor of an imperfect fluid decomposes into its irreducible

parts as:

Tab = ρuaub + phab + 2q(aub) + πab . (A.125)

where

ρ = Tabuaub (A.126)

is the matter energy density, while

p = Tabhab/3 (A.127)

is the effective isotropic pressure of the fluid and

qa = −ha
bTbcuc (A.128)

is the energy-flux vector. The tensor

πab = h⟨a
chb⟩

dTcd (A.129)
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is the symmetric and trace-free anisotropic stress tensor. We used angled brackets

denoting the symmetric and trace-free part of spatially projected second-rank tensors

and the projected part of vectors according to

S⟨ab⟩ = h⟨a
chb⟩

dScd = h(a
chb)

dScd −
1
3

hcdScdhab and V⟨a⟩ = ha
bVb , (A.130)

respectively (with S⟨ab⟩hab = 0).

When the fluid is perfect, there is a unique 4-velocity, relative to which qa, πab are

identically zero and the effective pressure reduces to the equilibrium one:

Tab = ρuaub + phab . (A.131)

If we additionally assume dust-like fluid with p = 0, we have the simplest case,

which includes baryonic matter (after decoupling) and cold dark matter. Otherwise,

we need to determine p as a function of ρ and potentially of other thermodynamic

variables in a equation of state. In general, the equation of state takes the form p =

p (ρ, s), where s is the specific entropy. For a barotropic fluid we have the simple and

well known relation p = p (ρ).

Expression (A.125) describes any type of matter, including electromagnetic radia-

tion and other scalars and vectorial fields. Since R = 4Λ − T, with T = Ta
a, Einstein’s

equations can be written as:

Rab = Tab −
1
2

Tgab + Λgab . (A.132)

The successive contraction of the above leads to a set of useful relations:

Rabuaub =
1
2
(ρ + 3p)− Λ , (A.133)

ha
bRbcuc = −qa , (A.134)

ha
chb

dRcd =
1
2
(ρ − p)hab + Λhab + πab . (A.135)

A.2.2 Covariant relativistic cosmology

There are various physical choices in cosmology for the fundamental 4-velocity field

that defines the 1 + 3 splitting of spacetime. The two common used frames are the

one in which the dipole of the CMB anisotropy vanishes and the other one is the local

rest-frame of the matter. In specific situations, it may be appropriate to choose the

frame that simplifies the physics. Once ua is specified, its integral curves define the

worldlines of the fundamental observers.
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Kinematics

The motion of an observer is characterized by the irreducible kinematic quantities

associated with the ua velocity field, which arise from the covariant decomposition of

the 4-velocity gradient:

∇bua = σab + ωab +
1
3

Θhab − Aaub , (A.136)

where σab is the shear tensor, defined as σab = D⟨bua⟩, ωab is the vorticity tensor, de-

fined as ωab = D[bua], Θ is the volume expansion scalar, with Θ = ∇aua = Daua, and

Aa is the 4-acceleration vector, Aa = u̇a = ub∇bua. The shear tensor σab describes the

deformation of a fluid element’s shape without changing its volume, while ωab rep-

resents the rotation (vorticity), Θ represents the expansion or contraction of volume,

and Aa accounts for non-gravitational forces acting on the observer. It’s important to

note that Aa vanishes when motion is solely governed by gravity.

By construction, we have:

σabua = 0 = ωabua = Aaua (A.137)

The tensor vab = Dbua = σab + ωab + (Θ/3)hab describes the relative motion be-

tween two nearby observers. Specifically, va = vabχb represents the relative velocity

between the worldlines of the two observers, where χa is the relative position vector

between them.

The volume expansion scalar Θ governs the average separation between neigh-

boring observers and is used to define a representative length scale a by the relation

ȧ/a = Θ/3, which corresponds to the Hubble parameter. The vorticity causes changes

in the orientation of a fluid element without altering its volume or shape, whereas the

shear affects the shape but leaves the volume unchanged.

The covariant kinematics are determined by a set of equations, which are purely

geometrical in origin and essentially independent of the Einstein equations. Both sets

emerge after applying the Ricci identities:

2∇[a∇b]uc = Rabcdud , (A.138)

to the fundamental 4-velocity vector defined in (A.114). Substituting in from (A.136),

using decompositions (A.120), (A.122) and the auxiliary relations (A.133)-(A.135), the

timelike and spacelike parts of the resulting expression lead to a set of three propaga-

161



APPENDIX A. APPENDIX

tion and three constraint equations. The former contains Raychaudhuri’s formula:

Θ̇ = −1
3

Θ2 − 1
2
(ρ + 3p)− 2(σ2 − ω2) + Da Aa + Aa Aa + Λ , (A.139)

for the time evolution of Θ; the shear propagation equation:

σ̇⟨ab⟩ = −2
3

Θσab − σc⟨aσc
b⟩ − ω⟨aωb⟩ + D⟨a Ab⟩ + A⟨a Ab⟩ − Eab +

1
2

πab , (A.140)

which describes kinematical anisotropies; and the evolution equation of the vorticity:

ω̇⟨a⟩ = −2
3

Θωa −
1
2

curl Aa + σabωb . (A.141)

Here, σ2 = σabσab/2 and ω2 = ωabωab/2 = ωaωa are respectively the scalar square

magnitudes of the shear and the vorticity, while Eab is the electric component of the

Weyl tensor.

The spacelike component of (A.138) leads to a set of three complementary con-

straints. These are the shear constraint

Dbσab =
2
3

DaΘ + curl ωa + 2εabc Abωc − qa , (A.142)

the vorticity-divergence identity

Daωa = Aaωa , (A.143)

and the magnetic Weyl equation

Hab = curl σab + D⟨aωb⟩ + 2A⟨aωb⟩ . (A.144)

Raychaudhuri’s equation is fundamental to the study of gravitational collapse, as

it describes how the average separation between two neighboring observers changes

over time. For this reason, Equation (A.139) has been central to all singularity the-

orems. Negative terms on the right-hand side of (A.139) lead to contraction, while

positive terms oppose collapse. This implies that conventional (non-phantom) matter

is always attractive, unless the pressure satisfies p < − ρ
3 .

Conservation laws

The twice contracted Bianchi identities guarantee the conservation of the total energy-

momentum tensor. This constraint splits into a timelike and a spacelike part, which

respectively lead to the energy and the momentum conservation laws. When dealing

with a general imperfect fluid, the former is

ρ̇ = −Θ(ρ + p)− Daqa − 2Aaqa − σabπab , (A.145)
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while the latter satisfies the expression

(ρ + p)Aa = −Da p − q̇⟨a⟩ −
4
3

Θqa − (σab + ωab)qb − Dbπab − πab Ab . (A.146)

When the fluid is perfect, the energy-momentum tensor is given by (A.131) and the

above reduce to

ρ̇ = −Θ(ρ + p) and (ρ + p)Aa = −Da p , (A.147)

respectively. It follows, from (A.147b), that the sum ρ+ p describes the relativistic total

inertial mass of the medium.
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A.3 Marginalization of parameters in cosmological

analysis

A.3.1 Maximum likelihood method

In the scientific context, frequentist statistics allows us to calculate the probability of

observing the result of an experiment given a theoretical model. Thus, if C is the

theoretical model (cause) and E is the result of the experiment (effect), the probability

of observing E given that C occurs is given by the conditional probability:

P(E/C) =
P(E ∩ C)

P(C)

Bayes’ theorem allows us to invert this relationship, so we can estimate the proba-

bility that a certain theoretical model Cθ is correct, given that we observe the results

of an experiment. This theorem is stated as:

P(Cθ/E) =
P(E/Cθ)P(Cθ)

P(E)
=

P(E/Cθ)P(Cθ)

∑θ P(E/Cθ)P(Cθ)

We will identify the following elements in Bayes’ theorem:

1. P(E/Cθ) is the conditional probability of observing the data given a model. If

the model Cθ is defined by the set of parameters θ and x are the observed values

of a certain physical variable, then this conditional probability is a probability

distribution of the variable x given the parameters θ:

P(E = x/Cθ) = f (x; θ)

If we consider that in each realization of the experiment a value xi was obtained,

then the total probability of observing the set of values x given a parameter θ, if

the realizations are independent is:

f (x; θ) = ∏
i

f (xi, θ)

Commonly, the probability distribution of each experiment run whose error is

σi is assumed Gaussian. We will then say that xi is distributed in a Gaussian

manner, where the average µ(θ) is the expected theoretical value of the variable

x given the theoretical model Cθ :
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f (x; θ) =
N

∏
i

1√
2πσ2

i

e
− 1

σ2
i
[xi−µ(θ)]2

Where N is the amount of data.

2. P(Cθ) is called a priori probability and represents the prior information we

know about the parameters of the theoretical model. In the language of statis-

tical analysis, this term is a probability distribution of θ that is called prior p(θ)

and if we do not know much a priori information about the possible parameters

θ , we can assign a uniform probability to each possible value. Thus, if θ moves

in an interval [θ1, θ2]:

p(θ) =
1

θ2 − θ1

If a large range of parameters is used, then the prior is known as a weakly in-

formative prior.

3. P(E) is the total probability of observing the result of the experiment given

the entire space of possible theoretical models. This term is known as marginal

probability and in practice it is not known. However, since it is a numerical value,

we can ignore it and assign it a normalization constant Z. Thus, Bayes’ theorem

is written:

P(Cθ/E) =
1
Z

P(E/Cθ)P(Cθ)

4. P(Cθ/E) is the a posteriori probability of the model Cθ given that the outcome

E of the experiment was observed. This term is known as Likelihood L(θ; x):

P(Cθ/E) = L(θ; x)

Which is the basis of the most used technique in cosmology to estimate cos-

mological parameters: The maximum likelihood method. Given a parameter

space θ for a given model, we can find the best values for these parameters if we

can maximize the posterior probability.

Given the above information, we can write Bayes’ theorem as:
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L(θ; x) =
1
Z

f (x; θ)p(θ)

We can simplify the problem a little if we take the natural logarithm of the previ-

ous expression, since the logarithm is an increasing function. We define the LogLike-

lihood LL as:

LL = ln
(

1
Z

)
+ ln f (x; θ) + ln p(θ)

Which in the case of Gaussian realizations is:

LL = ln
(

1
Z

)
+ ln p(θ) +

N

∑
i

ln

 1√
2πσ2

i

−
N

∑
i

(
xi − µ(θ)

σi

)2

(A.148)

We will then maximize this function with respect to the parameter θ. Note that

the derivative of the first 3 terms on the right with respect to θ becomes 0, since they

are all constants for a uniform prior. Thus, maximizing likelihood is equivalent to

minimizing the factor χ2:

χ2 =
N

∑
i

(
xi − µ(θ)

σi

)2

A.3.2 Distance modulus

The distance modulus of an object with apparent magnitude m and absolute magni-

tude M can be written as:

µ = m − M (A.149)

If we consider supernova data, each data provides an apparent magnitude mi at

a redshift zi. If we assume that they are standard candles, the value of M must be

the same for all of them. Thus, we can define the distance modulus µi for a redshift

supernova zi as:

µi = mi − M (A.150)

Furthermore, the luminous distance for a model of a universe dominated by matter

and cosmological constant (model ΛCDM) as a function of the redsfhit z depends on

two parameters H0 and Ω0,M. For a redshift zi, this can be written as:
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dΛCDM
L (zi; H0, Ω0,M) = c

1 + zi

H0

ˆ zi

0

dz′√
E(z′)

(A.151)

Where E(z) =
√

Ω0,M(1 + z)3 + (1 − Ω0,M). In this way, the distance module as a

function of the parameters H0 and Ω0,M can be written as:

µ(zi; Ω0,M, H0) = 5 log10
dΛCDM

L
10Mpc

+ 25. (A.152)

Alternatively, the luminous distance can also be defined for low redshift based on

the parameters H0 and q0 which is known as cosmographic luminous distance:

dC
L (zi; H0, q0) =

c
H0

[zi +
(1 − q0)

2
z2

i ] (A.153)

Therefore, the distance module would be defined by:

µ(zi; H0, q0) = 5 log10
dC

L
10Mpc

+ 25 (A.154)

In any case, the function to be minimized will be:

χ2 =
N

∑
i

(
∆iµ

σi

)2

Where:

∆iµ = µi − µ(zi; θ̂) = mi − 5 log10
dL(zi, θ̂)

10Mpc
− (M + 25) (A.155)

The vector θ̂ represents the parameters of the luminous distance used, either

ΛCDM (θ̂ = H0, Ω0,M) or the distance cosmographic (θ̂ = H0, q0).

A.3.3 Marginalization

We can see that in the two luminous distance functions, the parameter H0 appears as

a factor of the form:

dL(z; H0, α) =
1

H0
F(z; α) (A.156)

Where α is either the decelaration parameter q0 or the matter density parameter

Ω0,M depending on the luminous distance we want to use. This implies that in the

function ∆iµ, there will be a degeneration of the parameters M and H0:
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∆iµ = mi − 5 log10
F(zi; α)

10Mpc
− (M − 5 log10 H0 + 25) (A.157)

= mi − 5 log10
F(zi; α)

10Mpc
−M (A.158)

= ∆mi(α)−M (A.159)

Where we have defined the parameter M = M − 5 log10 H0 + 25 and the func-

tion ∆mi(α) = mi − 5 log10
F(zi ,θ)
10Mpc . This means that we cannot determine H0 and M

independently using only the supernova data, since there are infinitely many combi-

nations of M and H0 that result in the value of the parameter M. To determine H0

with only supernova data, we need other standard candles to act as calibrators (such

as Cepheids). These calibrators allow us to determine the value of M independently

and thus break the degeneration in M. In any case, only with supernovae can the

value of Ω0,M and q0 be determined, which is very important since they give us in-

formation about the value of the cosmological constant. To do this, it is possible to

perform the minimization of χ2 on the parameters M and α. However, there is a way

to marginalize the parameter M to only work with the parameter α, integrating over

the entire space of possible values of M. If we integrate the Likelihood in the pa-

rameter M, given a uniform prior p we can obtain the likelihood of the cosmological

parameter α as:

L(α) =
ˆ

L(α,M)dM =
1
Z

p(α;M)

 N

∏
i

1√
2πσ2

i

 ˆ e
−∑N

i
1

σ2
i
[∆mi(α)−M]2

dM

Developing the square of the Gaussian term:

e
−∑N

i
1

σ2
i
[∆mi(α)−M]2

= e
−∑N

i
∆mi(α)

2

σ2
i e

[
2M∑N

i
∆mi(α)

σ2
i

−M2 ∑N
i

1
σ2

i

]
(A.160)

= e−χ2
0 e−[M2B−2MA] (A.161)

Where we have defined:
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χ2
0 =

N

∑
i

∆mi(α)
2

σ2
i

(A.162)

A =
N

∑
i

∆mi(α)

σ2
i

(A.163)

B =
N

∑
i

1
σ2

i
(A.164)

Let’s notice that we can write:

(
√

BM− A√
B
)2 − A2

B
= M2B − 2MA (A.165)

Therefore it is convenient to change the variable:

u =
√

BM− A√
B

(A.166)

du =
√

BdM (A.167)

The result of the integral is then:

ˆ
e
−∑N

i
1

σ2
i
[∆mi(α)−M]2

dM =
1√
B

e−(χ2
0− A2

B )
ˆ

e−u2
du =

√
π

B
e−(χ2

0− A2
B )

And therefore, the marginalized Likelihood can be written as:

L(α) = 1
Z

p(α;M)

 N

∏
i

1√
2Bσ2

i

 e−(χ2
0− A2

B ) (A.168)

Finally, we take the natural logarithm of the previous expression:

LL(α) = ln

 1
Z

p(α;M)

 N

∏
i

1√
2Bσ2

i


−

[
χ2

0 −
A2

B

]
(A.169)

And assuming a uniform prior, we see that only the second term on the right will

depend on the parameter α. In this way, maximizing the marginalized Likelihood will

be the same as minimizing the marginalized χ2 function:

χ2 = χ2
0 −

A2

B
(A.170)
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A.3. MARGINALIZATION OF PARAMETERS IN COSMOLOGICAL ANALYSIS

A.3.4 Non-diagonal covariance matrix

The previous analysis can be extended easily for a non-diagonal covariance matrix (see

Conley2010).Inthiscase, i f wedenotethemagnitudevectordataasm, thecovariancematrixasCandIbeingtheidentitymatrix, then :

χ2 = χ2
0 −

A2

B
(A.171)

With the definitions:

χ2
0 = ∆mT · C−1 · ∆m (A.172)

A = ∆mT · C−1 · I (A.173)

B = IT · C−1 · I (A.174)
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Gödel K., 1949, Rev. Mod. Phys., 21, 447

Goodman J., Weare J., 2010, Communications in Applied Mathematics and Computa-

tional Science, 5, 65

Green S. R., Wald R. M., 2011, Phys. Rev. D, 83, 084020

Guth A. H., 1981, Phys. Rev. D, 23, 347

Haslbauer M., Banik I., Kroupa P., 2020, Monthly Notices of the Royal Astronomical

Society, 499, 2845

Heinesen A., 2021, JCAP, 05, 008

Helbig P., 2021, European Physical Journal H, 46, 10

Hogg D. W., Eisenstein D. J., Blanton M. R., Bahcall N. A., Brinkmann J., Gunn J. E.,

Schneider D. P., 2005, ApJ, 624, 54

Hollands S., Wald R. M., 2002, General Relativity and Gravitation, 34, 2043–2055
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