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Executive summary

Time series is a sequence of data collected at a regular and specific periods like hourly, daily,
weekly, monthly or yearly [1]; it appears in many different areas and may involve a dynamic
phenomena [2]. For example, forecasting the Runoff-Rainfall relationship (forecasting runoff
values from previous values of both runoff and rainfall among other variables) is a main field
in hydrology because it provides information to engineers for the urban and environmental
planning such as land use, flood and water resources management of a watershed, among
others [3]. In economy, time series forecasting in stock price prediction, investment, and
financial sector helps investors, fund managers, and insurance companies to make decisions
for better returns [4].

There exist several approaches for developing a forecasting model. Two of the most
common are, on the one hand, time series methods that encompass techniques such as
Autoregression (AR), Moving Average (MA), Autoregression Moving Average (ARMA),
Autoregressive Integrated Moving Average Model (ARIMA), Autoregressive Conditional
Heteroscedasticity model (ARCH) and Generalized Autoregressive Conditional Heteroscedas-
ticity model (GARCH), among others [5]. On the other hand, machine learning techniques
such as support vector regression (SVR) and Artificial Neural Networks (ANNs) have re-
ceived a lot of attention in time series forecasting [2], because they outperform the classical
methods. ANNs can learn a non-linear relationship between input and output to approximate
any continuous function (beneficial for complex data) [6]. There are a lot of algorithms but
the feed-forward backpropagation type is frequently applied due to having less complexity
than other architectures [7].

ANNs are effective for handling datasets with noisy characteristics, especially in cases
where the underlying physical relationships are not clear. In uncertain environments, fuzzy
logic has emerged as a useful approach to model time series. Neuro-Fuzzy model is a
structure in which the neural network uses the training data to determine the membership
functions (a curve that defines how each point in the input space is mapped to a degree of
membership) and fuzzy rules of the fuzzy logic system [8]. The basic idea of combining
fuzzy systems and neural networks is to design an architecture that uses a fuzzy system to
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represent knowledge in an interpretative manner and the learning ability of a neural network
to optimize its parameters. Thus, the drawbacks of both of the individual approaches - the
black-box behavior of neural networks and the problems of finding suitable membership
values for fuzzy systems- could be mitigated [9].

Many Neuro-Fuzzy systems for function approximation are based on Takagi-Sugeno
fuzzy systems, because they allow the application of gradient descent learning if a differen-
tiable membership function (e.g. Gaussian) is used [10]. The first and still one of the popular
Neuro-Fuzzy systems is Jang’s ANFIS model proposed in 1991 [11]. ANFIS (adaptive
network-based fuzzy inference system) is a Neuro-Fuzzy method to determine the parameters
of a Sugeno-type fuzzy model which is represented as a special feed-forward network. This
model has been used to predict real-world time-series data such as water level prediction [12],
weather forecasting [13], Worldwide Interoperability for Microwave Access (WiMAX) traffic
prediction [14] and runoff prediction ([15, 16]), among others. However, ANFIS employs
offline learning which suffers from increased computational time and requires retraining to
capture recent changes in the system. Moreover, the number of rules in ANFIS is predefined
by the user, and overfitting is a common problem when the data are overtrained by ANFIS
[17].

Therefore, several models have been proposed for improving the accuracy of the forecast.
Various hybrid models, like the Fuzzy information systems with ARIMA [18], Fuzzy wavelet
neural networks with GARCH [19], or fuzzy systems with recurrent component [20], have
been successfully applied in time series prediction. On the other hand, an extension of
ANFIS model called Self-Organization Neuro-Fuzzy Inference System (SONFIS), has been
proposed by [21, 22]. Its basic structure and functionality are similar to the ANFIS model but,
during the learning procedure, the SONFIS self organizes its architecture to automatically
identify the number of premises and consequences needed to model the available complex
and high dimensional data.

An aspect to consider in forecasting models is that information can be obtained from mul-
tiple types of instruments, experimental designs, and other types of sources. As phenomena
usually tend to be studied from different perspectives, it is unusual for a single method of
data acquisition to provide a complete understanding of it. Besides, studying the different
sources of information provides a better description of the event than doing it with each
measure separately [23]. Data fusion and stacking models use a combination of multiple
sources to achieve improved accuracy and more specific inferences than could be achieved
by the use of a single sensor [24]. The interest in stacking arises from two main benefits it
can provide. First, having access to multiple modalities that observe the same phenomenon
may allow for more robust predictions. Second, having access to multiple modalities might
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allow us to capture complementary information, something that is not visible in individual
modalities on their own [25].

Data acquired from multiple sensors can be fused or stacked at a variety of levels: the
raw data level, the feature level, or the decision level. At the raw data level, Diao et al. [26]
proposed a novel algorithm to reduce the amount of incoming data by combining several
multivariate time series into one. In the feature level, Guo et al. [27], developed a forecasting
model to merge features based on financial time series. They extracted different features from
time series that were then combined to obtain the next day’s price. Fusion at the decision
level is the most common approach. Many studies use models for stacking the results of
different classifiers to obtain a global output [28, 29]. This level implies the usage of an
statistical approach such as simple and weighted average, median, selection of the best initial
results, multiple linear regression [30], among others, or to develop a model based on the
concept of stacking generalization, a type of ensemble learning that combines the output of a
number of single models or base learners through another learner such as ANN or another
machine learning approach [31, 32, 30, 33, 34, 35, 36, 37]

Most fusion studies on time series at different levels are developed to obtain a good
accuracy in the classification task and there are only a few of proposals that focus on the
regression task. Since few studies combine Neuro-Fuzzy models with fusion or stacking
techniques for time series forecasting and considering that stacking would have lower
prediction error than the single forecasts, in this work, a new framework combining a Neuro-
Fuzzy model and a stacking approach to improve time series forecasting is proposed. The
novelty of this work focuses on the generation of a Neuro-Fuzzy framework that allows
single predictions and stacking of various sources of information to perform a regression task
on time series.

This thesis is organized as follow
Chapter 1 presents an extended introduction to the work and the general and specific

objectives are described. Chapter 2 includes a review of the literature associated with the state
of the art, including the principles of time series and fuzzy logic, Neuro-Fuzzy models, and a
review of data fusion approaches on time series forecasting. Chapter 3 covers the proposal
for the new Stacking Neuro-Fuzzy framework for time series, including a new Neuro-Fuzzy
framework called Self- Identification Neuro Fuzzy Inference Model (SINFIM) for single
time series forecasting and the alternative applied as stacking approach. Chapter 4 focuses
on experimental results, using a hydrological application for modeling the Rainfall-Runoff
relationship in two Chilean watersheds as case study. Chapter 5 presents some discussion.
Finally, the Chapter 6 concludes with some remarks and future work.



"You can’t put a limit on anything. The more you dream, the farther you get"
Michael Phelps
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Abstract

Neuro-fuzzy models have emerged as a useful approach for time series forecasting given the
ability of neural networks to optimize parameters in a fuzzy system. However, learning struc-
tures have to consider that information can be obtained from different types of instruments,
experimental designs, and other types of sources. Considering that most stacking approaches
are based on the classification task, the aim of this work was to propose a new stacking
Neuro-Fuzzy framework for the regression task in time series forecasting. This proposal
was developed by taking the Rainfall-Runoff modeling phenomenon as a case study. The
proposed framework involves two modules: the new Self-Identification Neuro-Fuzzy Infer-
ence model (SINFIM) developed for single forecasting and the Self-Organizing Neuro-Fuzzy
Inference System (SONFIS) as stacking approach. Data from two Chilean watersheds (the
Diguillín river (Ñuble region) and Colorado river (Maule region)) and average daily runoff
and average daily rainfall recorded from eighteen years were collected from the Chilean
directorate of water resources (DGA). The experimental results showed a good fit in most
single forecasting of runoff, with meteorological stations showing both fit and efficiency
indexes greater than 80% in the validation set, being able to efficiently predict both high and
low runoff values. However, better results were obtained with the stacking model, being
higher than single runoff predictions and other approaches such as average, multiple linear
regression (MLP), Artificial Neural Network (ANN), and Adaptive Neuro-Inference System
(ANFIS). Therefore, the general framework proposed represents a solid alternative to forecast
(in the study case) the runoff in a given watershed, since it obtains good performance rates
and the fusion approach can improve the prediction and get more accurate values than single
models.



Resumen

Los modelos Neuro-Difusos han surgido como un enfoque útil para el pronóstico de series de
tiempo dada la capacidad de las redes neuronales para optimizar los parámetros en un sistema
difuso. Sin embargo, las estructuras de aprendizaje deben considerar que la información
se puede obtener de diferentes tipos de instrumentos, diseños experimentales y otros tipos
de fuentes. Teniendo en cuenta que la mayoría de los enfoques de Stacking se basan en la
tarea de clasificación, el objetivo de este trabajo fue proponer un nuevo modelo Stacking
Neuro-Difuso para la tarea de regresión en el pronóstico de series de tiempo. Esta propuesta
fue desarrollada tomando como caso de estudio el fenómeno de modelado de Precipitación-
Caudal. El modelo propuesto comprende dos módulos: el nuevo método Self-Identification
Neuro-Fuzzy Inference model (SINFIM) desarrollado para el pronóstico individual y el
Self-Organizing Neuro-Fuzzy Inference System (SONFIS) como herramienta de stacking.
Los datos de dos cuencas hidrográficas chilenas (el río Diguillín (Región de Ñuble) y el
río Colorado (Región de Maule)) y la escorrentía diaria promedio y la precipitación diaria
promedio registrada de dieciocho años fueron recolectados de la Dirección General de Aguas
de Chile (DGA). Los resultados experimentales mostraron un buen ajuste en las predicciones
individuales de caudal, con estaciones meteorológicas mostrando índices de ajuste y eficiencia
superiores al 80 % en el conjunto de validación, pudiendo predecir eficientemente tanto
valores altos como bajos de escorrentías. Sin embargo, se obtuvieron mejores resultados con
el modelo de Stacking, siendo superior a las predicciones de escorrentía individuales y otros
enfoques como el promedio, regresión lineal múltiple (MLP), Red neuronal artificial (ANN)
y Sistema de Neuro-Inferencia adaptativa (ANFIS). Por lo tanto, el marco general propuesto
representa una alternativa sólida para pronosticar (en el caso de estudio) la escorrentía en una
cuenca determinada, ya que obtiene buenos índices de desempeño y el enfoque de fusión
puede mejorar la predicción y obtener valores más precisos que los modelos individuales.
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Chapter 1

Introduction

A time series is a set of observations xt , each one being recorded at a specific time t. These
observations are made sequentially at specific period like hourly, daily, weekly, monthly
or yearly [1], and are found in a wide variety of areas such as economics and finance,
environmental modeling, meteorology and hydrology, demographics, medicine, engineering,
quality control, among others [2, 3, 4]. Time series modeling is a dynamic process that
studies the past observations of a time series to develop an appropriate model that describes
the inherent structure of the series. This model is then used to generate future values for
the series, that is, to make forecasts. Therefore, time series forecasting can be termed as
the act of predicting the future by understanding the past, and which success depends on an
appropriate model fitting [39].

There exist several approaches to develop models for time series forecasting that could
be grouped in two categories: classic statistical models and machine learning approaches.
In the first group, there are linear methods such like Autoregressive (AR) and Moving
Average (MA) models. Combining these two, the Autoregressive Moving Average (ARMA)
and Autoregressive Integrated Moving Average (ARIMA) models have been proposed in
literature. The Autoregressive Fractionally Integrated Moving Average (ARFIMA) model
generalizes ARMA and ARIMA models [40]. For seasonal time series forecasting, a variation
of ARIMA, the Seasonal Autoregressive Integrated Moving Average (SARIMA) model is
used. However many practical time series show non-linear patterns such as, for example,
the volatility changes in economic and financial time series. Considering this fact, various
nonlinear statistical models have been suggested such as the Autoregressive Conditional
Heteroskedasticity (ARCH) model and its variations like Generalized ARCH (GARCH) and
Exponential Generalized ARCH (EGARCH) [9], the Threshold Autoregressive (TAR) model,
the Non-linear Autoregressive (NAR) model, and the Nonlinear Moving Average (NMA)
model, among others [5].
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In the second group, machine learning techniques such as Support Vector Regression
(SVR) and Artificial Neural Networks (ANNs) are received recently a lot of attention in time
series forecasting [2] because these approaches outperform the classical methods. The main
feature of ANNs, when applied to time series forecasting problems is their inherent capability
of non-linear modeling, without any presumption about the statistical distribution followed
by the observations. The appropriate model is adaptively formed based on the given data
[6]. There are a lot of algorithms but the feed-forward backpropagation type is frequently
applied due to having less complexity than other architectures [7]. ANNs are effective for
handling high dimensional datasets with noisy characteristics, especially in cases where the
underlying physical relationships are not clear.

In uncertain environments, fuzzy logic has emerged as a useful approach to model time
series. A Neuro-Fuzzy model combines ANN and fuzzy logic and effectively integrates the
learning capability of neural networks into the development process of a fuzzy inference
system. That is, it helps to determine the membership functions and fuzzy rules through
learning from the data using the neural network [8, 41]. In this way, the accuracy of modeling
by the fuzzy system can be greatly enhanced. Thus, the drawbacks of both of the individual
approaches - the black-box behavior of neural networks and the problems of finding suitable
membership values for fuzzy systems- could be mitigated [9]

Due to the different connections between ANN and the fuzzy system, a number of
Neuro-Fuzzy models have been proposed. The Adaptive-Network-Based Fuzzy Inference
System (ANFIS) proposed by Jang [11] was one of the first and still one of the popular
Neuro-Fuzzy systems, and it represents a Sugeno-type fuzzy inference system implemented
in the framework of an adaptive neural network with supervised learning capability. It has
been widely adopted in many real world applications such as such as water level prediction
[12], weather forecasting [13], Worldwide Interoperability for Microwave Access (WiMAX)
traffic prediction [14] and runoff prediction ([15, 16]), among others.

However, ANFIS employs offline learning which suffers from increased computational
time and requires retraining to capture recent changes in the system. Moreover, the number
of rules in ANFIS is predefined by the user, and overfitting is a common problem when
the data are overtrained by ANFIS. In fact, every data set that is trained using ANFIS has
its maximum number of epochs before overfitting occurs [17]. In order to overcome these
drawbacks, hybrid algorithms have been proposed using techniques such as Principal Com-
ponent Analysis (ANFIS-PCA), wavelet transform (WANFIS), Particle Swarm Optimization
(ANFIS-PSO), or Grey Wolf Optimizer (ANFIS-GWO), among others [42, 43, 44, 45]. An-
other method is Self-Organization Neuro-Fuzzy Inference System (SONFIS), an extension of
ANFIS proposed by Allende-Cid et al. [21, 22], where the network automatically organizes
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itself to identify the set of Takagi-Sugeno-Kang type rules necessary to model the data set,
overcoming the problem to set it by user.

An aspect to consider in forecasting models is that information can be obtained from
different types of instruments, experimental designs, and other types of sources. As phe-
nomena usually tend to be studied from different perspectives, it is unusual for a single
method of data acquisition to provide a complete understanding of it [23]. Thus, a suitable
combination of various time series models could provide a more complete and accurate
representation of phenomena than each individual model [30]. An alternative is to develop
a model based on the concept of stacking generalization, a type of ensemble learning that
combines the output of a number of single models or base learners through another learner
[31, 46]. This integration of single models achieves improved accuracy and more specific
inferences than using a single sensor [24], and it might allow to capture complementary
information, something that it is not visible in individual modalities on their own [25].

Considering this idea of integrating the output of different models, several schemes
have been applied for many forecasting areas, using various statistical methods such as
simple and weighted average, median, selection of the best initial results, multiple linear
regression or ANN, among others [30, 33, 34, 35, 36, 37]. In most of these studies, stacking
methods showed more accurate forecasts than single models, but ANN outperformed the
other approaches. Based on this, some research have proposed specific types of ANN for
stacking outputs such as radial basis function neural networks (RBFNN) [47, 36], back
propagation neural network (BPNN), Elman neural network (ENN) [48] or hybrid methods
based on continuity equation [49] or Grey relational analysis (GRA) [50]. Despite good
performance obtained using ANN, some researchers suggest it may not be able to model
non-stationary data, mainly if a pre-processing of input and/or output step is not performed
[51, 52, 53]. Thus, fuzzy approaches have been used as combination models showing good
results [54, 55]. However, Neuro-Fuzzy models have not been applied as stacking alternatives,
only as single predictive methods, even considering its advantages in terms of explainability
and modeling phenomena associated with degrees of uncertainties [10].

Most fusion studies in time series at different levels are developed to obtain good accuracy
in classification task and there are few kinds of research that focus on the regression task.
The last is important when data is distributed due to privacy, security, or ethical concerns
and sharing data is not possible [56]. In other cases, it can be obtained a global model that
allows predicting particular events at points that do not have enough data. Since few studies
combine Neuro-Fuzzy models with fusion techniques for time series forecasting, in this
work, a new structure combining a Neuro-Fuzzy model and a data fusion approach (based on
the concept of stacking generalization) to improve time series forecasting is proposed. The
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novelty of this work focuses on the generation of a new Neuro-Fuzzy framework that allows
the incoming and stacking of various sources of information to perform a regression task in
time series.

As case study, we work with Rainfall-Runoff modeling phenomenon, a key tools in
hydrological processes that represents a set of equations to predict the runoff of a watershed
from rainfall, previous values of streamflow and, depending on the type of model, or other
characteristics such as evapotranspiration and watershed variables (topography, drainage area
or soil properties, among others) [57, 58]. Although there is a cause and effect relationship
between both processes, rainfall-runoff modeling with high accuracy is affected by its
non-linear behavior associated with the complex characteristics of the water cycle [59].
In Chile, conceptual methods have been mainly used to model this relationship, despite
their limitations associated with the assumption of environmental standard conditions [60].
Besides, there are no studies aimed at data combination, even though many investigations
suggest the use of more than one meteorological station as strategy to reduce the uncertainty
in runoff forecasting. The framework developed in this work is our main contribution
to professionals involved in the management of watershed resources to make appropriate
decisions in environmental planning. Considering the aim of this work, the following
objectives were proposed:

General

To improve the performance of time series forecasting by developing a new Stacking
Neuro-Fuzzy framework from distributed data sources, in comparison with single approaches.

Specifics

1. To improve the performance of single time series forecasting by managing the un-
certainty of selection of lags and hyperparameters in the regression task with a new
Self-Identification Neuro-Fuzzy Inference Model.

2. To enhance time series forecasting with the development of a Self-Organizing Neuro-
Fuzzy Inference System as stacking approach considering a distributed data sources.
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3. To improve the performance of Runoff forecasting from distributed meteorological
stations by applying the proposed Stacking Neuro-Fuzzy framework in comparison
with single approaches.



Chapter 2

The state of art

2.1 Time series overview

2.1.1 Stochastic processes

A time series is a set of observations xt , each one being recorded at a specific time t. The
observations can be observed at a finite number of times, and in that case the underlying
sequence of random variables (X1,X2, · · · ,Xn) is just a n-dimensional random variable. Often,
however, it is convenient to allow the number of observations to be infinite. In that case
{Xt , t = 1,2, · · ·} is called a stochastic process [61].

Formally, a stochastic process is a family of indexed random variables

{X(t,w); t ∈ T ; w ∈ Ω} (2.1)

defined on a probability space (Ω,β ,P) where T is an arbitrary set. If T is a countable finite
or infinite set, X is called a process discreet time; On the other hand, if T is an interval, X is
called a process continuous time.

A stochastic process is a function of two variables defined by

Xt = Xt(w), w ∈ Ω (2.2)

On the other hand, for a random result, w ∈ Ω is a function of time

Xt = Xt(w), t ∈ T (2.3)
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2.1.2 Stationarity

A large number of stochastic processes have the property that their average statistical proper-
ties are independent of where they are formed along the time axis. Such stochastic processes
are said to have various types of stationary properties. In other words, the statistical properties
such as mean and variance of a stationary process do not depend upon time. It is a necessary
condition for building a time series model that is useful for future forecasting.

A process {x(t), t = 0,1,2, · · ·} is Strongly Stationary or Strictly Stationary if the joint
probability distribution function of {xt−s,xt−s+1, · · · ,xt , · · · ,xt+s−1,xt+s} is independent of
t for all s. Thus for a strong stationary process the joint distribution of any possible set of
random variables from the process is independent of time [62].

A stochastic process is said to be Weakly Stationary of order k if the statistical moments
of the process up to that order depend only on time differences and not upon the time of
occurrences of the data being used to estimate the moments. For example a stochastic process
{x(t), t = 0,1,2, · · ·} is second order stationary if it has time independent mean and variance
and the covariance values Cov(xt ,xt−s) depend only on s [63].

2.1.3 Autoregressive Integrated Moving Average Model (ARIMA)

An ARIMA (p,d,q) model consists of three parts namely:

ARIMA(p,d,q) = AR(p) + I(d) + MA(q) (2.4)

Where p is the order of autoregressive term, q is the order of moving average term and d is
the number of times the series is differenced in order to make it stationary. If the series is
already stationary, no differencing is required, thus d = 0 and it is known as ARMA model.
AR(p) represents that yt , the value to be predicted depends on previous p values of y. AR(p)
is represented as:

yt = c+
p

∑
i=1

φiyt−i + et (2.5)

here yt and et are respectively the actual value and random error (or random shock) at time
period t, φi, i = 1,2, · · · , p are model parameters and c is a constant. The integer constant p
is known as the order of the model. Sometimes the constant term is omitted for simplicity.

MA(q) represents that yt , the value to be predicted depends on previous q error terms.
MA(q) is represented as:
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yt = c+
q

∑
j=1

θ jet− j + et (2.6)

Therefore, the equation of ARIMA model can be written as:

yt = c+
p

∑
i=1

φiyt−i +
q

∑
j=1

θ jet− j + et (2.7)

The coefficients of AR Model can be estimated using Ordinary Least Square (OLS),
Maximum Likelihood Estimation (MLE) or Yule-Walker method. To estimate the coefficients
of the MA model an ad-hoc method or innovation algorithm is used. The ad-hoc method
consists of following steps:

1. Convert the MA(q) to an AR(∞).

2. Cut off the AR(∞) term to some suitable order making it a finite term.

3. Use any of the three methods mentioned above to estimate AR parameters.

4. After finding the AR parameters, the MA parameters can be obtained from the rela-
tionship ARMA(p,q) = AR(∞) or ARMA(p,q) = MA(∞) .

The ARIMA modeling procedures are determined by the Box-Jenkins model building
methodology whose steps are:

1. Identifying the degree of differencing to transform the time series data into stationary.

2. Estimating the model parameters by autocorrelation function (ACF) and partial auto-
correlation function (PACF).

3. Diagnostic checking which involves checking the degree of accuracy.

The first step of Box-Jenkins methodology is to make the data stationary. This can be
done by removing the trend and seasonality present in the data. A test can also be carried
out to check the stationarity known as Dickey-Fuller Test. The second step is to estimate the
parameters of the model, this is, to estimate the values of p and q using ACF and PACF plot.
PACF helps in determining the order of AR(p) term and ACF in determining MA(q) term.
These p and q are used as initial values. Further, for improvement in the model the Akaike
Information Criterion (AIC) and Bayesian Information Criterion (BIC) values can be used.
As the model with least AIC and BIC values is the best one. Thus, selecting the best model
comes under the third step that is Diagnostic Checking, including also the diagnosis of errors
and white noise. The limitation of ARIMA model is that it can remove the trend in the data
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by simply differencing it but cannot model the seasonality. Therefore, the SARIMA model
was introduced, which extends the ARIMA model by adding the seasonality term to it [64].

Sometimes, external factors can affect time series forecasting, and, therefore, they should
be included in the model prediction. The inclusion of one or more time series in a forecasting
model can be done by the transfer function. ARIMAX is a Transfer Function Model which
involves the inclusion of any other time series as an input variable in ARIMA. Assume
two stationary time series denoted by Yt and Xt , the transfer function model (TFM) is then
represented as

Yt = k+ v(B)Xt +Nt (2.8)

where Yt is output variable, Xt is input variable, K is a constant, Nt is the noise at time t, B is
backshift operator and v(B)Xt is the transfer function which helps in conversion of input to
output. Actually, this conversion of input is done with a linear filter. This conversion is not
instantaneous but involves all values of the input in the form of summation with different
weights vi on xt and, thus it can be expressed as

v(B)Xt = (v0 + v1B+ v2B2 + · · ·)Xt (2.9)

The weight can be either positive or negative. The weight vi defines the degree of
influence of exogenous variable on output variable.

2.1.4 Autoregressive Conditional Heteroskedasticity (ARCH) Model

Assume a univariate serially uncorrelated, zero mean process, ut . The ut is said to follow
an Autoregressive Conditionally Heteroscedastic process of order v (or ARCH(v)) if the
conditional distribution of ut , given its past observations, ut−1,ut−2, · · · , has zero mean and
conditional variance

σ
2
t |t −1 =Var(ut |Ωt−1) = E(u2

t |Ωt−1) = α0 +α1u2
t−1 + · · ·+αvu2

t−v = α0 +
v

∑
i=1

αiu2
t−i

(2.10)
where ut |Ωt−1 ∼ N(0,σt) and Ωt−1 is the conditional distribution function, σ2

t is the con-
ditional variance and α is the model parameter. This ARCH process was first introduced
by Engle [65] and allows the conditional variance change over time as a function of past
observations.
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The above ARCH model was then developed by Bollerslev [66] to the Generalized ARCH
(GARCH) model by entering the lagged conditional variance. The GARCH model is then
written as follows

σ
2
t |t −1 = α0 +

v

∑
i=1

αiu2
t−i +

m

∑
j=1

β jσ
2
t− j (2.11)

where β j is the model parameter to be estimated. For the above GARCH model, the higher
the α +β , the higher the intensity of persistence in volatility of the time series. It should
also be noted that the ARCH parameter, α , and the GARCH parameter, β , indicate short run
and long run persistence, respectively. There was also a limitation with GARCH model: It
treats both the negative and positive variance with same magnitude alike. To remove this and
improve the prediction, several extensions of GARCH were proposed such as EARCH or
TGARCH, among others [64].

2.2 Fuzzy logic

Fuzzy logic is an analysis method developed to incorporate uncertainty into a decision
model, considering reasoning that is approximate rather than precise [67]. This is, instead of
precision and accuracy, fuzzy logic carries a level of tolerance for imprecision. Therefore, it is
a useful tool to try to imitate the modes of reasoning of the human mind that are approximate
instead of exact [68]. For a proper understanding, it is necessary to address certain concepts
such as fuzzy measures, fuzzy sets, and linguistic variables.

2.2.1 Fuzzy Measures

A measure (classical measure) in a measurable space (X ,A ), where A is a σ -algebra, is a
map µ : A → [0,∞] that satisfies the properties

1. µ( /0) = 0

2. σ -additivity: if A1, · · · ,An ∈ A is a family of two or two disjoint sets, then

µ(
⋃

∞
n=1 An) = ∑

∞
n=1 µ(An)

The last property constitutes the main characteristic of the classic measurements. Al-
though the σ -additivity can be very effective and convenient in certain applications like
statistics and economics it can also be too inflexible and rigid in other contexts, such as the
artificial intelligence, neural networks, image processing, among others, in which it is useful
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to define non-additive measures (fuzzy measures) [69]. Fuzzy measures are characterized
by the weakening of the σ -additivity property of classical measurements, which can be
replaced by a weaker condition, known as monotony, therefore, fuzzy measures are also
called non-additive measures. A formal definition is as follows.

A fuzzy measure µ on the space X is a set function, µ : 2X → [0,1]. It map the subsets of
X into the unit interval and has the following properties

1. µ( /0) = 0

2. µ(X) = 1

3. µ(A) ≥µ(B) if A ⊇ B (Monotonicity)

The term fuzzy measure was introduced by Sugeno [70] and provides a very general
structure for the representation of knowledge about any uncertain variable [71]. In probability
theory an important idea is the probability of an event, where an event A is crisp or fuzzy
subset of the domain of the uncertain variable.

Here, since the idea of measure is broader than that of probability, we use the less specific
terminology of “anticipation” and speak of the anticipation of an event in an analogous
manner to speaking of the probability of an event [72]. Let V be a variable taking its value
in the space X. By using µ to express our knowledge about the value of the variable X we
provide the following interpretation. For any subset A of X we have that µ(A) indicates our
“anticipation” that the value of V lies in A. Then, µ( /0) = 0 reflects the fact that we do not
anticipate finding the value of V in the null set. The property µ(X) = 1 reflects the fact that
we completely anticipate finding the value of V in the set X. Finally the monotonicity of µ

reflects the fact that we cannot be more confident of finding the value of V in the set A the
any set that contains A. Here we shall use the expression V is µ to denote the situation where
our knowledge about V is carried by the set measure µ .

2.2.2 Fuzzy sets

Since, a measure µ on a space X associates with each crisp subset of X a value µ(A) in the
unit interval, the result is a set of classes called fuzzy set. Otherwise, let X be the universe
of discourse and x be its elements. According to the classical set theory, crisp set A of X is
defined by the characteristic function fA(x) of set A

fA(x) : X → [0,1]
where
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fA(x) =

{
1 if x ∈ A,
0 if x /∈ A

Based on the fuzzy set theory, fuzzy set A of X is defined by its membership function
µA(x)

µA(x) : X → [0,1]
where

µA(x) =


1 if x is totally in A,
0 if x is not in A,
0 < u < 1 if x is partly in A

For any element x of universe X, membership function µA(x) equals the degree to which
x is an element of set A. This degree represents the degree of membership, also known as the
membership value of element x in set A. The most commonly used membership functions
are triangular, trapezoidal, piecewise linear and Gaussian functions because they are easily
prepared and computationally fast. The choice of membership functions is largely arbitrary
because there is no theoretical justification for using one rather than another [73]. The
number of membership functions is user-defined. More membership functions can achieve
greater resolution but also cause greater computational complexity.

Fuzzy set operations are a generalization of crisp set operations, each of which is a
fuzzy set operation. In fuzzy logic, three operations, including fuzzy complement, fuzzy
intersection and fuzzy union, are the most commonly used. Let fuzzy sets A and B be
described by their membership functions µA(x) and µB(x). The three fuzzy set operations
are defined below.

• Fuzzy complement: The complement of a fuzzy set is the opposite of the set in
question. The fuzzy complement of fuzzy sets A can be represented as

µ∼A(x) = 1−µA(x)

• Fuzzy intersection: Fuzzy intersection is the fuzzy operation for creating the inter-
section of fuzzy sets A and B on the universe of discourse X, which can be obtained
as

µA
⋂

B(x) = min(µA(x),µB(x)) = µA(x)
⋂

µB(x),where x ∈ X

• Fuzzy union: The union of two fuzzy sets is the reverse of their intersection. That is,
the fuzzy union is the largest membership value of the element in either set. The fuzzy
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union for forming the union of fuzzy sets A and B on the universe of discourse X can
be given as

µA
⋃

B(x) = max(µA(x),µB(x)) = µA(x)
⋃

µB(x),where x ∈ X

2.2.3 Linguistic Variables

A linguistic variable is a variable whose values are words or sentences in a natural or artificial
language [38, 74]. For example, Age is a linguistic variable X if its values (term-set, T (X)

are assume to be "young", "not young", "very young", "more or less young", among others

T (age) ={"young", "old", "very young", "not young", · · ·}

where each of the terms in T (age) is a label of a fuzzy subset of a universe of discourse, say
U = [0,100].

A linguistic variable is associated with two rules:

1. A syntactic rule, which defines the well-formed sentences in T (X);

2. A semantic rule, by which the meaning of the terms in T (X) may be determined. If x
is a term in T (X), then its meaning (in a denotational sense) is a subset of T (U). A
primary term in T (X) is a term whose meaning is a primary fuzzy set, that is, a term
whose meaning must be defined a priori, and which serve as a basis for the computation
of the meaning of the non-primary terms in T (X).

For example, the primary terms in T (age) are "young" and "old", whose meaning must
be defined by their respective membership function µyoung and µold. From these, the meaning
of the non-primary terms may be computed by the application of a semantic rule such, for
example, µvery young = (µyoung)

2 or µmore or less old = (µold)
1/2. For illustration, plots of the

membership functions of these terms are shown in Figure 2.1.

2.2.4 Fuzzy If-Then rules and fuzzy systems

Fuzzy If-Then rules are expressions of the form IF A THEN B, where A and B are labels
of fuzzy sets characterized by appropriate membership functions [11]. An example that
describes a simple fact is

IF pressure is high THEN volume is small
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Fig. 2.1 Degrees of Membership for linguistic variable "Age". Zadeh [38].

where pressure and volume are linguistic variables and, high and small are linguistic values
or labels that are characterized by membership functions.

Another form of fuzzy If-Then rule, proposed by Takagi and Sugeno [75], Moraga and
Salas [76], has fuzzy sets involved only in the premise part. By using Takagi and Sugeno’s
fuzzy If-Then rule, we can describe the resistant force on a moving object as follows

IF velocity is high THEN f orce = k ∗ (velocity)2

where, again, high in the premise part is a linguistic label characterized by an appropriate
membership functions. However, the consequent part is described by a non-fuzzy equation
of the input variable, velocity.

Regardless of the form, fuzzy If-Then rules are the core part of the fuzzy systems.
Basically a fuzzy system (or fuzzy model) is composed of five functional blocks (Figure 2.2):

• Rule base, containing a number of fuzzy If-Then rules;

• Database, which defines the membership functions.

• Decision-making unit, which performs the inference operations son the rules;

• Fuzzification interface, which transforms the crisp inputs into degrees of match with
linguistic values;

• Defuzzification interface, which transform the fuzzy results of the inference into a
crisp output.
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Fig. 2.2 Fuzzy system structure. Jang [11].

The steps of fuzzy reasoning (inference operations upon fuzzy If-Then rules) performed
by fuzzy systems are:

1. Fuzzification: Compare the input variables with the membership functions on the
premise part to obtain the membership values of each linguistic label.

2. Combination: Combine (through a specific T-norm operator) the membership values
on the premise part to get firing strength (weight) of each rule.

3. Generation: Generate the qualified consequent (either fuzzy or crisp) of each rule
depending on the firing strength.

4. Defuzzification: aggregate the qualified consequents to produce a crisp output.

2.3 Neuro-fuzzy models

Neuro-fuzzy model is an architecture in which the neural network uses the training data to
determine the membership functions and fuzzy rules of the fuzzy logic system [8, 76, 77].
One of the first and still one of the popular neuro-fuzzy systems is Jang’s ANFIS model
proposed in 1991 [11], and described below.

2.3.1 Adaptive Network-based Fuzzy Inference System

The fundamental axis of the Adaptive Network-based Fuzzy Inference System (ANFIS)
(Figure 2.3) is to model the phenomenon based on the fuzzy Takagi-Sugeno rules of the form

Rr : If x1 is µ
(1)
j1 and · · ·and xn is µ

(n)
jn then y = β

(r)
o +β

(r)
1 x1 + · · ·+β

(r)
n xn. (2.12)

where µ ji is the degree to which an input xi satisfies a linguistic quantifier, being calculated
through a certain membership function that involves a set of parameters called premises.
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Depending on this degree of membership, the output y is calculated and its parameters β in
the linear equation are called consequents.

Fig. 2.3 ANFIS model architecture. Jang [11].

ANFIS structure has five layers. The nodes of layer 1 (Fuzzification Layer) compute the
degree to which a given input xi satisfies the linguistic quantifier A(k)

i . The output of the node
is given by the membership function µ

A(k)
i
(xi). In this work we will use the gaussian-type

membership function

µ
A(k)

i
(xi;η

(k)
i ) = exp

−(xi − v(k)i

σ
(k)
i

)2
 ; i = 1, · · · ,n (2.13)

where η
(k)
i = {ν

(k)
i ,σ

(k)
i } are the premise parameters that should be estimated for the lin-

guistic label A(k)
i , the ν

(k)
i parameter stands for the location while σ

(k)
i is the width of the

membership function of the linguistic operator A(k)
i .

The nodes of layer 2 (Generalized "AND Layer") consist in T-norm operators that perform
the generalized AND. Each node of this layer represents the firing strength of some specific
rule. We will use the product T-norm, which is a gradient descend algorithm

wk = wk(x;η
(k)) = µ

(k)
A1

(x1,η
(k)
1 ) · ... ·µ

(k)
Ad

(x1,η
(k)
d ) (2.14)

for k = 1...K.
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The layer 3 (Normalization layer) computes the normalizing firing strengths of the
weights of the previous layer

wk = w̄k(x;η
(k)) =

wk

∑
K
j=1 w j

(2.15)

for k = 1...K.
The nodes of layer 4 (Consequent Layer) compute the weighted hyperplane that approxi-

mates the nonlinear mapping, i.e.,

f̄k(x;η
(k),Θk) = w̄k(x;η

(k)) fk(x;Θk) = w̄kΘ
′
kx (2.16)

where w̄k is the output of the k-the node of layer 3 and Θk = (Θ
(k)
1 , ...,Θ

(k)
d ,Θ

(k)
d+1)

′ is the
consequent parameter.

And, The layer 5 (Network output) consists in a single node that computes the overall
output as the summation of all the incoming signals

g(x;η ,Θ) =
K

∑
k=1

w̄k(x;η
(k)) fk(x;Θk) (2.17)

where η = (η
(1)
1 , ...,η

(K)
d )′ and Θ = (Θ1, ...,ΘK)

′ correspond to the premise and consequent
set of parameters respectively.

To estimate the parameters, the classical ANFIS employs an hybrid learning that uses
backpropagation learning algorithm to determine premise parameters η and the Least Mean
Square estimation procedure to determine the consequent parameters Θk,k = 1, · · · ,K, the
premise parameters remains fixed. The updating rule is given by

Θk(t +1) = (A′ ·A)−1 ·A′ ·B (2.18)

where A =Wk ∗X and B = (Y −g(X;η ,Θ))+(A∗Θk(t))′ ∗Wk is a diagonal matrix where
the k-th element of the diagonal is w̄k, and X is a matrix where each row corresponds to a data
sample x, Y is a vector containing the output training sample and g(X;η ,Θ) is the output
of the ANFIS for all training data. The premise parameters η

(k)
i = ν

(k)
i ,σ

(k)
i are estimated

iteratively by the following updating rules

ν
(k)
i (t +1) = ν

(k)
i (t)+4α(t)

1

(σ
(k)
i )2

(xi −ν
(k)
i )w̄k( fk −g)(y−g) (2.19)

σ
(k)
i (t +1) = σ

(k)
i (t)+4α(t)

1

(σ
(k)
i )3

(xi −ν
(k)
i )2w̄k( fk −g)(y−g) (2.20)
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where the consequents parameters remains fixed and α(t) is the learning rate function.
ANFIS does not learn the structure of the fuzzy system, but it simply creates rules from

all possible combinations of input fuzzy sets. Initial fuzzy partitions have to be specified and
the consequent parameters are initialised by small random numbers. This model can be use
both classification and forecasting time series and there are a lot of models based on it

2.3.2 Self-Organizing Neuro-Fuzzy Inference System

Self-Organization Neuro-Fuzzy Inference System (SONFIS) was proposed by [21, 22], and
its basic structure has the same components of the ANFIS system. In other words, SONFIS,
like the ANFIS model, has five layers in its neural network (Figure 2.4). Layer 1 associates
each input to a certain fuzzy set through a Gaussian-type membership function. In layer
2, the T-norm AND operator is used to obtain the strength of each of the rules specified in
layer 1, which will later be normalized in layer 3. The layer 4 computes the contribution of
each rule using both consequent parameters and layer 3 output vector. Finally, the layer 5
computes the weighted global output of all the incoming signals.
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Fig. 2.4 SONFIS model. Its structure involves five layers of neurons and can automatically
identifying the number of rules necessary to model the phenomenon during learning phase,
being able to create or vanish new rules.
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In addition to using the hybrid learning algorithm of the ANFIS model (namely, back-
propagation algorithm to estimate the premise parameters and ordinary least squares method
to obtain the consequent parameters), SONFIS uses iteratively a series of mathematical oper-
ators to automatically identify the number of rules required to model the dataset: GrowNet,
Split Membership Functions and Vanish Membership Functions (Figure 2.5).

Fig. 2.5 Mathematical operators used in SONFIS model. They are applied iteratively to
identify the number of fuzzy rules required to model the training data-set.

Before applying any operator, the current base model is frozen meaning that none of the
parameters can be any longer update. SONFIS model can add, split or vanish a fuzzy if-then
rule that has the following elements: a set of nodes of the first layer that are Gaussian-type
functions, one node for each dimension; a node of the second layer that computes the product
of the incoming values; a normalization node of the third layer; the weighted regression
line modeled by the node of the fourth layer; and all the incoming and outgoing links of
aforementioned nodes.

The SONFIS algorithm works as follows: At first the model must be initialized. The
initialization consists in starting from a predefined number of nodes (if there is no prior
knowledge the default is 1) and setting the user-defined thresholds. This step will provide
an initial SONFIS architecture. After that, the algorithm will proceed with the iterations to
establish a final parsimonious architecture.

In each iteration the current architecture must be frozen, so that the current nodes remain
stable. The first operator to be evaluated is the GrowNet operator. This operator decides if
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the current number of nodes are having a good performance with all the training data. If not,
this operator creates new subnetworks (if-then Takagi-Sugeno Fuzzy rules). The next step
evaluates the SplitNet operator only if GrowNet has not added a new node. This operator
splits a specific sub-network into 2 if it has a poor performance based on a defined threshold
and if it does not model a minimum of data points.

The following step evaluates the VanishNet operator. This operator deletes a sub-network
that has a poor performance or is modeling not a sufficient amount of data points. This
step is crucial because it may eliminate nodes that could have been created by the other 2
operators and that are not making a relevant contribution to the performance of the model.
After that, the next step adjusts the membership functions and hyperplane parameters of the
sub-networks that the operators have created. The iterations stop when the operators fail to
create new sub-networks. Finally the algorithm unfreezes the parameters of all the nodes of
the SONFIS architecture and proceeds to adjust the premise and consequent parameters of
all the nodes.

2.3.3 Other approaches

Several authors have proposed several approaches based on the neuro-fuzzy system. Some of
them are:

• FuNe-I. This model, proposed in 1992, is based on the architecture of a feed-forward
neural network [78]. Compared to other neuro-fuzzy approaches, the FuNe-I model
is special because it uses three kinds of rules: the antecedents can be conjunctions or
disjunctions, and there are rules with only one variable as antecedent (simple rules). A
unit computes its activation, depending on the kind of rule it represents, by either a
differentiable soft minimum, a differentiable soft maximum, or the identity function.
This model The FuNe-I model provides algorithms for structure and parameter learning
and is one of the first neuro-fuzzy approaches that also considers rule learning.

• NEFCLASS. Proposed in 1995, it is one of the firsts neuro-fuzzy approach that was
able to handle missing values, both numeric and symbolic data in the same data set and
to determine a rule-base fully automatically [79]. NEFCLASS is also based on the idea
of a generic fuzzy perceptron and focuses on creating small interpretable fuzzy rule
bases. In parameter learning the fuzzy sets are tuned by a simple backpropagation-like
procedure that is based on a simple heuristics instead of a gradient descent approach.
After learning NEFCLASS uses pruning strategies to reduce the number of rules as
much as possible.
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• Fuzzy RuleNet. This model is based on the structure of an radial basis function (RBF)
network, but instead of the usual radial basis functions, which represent hyperellipsoids,
RuleNet uses hyperboxes for classification. Fuzzy RuleNet allows hyperboxes to
overlap. Each hyperbox represents a multidimensional fuzzy set given by a membership
function in form of a hyperpyramid. By projecting the multidimensional fuzzy sets
onto the individual dimensions we obtain triangular or trapezoidal fuzzy sets that
describe the pattern features. The fuzzy classification rules obtained this way are
equivalent to the multidimensional fuzzy sets, i.e. there is no loss of information as it
would be in the case of hyperellipsoids used in fuzzy cluster analysis [80].

• FALCON. The Fuzzy Adaptive Learning Control Network (FALCON) is an architec-
ture of five layers [81]. There are two linguistics nodes for each output. One is for
the patterns and the other is for the real output of the FALCON. The first hidden layer
is responsible for the mapping of the input variables relatively to each membership
functions. The second hidden layer defines the antecedents of the rules followed by
the consequents in the third hidden layer. FALCON uses an hybrid learning algorithm
composed by a unsupervised learning to define the initial membership functions and
initial rule base and it uses a learning algorithm based on the gradient descent to opti-
mise/adjust the final parameters of the membership functions to produce the desired
output.

• NEFCON. The Neural Fuzzy Controller (NEFCON) was drawn to implement a
Mamdani type inference fuzzy system [82]. The connections in this architecture
are weighted with fuzzy sets and rules using the same antecedents (called shared
weights), which are represented by the drawn ellipses. They assure the integrity of
the base of rules. The input units assume the function of fuzzyfication interface, the
logical interface is represented by the propagation function and the output unit is
responsible for the defuzzyfication interface. The process of learning in architecture
NEFCON is based in a mixture of reinforcement learning with backpropagation
algorithm. It has two variants NEFPROX (for function approximation) and NEFCLASS
(for classification tasks) [83].

• EFuNN. In Evolving Neural Fuzzy Network EFuNN all nodes are created during
the learning phase. The first layer passes data to the second layer that calculates the
degrees of compatibility in relation to the predefined membership functions. The third
layer contains fuzzy rule nodes representing prototypes of input- output data as an
association of hyper-spheres from the fuzzy input and fuzzy output spaces. Each rule
node is defined by two vectors of connection weights, which are adjusted through
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a hybrid learning technique. The fourth layer calculates the degree to which output
membership functions are matched the input data and the fifth layer carries out the
defuzzyfication and calculates the numerical value for the output variable.

2.4 Multimodal fusion in time series

Data fusion is a combination of multiple sources to obtain improved information; in this con-
text, improved information means less expensive, higher quality, or more relevant information
[24].

In time series, there are some models based on fusion techniques. To obtain more
information on extracted features, Diao et al. [26] proposed a data fusion algorithm of
multivariate time series with application in electroencephalographic signals. This framework
was based on the local weighted linear prediction algorithm. On the other hand, Hsiao et al.
[28] proposed a temporal data fusion in multisensor systems usign Dynamic time Warping
(DTW), which is a general time alignment and a measure of similarity scheme for two time
sequences. Guo et al. [27] proposed a feature fusion based forecasting model for financial
time series. In this architecture, independent component analysis (ICA) and its multivariate
framework (MICA) were used to extract two feature sets of time series, then both were fused
with a framework adopting the idea of canonical correlation analysis, before applying SVR
to forecast a future value in Shanghai stock market index and the Dow Jones index.

The previous models are based on merging the input data or the features extracted from
the time series to make the prediction. But, in cases where the time series of different systems
cannot be combined, there is another approach to the merger. Distributed regression is a
suite of methods that enable researchers to conduct multidatabase regression analysis without
the need to centrally combine all individual-level data from participating sites. It performs
the same numeric algorithm as standard regression that is based on individual-level data but
uses only summary statistics for computation. By following the same computation process,
distributed regression and pooled individual level data analysis should theoretically produce
statistically equivalent results [56].

Several researchers treat distributed learning systems as a centralized ensemble-based
method, where a new data point is predicted from the predictions of all local sites using
ensemble methods such as stacking, boosting, majority voting, simple average, or winner-
takes-all methods [84]. In 2013, Allende-Cid et al. [85] present a distributed regression
approach able to detect different contexts in the input space, thus improving the performance
of local models in the task of regression from distributed sources. On the other hand, Since
the average process of the typical distributed regression will decrease the variance, not the
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bias, bias correction is expected to improve the learning performance if the base regression
algorithm is a biased one. Based on this, Guo et al. [86] proposed a bias corrected version of
regularization kernel network.

Stacked generalization is an ensemble method that allows researchers to combine sev-
eral different prediction algorithms into one [87]. It was introduced by Wolpert [88], and
represents a combination of the base learners using another learner, usually referred to as
the combiner learner. In the context of probabilistic forecasts, ensemble learning stands
for the use of multiple ML algorithms to obtain individual probabilistic forecasts, and their
subsequent combination (through a combiner learner) to obtain prediction intervals [31]. As
stacking method, several schemes have been applied, including approaches such as average,
median, selection of the best initial results, multiple linear regression or ANN, among others
[30, 33, 34, 35, 36, 37].

Other stacking approaches used are the fuzzy integrals. Such is case fuzzy integrals
Choquet and Sugeno [29]. The Choquet Integral is a generalization form of an integral using
fuzzy measures. In a discrete setting, if g : 2N → [0,1] (where N = 1, ...,n) is a fuzzy measure
(a set-valued increasing function such that g( /0) = 0 and g(N) = 1, the Choquet integral is
an aggregate function Cg : [0,1]n → [0,1] defined, for each x = (x1, ...,xn) ∈ [0,1]n and each
membership function h, as:

Cg(h) =
n

∑
i=1

(h(x(i))−h(x(i−1))) ·g(A(i)), (2.21)

where 0 ≤ h(x(1)) ≤ ... ≤ h(x(n)), with the convention that h(x(0)) = 0, and A(i) =

(i), ...,(n) is the subset of indices of n− i+1 largest components of (h(xx1), ...,h(xn)).
On the other hand, the Sugeno integral over the set A= x1, ...,xn of a membership function

h with respect to the fuzzy measure (confidence) g is defined as

Sg(h) = sup
α∈[0,1]

[min(α,g(A∩Fα))], (2.22)

where Fα = x|h(x)≥ α .



Chapter 3

A Stacking Neuro-Fuzzy framework for
time series forecasting from distributed
data sources

In this chapter the proposed framework for time series forecasting from distributed data
source is presented (Figure 3.1).

Fig. 3.1 Stacking model scheme. This framework involves the SINFIM method as single
time series forecasting and the Self-Organizing Inference system as a stacking approach to
provide the final output.
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3.1 Single time series forecasting using a Self- Identifica-
tion Neuro-Fuzzy Inference Model (SINFIM)

Self-Identification Neuro-Fuzzy Inference Model (SINFIM) is presented as method to single
time series forecasting. This framework reduces the uncertainty associated with the lags and
hyperparameters selection in a fuzzy system (Figure 3.2).

Fig. 3.2 Overview of the proposed framework to forecast day-ahead time series.

The proposed algorithms involve the following components:

1. Self-Identification of the lags of time series: using a model based on a fuzzy parti-
tioning or clustering of each input (uni-dimensional time series), the more relevant
lags of the time series to predict the day-ahead value are selected.

2. Adaptive Neuro-Fuzzy Inference System: Relevant lags selected in the previous
step, are the inputs for an Adaptive Neuro-Fuzzy inference system, which involves a
fuzzy model with a hybrid learning algorithm and a predefined number of membership
functions. This model serves as the fundamental structure to predict the day-ahead
value.

3. Self-Identification of fuzzy rules: Once the base Neuro-Fuzzy model is obtained, a
series of mathematical operators are iteratively applied in order to identify the number
of fuzzy rules required to model the phenomenon. Then, the consequent parameters
are updated and, finally, the output is predicted.
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3.1.1 Self-Identification of lags

The proposed framework begins with the identification of the most influential lags for time
series. For this, a model based on the component of SIFAR method proposed by Veloz et al.
[89] associated with lags relevance evaluation is developed. This model represents a set of
local predictors in order to define different sub-domains along the lag space. The process is
summarized in Figure 3.3.

Uni-dimensional time series

Target
vector y

generated

Regressors (lags)
matrix X generated

Fuzzy partitioning

α-cuts of fuzzy clusters

Lags relevance evaluation

The most influential lags are
selected

Fig. 3.3 Schematic representation of selecting relevant lags process of time series.

As described above, the time series x(t) is a stochastic process whose samples are
observed in regular time intervals ranging from t = 1, · · · ,T . For selection of lags, SIFAR
model used a nonlinear autoregressive relationship x(t) = f (x(t −1), · · · ,x(t −d)) where d
is the maximum expected order of the time series model and is user-defined. For notation
purposes, a time series is arranged in a regressor matrix X = [xk j]N x d , with N = T − d,
and a target vector Y = (x(d +1), · · · ,x(T ))′. The j-th column of X is given by (x(d +1−
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j), · · · ,x(T − j))′. The k-th row of the matrix X and the k-th element of the vector y are
denoted as xk and yk, respectively.

The first step is to apply fuzzy C-means (FCM) in the target space Y using the entire
dataset, generating a local domain and considering only those values belonging to this region
with a high degree of membership X. The number of partitions in both spaces is defined
in advance and V = {v1, ...,vn0} represents the cluster prototypes, where n0 is the number
of clusters in which the target space is partitioned. After that, the possibility distribution is
computed for the hth cluster as follows

thk =
1

∑
N
p=1

(
|yk−vh|
|yk−vp|

) 2
η−1

, (3.1)

with 1 ≤ h ≤ no and 1 ≤ k ≤ N. yk represents the k-th element of the target vector y, while η

is user-defined, usually set to 2.
The third step computes scale parameters {σ1, ...,σn0} using the diagonal elements of

the fuzzy covariance matrix

σ
2
h =

∑
N
k=1(thk)

m(yk − vh)
2

∑
N
k=1(thk)m

. (3.2)

Afterwards, for each obtained cluster, an α-cut set {O(1)
α , ...,O(h)

α , ...,O(n0)
α } is computed,

where O(h)
α = {yk ∈ Y|µh(yk) ≥ α0} constitutes the most representative and similar data

samples. For the h-th α-cut O(h)
α FCM is applied to the dataset {xk∗} where, k∗= k|yk ∈ O(h)

α .
The following step consists of applying the initial procedures to each α-cut generated in

the regressor space, that is, applying the FCM technique and obtaining the cluster centers, in
addition of calculating their possibility distribution and scale parameters. The set of cluster
prototypes obtained are denoted by V(h) = {v(h)1 , ...,v(h)nin } where v(h)i = [v(h)i j ] corresponds to
the i-th cluster prototype vector associated with the h-th α-cut obtained in the target space
and v(h)i j represents its element associated with the j-th lag. Through

t(h)ik =
1

∑
N
p=1

(
||xk−v(h)i ||
||xk−v(h)p ||

) 2
η−1

Ik∗(k) (3.3)

the possibility distribution is computed, where I(·) is the indicator function. Based on it, the
scale parameters (σi j) are computed using the equation

σ
(h)
i j =

∑k∈k∗((tik)(h))m(xk j − (vi j)
(h))2

∑k∈k∗((tik)(h))m
, (3.4)
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where xk j corresponds to the j-th lag variable of the k-th element of the process and v(h)i j are
the set of cluster centers.

The next step consists in evaluating the contribution to local smooth mapping between
the regressor and target spaces of each lag with the following equation:

R j
h = |k(h)in k(h)0 |, (3.5)

where k(h)0 = {k| yk ∈ O(h)
α }, k(h)in = {k| xk ∈ I(h)α }, I(h)α =

⋃nin
i=1{xk ∈ X| yk ∈ O(h)

α ;w(h)
i (xk)≥

αin}, | · · · | constitutes the cardinality of the resulting set and w(h)
i the strength level for the

i-th cluster in the regressor space.
The set of lags is ordered according to R j, j = 1, ..,d results, and the first q elements are

taken. This selection could involve redundant partitions which later will be removed based
on the similarity of µi j membership functions. Two clusters will be merged if the result of
the supremum minimum composition s( j)(i1, i2) = supmin(µi1 j,µi2 j), with i1,i2 ∈ {1, ...,n}
and i1 ̸= i2, is greater than or equal to a threshold α f defined by the user. In this step, and
after applying the entire the algorithm for each uni-dimensional time series considered, the
relevant and non-redundant lags are selected.

3.1.2 Adaptive Neuro-Fuzzy Inference System

Once the most relevant lags are selected, they constitute of a Neuro-Fuzzy model to predict
one day-ahead events of time series. For this, a model based on the Adaptive Neuro-Fuzzy
Inference System (ANFIS) proposed in 1993 by Jang [11] is developed. It is a special
feedforward neural network and its fundamental axis is to model the phenomenon based on
the fuzzy Takagi-Sugeno-Kang rules of the form:

Rr : If x1 is µ
(1)
j1 and · · ·and xn is µ

(n)
jn then y = β

(r)
o +β

(r)
1 x1 + · · ·+β

(r)
n xn, (3.6)

where µ ji is the degree to which an input xi satisfies a linguistic quantifier, calculated
using a certain membership function that involves a set of parameters η called premises.
Depending on this degree of membership, the output y is determined and its parameter vector
Θ (containing the parameters β in the linear equation) is called consequent.

The network implies five components (layers): Layer 1 associates each input to a certain
fuzzy set through a Gaussian-type membership function. In layer 2, the AND T-norm
operator is used to obtain the strength of each of the rules specified in layer 1, which will
later be normalized in layer 3. The layer 4 computes the contribution of each rule using both
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consequent parameters and layer 3 output vector. Finally, the layer 5 computes the weighted
global output of all the incoming signals as it was showed in Figure 2.3.

Once the base architecture is constructed with a predefined number of nodes for each
layers, a hybrid learning is developed. This is, an Ordinary Least Square (OLS) estimation is
used to determine the consequent parameters and the back-propagation learning algorithm to
estimate the premise parameters.

3.1.3 Self-Identification of fuzzy rules

After the ANFIS hybrid learning is developed, a series of mathematical operators (proposed
by Allende-Cid et al. [21]) are iteratively applied in order to automatically identify the number
of rules required to model the dataset: GrowNet, Split Membership Functions and Vanish
Membership Functions (Figure 3.4). Grow-Net is the first operator to run and it evaluates
if the current fuzzy rules (sub-networks) work well according to the user predetermined
threshold δ . This comparison is based on the firing strength wk of all sub-networks in the
layer 2 of the ANFIS model for each input x with dimension d, where the maximum should
be greater than threshold δ :

max
k=1...K

wk > δ
d, (3.7)

otherwise, the sample (x,y) is grouped into a set ϑk and from this, the operator generates a
new sub-network for each dimension µAK+1

i
(xi;η

(K+1)
i ), i = 1, ...,d in order to increase the

granularity of the partition of the feature space. This new sub-network is created only for
each group that has a number of samples more than the user defined Ngrow and the premise
parameters are initialized with the mean and standard deviation of the samples from the
group, while the consequent parameters are randomly initialized.

In the case that Grow-Net did not add new rules, Split-Net divides into two new ones
those sub-networks with poor performance based on a predetermined threshold ε , which
represents the mean square error:

Ek =
1

Nk
∑

(x,y)∈ϑk

(y−g(x;η ,Θ))2, (3.8)

where Nk represents the sample size of ϑk and g(x;η ,Θ) corresponds to the output of
layer 5 of ANFIS model. To split a sub-network, Grow-Net requires a minimum number of
samples Nsplit (predefined by user) and a mean square error greater than ε . Then, the premise
parameters are divided and the consequent parameters are randomly initialized.
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Finally, the VanishNet operator deletes a sub-network that has a poor performance or is
modeling not a sufficient amount of data points (according to a threshold λ , user-defined).
This makes possible to eliminate networks created in the previous steps whose contribution to
the model are not significant. This operators works when variable agek (an auxiliary variable
that increases by one if the sub-network models no data) reached the hyper-parameter λ .
The operators are executed iteratively and this iteration stops when new sub-network is
not created. After that, the next step adjusts the premise and consequent parameters of the
remaining sub-networks. A summary of these operators is showed in Figure 3.4.

Base structure developed with ANFIS model
hybrid learning

Grow-Net
Creates new sub-networks if:

Performance sub-network ≤ δ and,
Number of samples > Ngrow

Split-Net
Divides a specific sub-network into two new ones

if:
Performance sub-network > ε

Number of samples > Nsplit

Vanish-Net
Eliminates a specific sub-network if:

Number of modeled nodes < Nvanish and;
Non-modeling performance ≥ λ

The remaining sub-networks are updated

Fig. 3.4 Mathematical operators applied iteratively to identify the number of fuzzy rules
required to model the training data-set.
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3.2 Stacking of single time series forecasting

Once the single forecasts have been obtained from each data source, they are combined to
obtain a final prediction considering the concept of stacked regression (Figure 3.1). For this
module a model based on the proposal of Breiman [87] was developed.

Suppose one has available K predictors v1(x), · · · ,vK(x) of a numerical outcome variable
y in terms of a vector x. Assume these were constructed using the same learning set
D = (yn,xn), n = 1, · · · ,N where each xn is an input vector. Instead of selecting the single
best predictor among the vK(x), a more accurate predictor can be gotten by combining all
of them in a new model (second level). This new level represents a linear combination of
different predictors and it can be expressed as follows:

v(x) =
N

∑
K=1

αKvK(x) (3.9)

Given a learning set D = (yn,xn), n = 1, · · · ,N one possibility is to take the αK to mini-
mize

∑
n
(yn −∑

K
αKvK(xn))

2 (3.10)

under the constraints αK ≥ 0, K = 1, · · · ,N. This resulting predictor appears to have lower
prediction error than the single prediction vK .

Although several models have been used to estimate the αK coefficients that minimize
the estimation error, such as linear regression or ridge regression, in this work the SONFIS
model (presented by Allende-Cid et al. [21]) is proposed as stacking method. This is based
on the advantage of using a Neuro-Fuzzy method to model phenomena with a certain degree
of uncertainty. Thus, the SONFIS model is used to combined the vK predictors based on the
fuzzy Takagi-Sugeno-Kang rules of the form:

Rr : If v1 is µ
(1)
j1 and · · ·and vn is µ

(n)
jn then y = α

(r)
o +α

(r)
1 v1 + · · ·+α

(r)
n vn, (3.11)

where µ ji is the degree to which an input vi satisfies a linguistic quantifier, calculated using a
certain membership function. Depending on this degree of membership, the output y and its
parameter vector Θ (containing the parameters α in the linear equation) are determined. As
in the case of the SINFIM method, the mathematical operators proposed by Allende-Cid et al.
[21] are iteratively applied in order to automatically identify the number of rules required to



3.2 Stacking of single time series forecasting 32

model the dataset. Therefore, With this stacking phase, the final forecast of the time series
would be obtained, thus having a lower prediction error than the single forecasts.



Chapter 4

Application of the proposed Stacking
Neuro-Fuzzy framework: The case of
Runoff forecasting from distributed
meteorological stations.

Hydrological models are key tools for water and environment resource management. They
represent hydrological processes and evaluate conditions for urban and environmental plan-
ning such as land use, flood and water resources management of watersheds [3]. A popular
approach is modeling the relationship between rainfall and runoff process, by using a set
of equations that explain runoff as a function of rainfall and may include other parameters
used to describe watershed characteristics [57]. Although there is a cause and effect relation-
ship between both processes, rainfall-runoff modeling with high accuracy is affected by its
non-linear behavior associated with the complex characteristics of the water cycle [59]. In
addition to rainfall, runoff depends on many other factors, such as initial soil moisture, land
use, basin geomorphology, evaporation, infiltration, distribution and rainfall duration [58].

There are several approaches to model a the rainfall-runoff relationship. Methods like
simple and multiple regression models, auto regressive moving average (ARMA), the lumped,
process-oriented, deterministic bucket-style models, artificial neural networks and distributed,
physics models, are part of them [90, 16]. Each of these approaches has its own advantages
and drawbacks, but the reduction of the predictive uncertainty of the model is considered as
one the paramount elements to be considered [57, 91]. This uncertainty can be incorporated
taking into account measurement of the input variables, such as rainfall and temperature, as
well as the selection of the parameter values used in the model, since they depend on the
climatic conditions. Even the choice of the structure of the model (establishing governing
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equations) by itself implies uncertainty [92]. In fact, in a recent work, a large number
of researchers looking for greater harmonization on research efforts, identified that the
mechanism to disentangle and reduce the structural uncertainty of the model/parameter/input
in hydrological prediction as one of main unresolved problems in hydrology [93].

Fuzzy logic and Neuro-Fuzzy models has emerged as useful approach to model phenom-
ena with some degree of uncertainty, including hydrological processes. The main idea is to
consider variables in a linguistically uncertain manner rather than numerical precise quanti-
ties [94, 76]. In this sense, the Adaptive Network-based Fuzzy Inference System (ANFIS) is
one of the most common Neur-Fuzzy models applied to model the rainfall-runoff relationship
[16, 95, 15, 96]. However, due to its limitations associated with parameter selection and
overfitting, a series of hybrid models have been proposed. Zhou et al. [97] proposed an
evolutionary recurrent ANFIS for modelling multi-step-ahead flood forecasts embedded with
Genetic Algorithm (GA) and Least Square Estimator (LSE). Bartoletti et al. [43] proposed a
combination between Principal Component Analysis (PCA) and ANFIS model with the em-
phasis on how to set-up an efficient data structure that produces a good output flow estimation.
PCA approach provides some degree of freedom by choosing the number of components to
keep, allowing a trade-off between accuracy and network complexity. Meanwhile, Nourani
et al. [44] proposed to apply a wavelet transformation in the input time series and then
introduce different scales in the ANFIS model to obtain the runoff prediction in a structure
called WANFIS. The Wavelet transform provides useful decomposition of the main time
series (rainfall and runoff in this case) to improve the forecasting. A recent modified Adaptive
Neuro-Fuzzy Inference System for runoff estimation was proposed by Nath et al. [45]. This
work was focused on reducing the computational complexity of ANFIS by incorporating the
Particle Swarm Optimization (PSO) algorithm in a framework called PSO-ANFIS, which was
used for estimating the parameters pertaining to ANFIS. Other optimized approaches such as
ANFIS-ant colony optimization for continuous domain (ANFIS-ACOR) [98], ANFIS-Grey
Wolf Optimizer (GWO) (ANFIS-GWO) [42], or ANFIS-genetic algorithms (ANFIS-GA)
[15] have been proposed, with their own advantages and applicability.

The extension of ANFIS model called Self-Organization Neuro-Fuzzy Inference System
(SONFIS) proposed by Allende-Cid et al. [21, 22], although has the advantage of automati-
cally organizes its structure to identify the set of Takagi-Sugeno-Kang type rules necessary to
model the data set, it has not been used for modeling hydrological phenomena, which serves
as motivation for its use in runoff prediction. Since the relationship between rainfall and
runoff has a degree of uncertainty, it may decrease if the number of membership functions
and the respective rules are not set in advance.
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On the other hand, the selection of lags of both time series (rainfall and runoff) is a key
pre-processing step in day-ahead forecasting runoff events. The literature suggests, among
the most common methods for lag selection methods, the partial autocorrelation function
(PACF) [45, 99, 100, 101], cross-correlation analysis (CCA), or MICCA, a combination
of these last two [102]. Nevertheless, these functions locate the lags based on their linear
dependence with the value to be predicted so that for phenomena with non-linear behaviors,
algorithms with a more flexible structure can identify the most optimal lags [44]. Other
approaches used in hydrology are: entropy analysis [103], mutual information (MI) [104]
and algorithms that might involve dimensionality reduction such as the gamma test [105],
PCA or clustering methods [106]. Furthermore, in recent years, methods based on machine
learning have been presented as alternatives for the selection of suitable inputs, such as the
input variable selection proposed by Taormina and Chau [107] that employs an algorithm
which combines Binary-coded discrete Fully Informed Particle Swarm optimization (BFIPS)
and Extreme Learning Machines (ELM). More recently, Veloz et al. [89] proposed SIFAR
(Self-Identification of Lags of an Autoregressive Takagi-Sugeno-Kang-Based Model) as
a method to find the most influential lags of a fuzzy model for time series applications.
SIFAR algorithm has not been used in hydrology and provides a local representation, which
allows the description of a nonlinear system using a set of simple mathematical functions,
aggregated to describe the overall complexity that underlies its dynamic process.

Moreover, considering a single source of rainfall can bias runoff modeling, generating
errors that can affect environmental planning, a suitable combination of various estimated
runoff values obtained from different single models could provide a more complete and
accurate representation of the basin response than each individual model [30]. Considering
this idea of integrating the output of different models, several schemes have been applied
for hydrological forecasting, using various methods such as simple and weighted average,
median, selection of the best initial results, multiple linear regression or ANN, among others
[30, 33, 34, 35, 36, 37]. Fuzzy approaches have been used as combination models showing
good results to fuse rainfall-runoff forecasts [54, 55]. However, Neuro-Fuzzy models have
not been applied as stacking alternatives, only as single predictive runoff methods, even
considering its advantages in modeling phenomena associated with degrees of uncertainties
[10].

In Chile, conceptual methods have been mainly used to model the relationship between
rainfall and runoff, despite their limitations associated with the assumption of environmental
standard conditions [60]. Besides, there are no studies aimed at data combination, even
though many investigations suggest the use of more than one meteorological station as
strategy to reduce the uncertainty in runoff forecasting. Taking the advantages of working
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with Neuro-Fuzzy models and considering various meteorological stations (and physically
distributed), in this work a novel stacking Neuro-Fuzzy framework to forecast the runoff from
distributed meteorological stations is proposed. This method is applied in two Chilean water-
sheds and it represents a main contribution to professionals who work in the management of
water resources in the country.

4.1 Study region

Data was collected from two Chilean watersheds: Diguillín river watershed in San Lorenzo
(Atacalco), sub-watershed of the Diguillín river, and Colorado river watershed in Maule Re-
gion. Diguillín river is located between latitudes 36◦48’S, 37◦03’S and longitudes 71◦19’W,
72◦22’W with a drainage area of 208,49[km2], inserted in Ñuble region and has a total route
of 102 [km] to its confluence with the Itata River [108, 109] (Figure 4.1). Colorado River
watershed is located inside the Lontué river sub-watershed and is controlled by the Colorado
river pluviometric station in Junta con Palos located at 35◦16’28” latitude and 71◦00’10”
longitude, with a drainage area of 878 [km2] (Figure 4.2) [110, 111].

Fig. 4.1 Diguillín river watershed in San Lorenzo (Atacalco), sub-watershed of the Diguillín
river, located in Ñuble Region, Chile.

Average daily rainfall recorded by “Fundo Atacalco" and “Las Trancas" stations and
average daily runoff from the Diguillín river watershed from years 2000 to 2018 (Figure 4.3a),
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Fig. 4.2 Colorado river watershed located in the Province of Curicó, Maule Region, Chile.

and average daily rainfall recorded by “Agua fría", “Curicó", “Lontué", “Monte oscuro"
and “Potrero grande" stations and average daily runoff from the Colorado river watershed
from years 1999 to 2017 (Figure 4.3b), were collected from the Chilean directorate of water
resources (DGA). Rainfall measurements were made using a Hellman rain gauge, meanwhile
runoff measurements were made with a limnimeter, and the geographical location of each
metorological station is showed in Table 4.1. In both watersheds, average daily rainfall was
higher in the first ten years, having as maximum peak in the year 2002 and minimum peaks
after 2010. In fact, it should be taken into account that, since 2010, an uninterrupted sequence
of dry years, with annual rainfall deficits ranging from 25 to 45%, has prevailed in central
Chile giving an event series called megadrought (MD). This is the longest continuous dry
spell in the historical record (1915 onwards) and it coincided with a very warm decade in
the interior valleys of central Chile and the subtropical Andes [112]. In contrast, the average
daily runoff were as diverse as average daily rainfall. During the first 5 years, the runoff
values were higher but with a progressive decrease and with extreme minimum values in
2013 and 2017.
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(a) Diguillín river watershed.
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(b) Colorado river watershed.
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Fig. 4.3 Diguillín (a) and Colorado (b) river watershed data sets. Average daily rainfall shows
great variability across all data with a notable decrease due the megadrought (MD) that has
taken place in central Chile since 2010.

4.2 Single runoff forecasting using SINFIM method

To carry out Single runoff forecasting, it is necessary to develop the SINFIM method. For
this phase, the "Fundo Atacalco" station in the Diguillín river watershed was considered,
whose configuration of hyperparameters was later applied to the other metorological stations.

4.2.1 Parameter levels for Self-Identification of rainfall and runoff rel-
evant lags

To develop the first step of the model, it is necessary to set some parameters required in
the self-identification of relevant lags. Based on previous studies and knowledge expert
we choose the parameters showed in Table 4.2, at the same time that ten repetitions were
performed to evaluate the consistency of the lags found.
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Table 4.1 Geographical location of the meteorological stations considered in the study.

Watershed Meteorological station Latitude Longitude

Diguillín river
Fundo Atacalco 36◦55’03” 71◦34’53”

Las Trancas 36◦54’39” 71◦28’46”

Colorado river

Agua Fría 35◦18’26” 71◦05’07”
Curicó 34◦58’30” 71◦14’59”
Lontué 35◦02’38” 71◦17’22”

Monte oscuro 35◦07’30” 70◦58’43”
Potrero grande 35◦10’60” 71◦05’52”

Table 4.2 Parameter levels for Self-Identification of rainfall and runoff relevant lags.

Parameter Level

c
Number of clusters for which the target and regressor
space are partitioned.

3

q
Maximum number of lags that will be considered as
input in the Neuro-Fuzzy model.

4

αout
Threshold for which the α-cuts are generated for each
partition of the target.

0,3

αin
Threshold for which the α-cuts are generated for each
partition of the regression.

0,3

α f Threshold to decide when to merge similar clusters. 0,9
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Table 4.3 Parameter levels for the self-identification of fuzzy rules.

Parameter Level
Epoch training 2 3 5

ε 0,1 0,3 0,5
Nsplit 15 20 25 30

δ 0,5 0,7 0,9
Ngrow 10 15 20 25

λ 2

The automatic selection of lags, in addition to provide the input required for runoff
prediction, is expected to produce a certain degree of multi-collinearity due to both the
relationship between precipitation and the generated runoff, as well as the dependence on the
daily average runoff levels of the previous days. However, this tends to significantly affect
predictions when the predictive method is a linear regression model, but with low impact
on non-linear prediction models. An alternative for dealing with multi-collinearity is to use
models such as neural networks, since they have a better fit and a lower mean square error
[113, 114]. Thus, using a model that combines fuzzy logic with neural networks, in addition
to the non-linear method used for selection of lags, it is generally safe to ignore the possible
effect of multi-collinearity.

4.2.2 Parameter levels for the self-identification of fuzzy rules

Once the relevant lags of each time series model parameters were selected, two experiments
were carried out dividing the time series into two non-overlapping segments (training and
validation set). In the first experiment, the initial fifteen years of data was considered as
training set and the last 3 years as validation set. In the second, the former seventeen years
were used for the training set and the last year was used for the validation set. Such setup
was done aiming to evaluate the ability of the SINFIM method for predicting runoff in any
season of the year, having January as the beginning of summer and December as the end of
spring. Hence, one year has been selected as the validation period (experiment 2). On the
other hand, three years were selected as the validation set to evaluate the performance of
the model in predicting the runoff values considering more than one period (experiment 1).
For the purpose of choose the best parameters combination to develop the self-identification
of fuzzy rules for each experiment, a factorial design was conducted carried out with the
parameter levels as showed in Table 4.3.

Considering Nsplit > Ngrow and Nvanish = Ngrow, 270 parameter combinations, could be
obtained, which were compared using Mean Square Error (MSE):
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MSE =
1
n

n

∑
i=1

(Yi − Ŷi)
2, (4.1)

where Yi is the vector of observed runoff values and Ŷi id the vector of predicted runoff values.
Due to mega-drought in the last periods, rainfall events represent in many cases extreme

values that affect runoff levels. Therefore, the selection of parameters for the Neuro-Fuzzy
model was made to make the algorithm sensitive to these extreme values. This differentiates
it from the original model proposed by Allende-Cid et al. [21], where the adjustment of
the parameters had as one of its objectives the stabilization of the model to increase its
robustness.

4.2.3 Comparison with other approaches

In the interest of comparing the proposed SINFIM framework, other approaches were applied
using the same relevant lags found:

1. ANFIS. This model was developed considering the number of membership functions
(also Gaussian type) and number of epochs found in SINFIM method but without the
self-identification of fuzzy rules.

2. Artificial Neural Network (ANN). A feed-forward neural network was developed
considering the number of membership functions found with SINFIM method as
hidden neurons size.

3. Long Short-Term Memory (LSTM). To develop this deep learning model, a factorial
design was previously carried out to evaluate the most suitable set of hyperparameters:
hidden layers size=10, 30, 50; mini-batch size=4, 12, 16, 32, 64; epochs=50, 100, 200,
300; optimizer=RMSprop, SGD, ADAM, and a activation function type “linear". The
combination that showed the best result was: 50 hidden layers, 100 epochs of training,
32 mini-batch size and an optimizer ADAM.

In addition, the stochastic model ARIMA was developed to forecast runoff using rainfall
as exogenous variable, but the results are shown in Appendix A, because the stationarity
assumption was not met.

4.3 Stacking of single runoff predictions

In the proposal, a model based on SONFIS was considered as stacking phase, developing,
for this, a preliminary experiment (similar to that carried out in the development phase of the
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SINFIM method) to select the parameters of the mathematical operators Grow-Net, Split-Net
and Vanish-Net. In order to compare with it, other stacking approaches were considered such
as ANFIS model (with the same number of membership functions found in SONFIS), ANN
(with the number of hidden neurons size based on the rules based on SONFIS), multiple
linear regression (MLR) and the average of single runoff predictions.

4.3.1 Performance measures

To compare the proposed framework with the other models, the following performance
measures were employed:

• Coefficient of Determination (R2):

R2 =

[
∑

n
i=1 (Yi − Ȳi)(Ŷi − Ỹi)√

∑
n
i=1 (Yi − Ȳi)2

√
∑

n
i=1(Ŷi − Ỹi)2

]2

, (4.2)

where Ỹi corresponds to average of predicted runoff. R2 values are in the interval [0,1].
In general, a value close to 1 indicates a good fit of the data and a high percentage of
variability explained by the model.

• Nash-Sutcliffe Efficiency (NSE):

NSE = 1− ∑
n
i=1(Ŷi −Yi)

2

∑
n
i=1(Yi − Ȳi)2 , (4.3)

where Ȳi is the average of observed runoff. NSE is a normalized statistic that deter-
mines the relative magnitude of the residual variance compared to the measured data
variance, hence, NSE = 1 corresponds to a perfect match of the model to the observed
data. According to Molnar [115], NSE values can be interpreted as follows: < 0,2
insufficient model, 0,2−0,4 satisfactory model, 0,4−0,6 good model, 0,6−0,8 very
good model and > 0,8 as an excellent model.

• Percent Bias (PBIAS):

PBIAS = 100 · ∑
n
i=1(Ŷi −Yi)

∑
n
i=1 Ŷi

. (4.4)

PBIAS measures the average tendency of the simulated values to be larger or smaller
than their observed ones. The optimal value of PBIAS is 0, with low-magnitude values
indicating accurate model simulation. Positive values indicate overestimation bias,
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whereas negative values indicate model underestimation bias. Based on Moriasi et al.
[116], the model can be analyzed as follows: PBIAS < |10| very good, |10| ≤ PBIAS <

|15| good, |15| ≤ PBIAS < |25| satisfactory, and PBIAS ≥ |25| unsatisfactory.

• Kling Gupta efficiency (KGE):

KGE = 1−

√
(r−1)2 +

(
σpred

σobs
−1
)2

+

(
Ỹi

Ȳi
−1
)2

, (4.5)

where r is the linear correlation between observed and predicted values, while σobs

and σpred represent the standard deviation of observed and predicted runoff values,
respectively. KGE ranges from −∞ to 1, where a value closer to 1 indicates a good
accuracy for the model [117].

Once the model parameters were selected, each experiment was executed 10 times and
results were presented in tables as mean ± standard deviation. To show the relationship
between observed and predicted values (using the trial with the best result) in both training
and validation set, were constructed scatter plots with 95% confidence intervals around the
estimated regression line using bootstrap with 1000 resamples.

4.4 Experimental results

4.4.1 Experiment 1: Development of the SINFIM method for runoff
forecasting

The first step of the framework gave the relevant lags to predict qt+1 through a self-
identification model, obtaining {xt and qt ,qt−1,qt−2,qt−3} as rainfall x and runoff q time
series relevant lags, respectively.

Once the input set was selected, a previous step was executed to include runoff missing
values (254 of 6787 values). This forecasting was made considering the previous values
as a training set to predict the missing values. After all of them had been estimated, the
experiments were carried out as described in Chapter 3. On the other hand, missing rainfall
values were imputed with the average value of observed rainfall in other stations.

With the input set, the parameter levels for the self-identification of fuzzy rules were
evaluated, and the combinations with best performance are shown in Table 4.4 for the first
experiment and Table 4.5 for the second experiment.

In the first experiment, using the last 3 years as a validation set, the combination number
1 showed the best MSE result, while the minimum MSE value was obtained in combination
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Table 4.4 parameter levels for the self-identification of fuzzy rules using last 3 years as data
validation set. The combination with the best results of MSE stands out.

N◦ Epochs ε Nsplit δ Ngrow MSEtest N◦ fuzzy rules
1 2 0,3 30 0,7 15 53,168 ± 0,128 14
2 3 0,1 25 0,7 15 54,657 ± 0,001 10
3 3 0,1 25 0,7 20 54,654 ± 0,006 10
4 3 0,3 20 0,7 15 54,685 ± 0,012 10
5 3 0,3 25 0,7 15 54,663 ± 0,015 10
6 3 0,3 25 0,7 20 54,658 ± 0,038 10
7 3 0,5 25 0,7 15 54,694 ± 0,050 10
8 3 0,5 30 0,7 15 54,654 ± 0,019 10
9 5 0,1 15 0,7 10 59,282 ± 0,203 15

10 5 0,1 20 0,7 10 56,887 ± 5,341 14
11 5 0,1 25 0,7 10 58,521 ± 0,005 15
12 5 0,1 25 0,7 15 57,416 ± 0,179 10
13 5 0,1 25 0,7 20 54,589 ± 4,829 10
14 5 0,1 30 0,7 15 58,360 ± 0,123 10
15 5 0,1 30 0,7 20 57,808 ± 4,913 10
16 5 0,5 15 0,7 10 52,994 ± 6,062 14
17 5 0,5 20 0,7 10 56,192 ± 5,380 15
18 5 0,5 20 0,7 15 58,507 ± 4,661 10
19 5 0,5 25 0,7 15 58,333 ± 0,133 10
20 5 0,5 30 0,7 10 63,981 ± 0,021 15
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Table 4.5 Parameter levels for the self-identification of fuzzy rules using last year as data
validation set. The combination with the best results of MSE stands out.

N◦ Epochs ε Nsplit δ Ngrow MSEtest N◦ fuzzy rules
1 2 0,3 30 0,7 15 37,995 ± 0,014 10
2 3 0,1 25 0,7 15 38,120 ± 0,001 10
3 3 0,1 25 0,7 20 38,113 ± 0,001 10
4 3 0,3 20 0,7 15 38,114 ± 0,014 10
5 3 0,3 25 0,7 15 38,115 ± 0,012 10
6 3 0,3 25 0,7 20 38,112 ± 0,015 10
7 3 0,5 25 0,7 15 38,108 ± 0,003 10
8 3 0,5 30 0,7 15 38,113 ± 0,023 10
9 5 0,1 15 0,7 10 41,101 ± 0,060 14

10 5 0,1 20 0,7 10 41,024 ± 0,532 14
11 5 0,1 25 0,7 10 41,699 ± 3,697 14
12 5 0,1 25 0,7 15 43,419 ± 6,149 10
13 5 0,1 25 0,7 20 43,446 ± 0,031 10
14 5 0,1 30 0,7 15 43,406 ± 5,956 11
15 5 0,1 30 0,7 20 43,372 ± 0,045 10
16 5 0,5 15 0,7 10 41,432 ± 0,010 14
17 5 0,5 20 0,7 10 40,943 ± 0,784 14
18 5 0,5 20 0,7 15 43,431 ± 0,039 10
19 5 0,5 25 0,7 15 39,629 ± 0,072 10
20 5 0,5 30 0,7 10 33,951 ± 0,013 14
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20, when only the last year was used as validation set in the second experiment. As a result,
both combinations represent, within the options considered, the best set of parameters to
model the Rainfall-Runoff relationship with the dataset used.

4.4.2 Experiment 2: Single runoff forecasting- comparison of the
SINFIM method with other models

In this section, the performance of SINFIM to model rainfall-runoff relationship of Diguillín
river watershed using “Fundo Atacalco" station is shown and compared with the other
approaches. The results using the last three years as a validation set (experiment one)
are showed in Table 4.6. SINFIM showed the best performance in almost all measures,
highlighting its minimum value of MSE and the highest R2, NSE and KGE results are
highlighted; followed by ANN and ANFIS models. LSTM showed the worst performance,
with the highest MSE and lowest R2 and NSE values.

Despite having a good behavior compared to the other algorithms, the SINFIM framework
presents a 71% accuracy, leaving still 29% of total variance that is not explained by it. In
fact, Figure 4.4 shows that, although in the majority of the validation set there is a good
estimation when using the last 3 years as a validation set, there are certain points where the
model fails to reach the flow peaks, while in others it has to overestimate the values. This
lack of adjustment can be observed in Figure 4.5. In this figure, it can be seen, that although
most of the points are within the confidence bands, there are still many scattered values
that are not predicted correctly. However, this overestimation is not large, since the average
PBIAS obtained was less than 10 and its NSE described it as good model.

Using last year as validation set showed the same pattern observed in experiment one:
SINFIM had the best performance in all measures, followed by ANN and ANFIS. Never-
theless, the measure results were better, reducing the MSE value and increasing R2 (around
84%), NSE and KGE values, indicating that SINFIM is an excellent model with a good
accuracy to determine the relationship between Rainfall and Runoff. In Figure 4.6 a very
good performance is observed thorough all data with the exception of two points where an
overestimation followed by an underestimation of runoff occurs, respectively. But, it is only
two out of 364 runoff values from the validation set. Therefore, the model has proven to be a
good alternative for predicting of runoff at any time of the year. This good fit can be seen in
the Figure 4.7, backing up the NSE result that asserts SINFIM as a remarkable alternative as
a model. The figure shows that only less than 10 points fall out of the confidence interval,
indicating a good adjustment and subsequently, a satisfactory prediction of the runoff values.
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Table 4.6 First experiment results: using last three years as validation set. In training and
validation sets, the best performance in all measures was achieved using SINFIM as method
to predict one day-ahead runoff.

Training
Model MSE R2 NSE PBIAS KGE

SINFIM 193,44±0,3 0,74±0,00 0,64±0,001 ≈ 0,000 0,80±0,00
ANFIS 429,33±190,53 0,42±0,26 -0,51±1,02 9,93±8,22 0,5±0,25
ANN 208,85±24,76 0,72±0,02 0,65±0,02 8,57±0,28 0,75±0,09

LSTM 587,59±14,74 0,19±0,02 -2,79±0,22 66,62±0,19 -0,02±0,01
Validation

Model MSE R2 NSE PBIAS KGE
SINFIM 53,45±0,05 0,71±0,01 0,70±0,00 -4,74±0,08 0,83±0,00
ANFIS 62,34±4,68 0,67±0,03 0,65±0,04 -4,92±1,10 0,80±0,01
ANN 63,12±19,88 0,70±0,03 0,68±0,02 7,19±1,42 0,71±0,22

LSTM 84,68±1,17 0,58±0,02 0,56±0,03 -1,37±3,76 0,74±0,00

Table 4.7 Second experiment results: using the last year as a validation set. In training and
validation sets, the best performance in all measures was achieved using SINFIM as method
to predict one day-ahead runoff.

Training
Model MSE R2 NSE PBIAS KGE

SINFIM 171,31±0,19 0,75±0,00 0,66±0,00 ≈ 0,000 0,81±0,00
ANFIS 209,37±43,32 0,69±0,06 0,55±0,13 1,41±1,59 0,76±0,05
ANN 180,83±13,40 0,73±0,02 0,66±0,04 -0,70±4,87 0,81±0,03

LSTM 536,34±0,79 0,21±0,02 -2,69±0,14 66,13±1,17 -0,01±0,00
Validation

Model MSE R2 NSE PBIAS KGE
SINFIM 30,54±0,04 0,84±0,01 0,83±0,01 -1,26±0,05 0,91±0,00
ANFIS 49,69±9,49 0,73±0,06 0,69±0,09 -1,88±0,87 0,84±0,05
ANN 41,11±7,21 0,83±0,01 0,82±0,02 -6,31±4,92 0,81±0,07

LSTM 62,74±8,07 0,69±0,02 0,67±0,01 2,61±0,92 0,82±0,02
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(b) ANFIS
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(c) ANN
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(d) LSTM

Fig. 4.4 Predicted runoff vs observed runoff using the last 3 years as validation set. Although
the best performance is observed with the SINFIM method, there are certain points where
the model fails to reach the flow peaks, while in others it has to overestimate the values.
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R2 = 0,717

(a) SINFIM

R2 = 0,695

(b) ANFIS

R2 = 0,695

(c) ANN

R2 = 0,596

(d) LSTM

Fig. 4.5 Predicted runoff vs observed runoff using the last 3 years as a validation set. The trial
with the best result in each method were selected as observed runoff. The best performance
was observed with SINFIM method but, although most of the points are within the confidence
bands, there are still many scattered values (more than 25) that are not predicted correctly.

4.4.3 Experiment 3: Application of SINFIM to all the meteorological
stations considered

As well as it was obtained in the development of the SINFIM method using the “Fundo
Atacalco” station in previous section, for the other meteorological stations in both watersheds
considered, {xt and qt ,qt−1,qt−2,qt−3} as rainfall x and runoff q time series relevant lags,
respectively, were obtained. In turn, as experiment two (using the first 17 years as a training
set and the last year as a validation set) was the one with the best results, this configuration
(both in training and validation periods and the parameters used in the predictive module)
was used to obtain the runoff forecasting.

Results obtained in Diguillín river watershed are shown in Table 4.8. Single runoff
forecasting using SINFIM model showed better performance with “Fundo Atacalco" station
than “Las Trancas" station both training and validation set. In the latter, the performance was
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(a) SINFIM
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(b) ANFIS
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(c) ANN
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(d) LSTM

Fig. 4.6 Predicted runoff vs observed runoff using the last year as a validation set. The best
performance is observed in all data using the SINFIM method.

wider, showing an MSE three times greater in the “Las Trancas" station, and a percentage
of improvement in terms of R2 of 40% in the case of the “Fundo Atacalco" station. Also,
“Fundo Atacalco" showed a better efficiency indexes NSE and KGE, highlighting its ability
to predict one day-ahead runoff. This can be seen in Figure 4.8 where both stations had good
performance in modeling low and medium values of runoff but with rainfall data recorded in
“Las Trancas" stations peak runoff values could not be predicted. Besides, a better adjustment
was observed, also, in “Fundo Atacalco" station (Figure 4.9).

On the other hand, results obtained in Colorado river watershed are shown in Table 4.9.
In contrast with observed in Diguillín river watershed, all meteorological stations considered
showed good performance in all measures both training and validation set. R2 always was
higher than 86%, and NSE and KGE showed that SINFIM model in all cases was a good
model to predict runoff. Besides, PBIAS index indicates an efficient forecasting of SINFIM
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R2 = 0,836

(a) SINFIM

R2 = 0,77

(b) ANFIS

R2 = 0,835

(c) ANN

R2 = 0,699

(d) LSTM

Fig. 4.7 Predicted runoff vs observed runoff using the last year as a validation set. The trial
with the best result were selected as observed runoff. The best performance was observed
with SINFIM method followed by ANN. Less than 10 points fall out of the confidence
interval, indicating a good adjustment and subsequently, a satisfactory prediction of the
runoff values.

in all stations. However, “Agua Fría", “Monte Oscuro" and “Potrero Grande" have the best
results (Figure 4.10), showing a good adjustemnt forecasting both low and peak runoff values,
being more accurate in “Monte Oscuro" station (Figure 4.11).

4.4.4 Experiment 4: Stacking of Single runoff predictions

Once the single runoff predictions were obtained, they were combined to estimate the final
one day-ahead forecasting. In order to identify the best combination of parameter levels to
develop the method based on SONFIS model, a factorial design was carried out and, in case
of Diguillín river watershed, the best results are shown in Table 4.10. Combination three has
the lowest MSE in validation set, therefore this levels were used in the stacking step.
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Table 4.8 Runoff one day-ahead forecasting in Diguillín river watershed using SINFIM
method. The best results were obtained in “Fundo Atacalco" station.

Training
Meteorological

station MSE R2 NSE PBIAS KGE

Fundo Atacalco 171,3±0,2 0,747±0,00 0,66±0,00 ≈ 0,000 0,81±0,00
Las Trancas 194,4±2,6 0,713±0,004 0,60±0,00 ≈ 0,000 0,78±0,00

Validation
Meteorological

station MSE R2 NSE PBIAS KGE

Fundo Atacalco 30,5±0,0 0,835±0,00 0,83±0,00 -1,3±0,1 0,91±0,00
Las Trancas 97,0±2,1 0,453±0,009 0,07±0,01 ≈ 0,000 0,60±0,00
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(a) “Fundo Atacalco" station
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(b) “Las Trancas" station

Fig. 4.8 Runoff one day-ahead forecasting in Diguillín river watershed. In both stations,
low and medium values of runoff could be predicted, but peak values only was estimated in
“Fundo Atacalco" station.
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R2 = 0,835

(a) “Fundo Atacalco" station

R2 = 0,453

(b) “Las Trancas" station

Fig. 4.9 Predicted runoff vs observed runoff in single models of Diguillín river watershed. A
better adjustment was observed in “Fundo Atacalco" station.

Table 4.9 Runoff one day-ahead forecasting in Colorado river watershed. In all the stations
considered, a very good performance was obtained, however, the best results were from
“Monte Oscuro" station.

Training
Meteorological

station MSE R2 NSE PBIAS KGE

Agua Fría 272,2±18,4 0,826±0,00 0,78±0,02 0,4±0,0 0,85±0,01
Curicó 296,8±6,2 0,810±0,00 0,76±0,01 0,4±0,0 0,85±0,00
Lontué 299,4±6,4 0,808±0,00 0,75±0,01 0,4±0,0 0,85±0,00

Monte Oscuro 257,0±2,0 0,836±0,00 0,79±0,00 0,4±0,0 0,86±0,00
Potrero Grande 288,3±7,7 0,815±0,01 0,76±0,01 0,4±0,0 0,85±0,00

Validation
Meteorological

station MSE R2 NSE PBIAS KGE

Agua Fría 22,0±2,3 0,935±0,01 0,93±0,00 -1,5±0,3 0,96±0,00
Curicó 39,9±1,5 0,886±0,00 0,89±0,00 -2,9±0,6 0,93±0,01
Lontué 38,1±5,1 0,893±0,01 0,89±0,01 -2,6±0,4 0,93±0,01

Monte Oscuro 21,0±2,1 0,937±0,01 0,94±0,01 -1,4±0,3 0,97±0,00
Potrero Grande 21,2±1,6 0,936±0,00 0,93±0,01 -0,9±0,4 0,96±0,00
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(a) “Agua fría" station
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(b) “Curicó" station
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(c) “Lontué" station
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(d) “Monte oscuro" station
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(e) “Potrero grande" station

Fig. 4.10 Runoff one day-ahead forecasting in Colorado river watershed. “Agua Fría",
“Monte Oscuro" and “Potrero Grande" stations have the best results, although all models
showed good performance.
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R2 = 0,935

(a) “Agua Fría" station

R2 = 0,866

(b) “Curicó" station

R2 = 0,893

(c) “Lontué" station

R2 = 0,937

(d) “Monte Oscuro" station

R2 = 0,936

(e) “Potrero Grande" station

Fig. 4.11 Predicted runoff vs observed runoff in single models of Colorado river watershed.
In all the individual cases most of the points are within the confidence interval on the trend
line, being “Monte Oscuro" station with the best adjustment.
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Table 4.10 Parameter levels for SONFIS model to combine single one day-ahead runoff
predictions in Diguillín River. The combination with the best results of MSE stands out.

N◦ Epochs ε Nsplit δ Ngrow MSEtest N◦ fuzzy rules
1 2 0,3 30 0,7 15 29,515 ± 0,016 45
2 2 0,3 25 0,9 20 30,593 ± 3,660 21
3 2 0,3 20 0,9 15 29,283 ± 0,063 17
4 2 0,1 30 0,7 15 29,484 ± 0,064 45
5 3 0,3 20 0,7 15 32,163 ± 0,013 33
6 3 0,5 30 0,7 15 30,114 ± 0,032 44
7 5 0,1 20 0,7 10 30,083 ± 2,415 34
8 5 0,1 25 0,7 10 29,651 ± 0,234 46
9 5 0,5 20 0,7 10 30,397 ± 3,942 32

10 5 0,5 30 0,7 10 30,386 ± 6,309 31

Table 4.11 Runoff one day-ahead forecasting in Diguillín river watershed using stacking
approaches. ANFIS and SONFIS model showed better performance in training and validation
set, respectively.

Training
Method MSE R2 NSE PBIAS KGE
Average 161,5±1,5 0,76±0,00 0,658±0,004 ≈ 0,0 0,792±0,002

MLR 159,1±1,2 0,77±0,00 0,692±0,003 ≈ 0,0 0,823±0,001
ANFIS 137,0±0,1 0,80±0,00 0,746±0,000 ≈ 0,0 0,849±0,000
ANN 153,9±13,4 0,77±0,02 0,716±0,029 0,6±4,9 0,834±0,021

SONFIS 146,3±0,0 0,78±0,00 0,724±0,000 ≈ 0,000 0,838±0,000
Validation

Method MSE R2 NSE PBIAS KGE
Average 40,8±0,7 0,768±0,005 0,661±0,012 -0,7±0,6 0,791±0,11

MLR 34,1±1,6 0,805±0,008 0,762±0,012 0,5±0,8 0,860±0,011
ANFIS 37,5±1,0 0,787±0,006 0,692±0,013 0,3±0,1 0,801±0,007
ANN 61,3±44,3 0,812±0,025 0,755±0,057 -2,0±7,2 0,687±0,211

SONFIS 29,3±0,1 0,842±0,000 0,837±0,001 -2,0±0,0 0,914±0,000
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Table 4.12 Parameter levels for SONFIS model to combine single one day-ahead runoff
predictions in Colorado River. The combination with the best results of MSE stands out.

N◦ Epochs ε Nsplit δ Ngrow MSEtest N◦ fuzzy rules
1 2 0,3 25 0,9 20 21,706 ± 0,337 15
2 2 0,3 20 0,9 15 21,870 ± 0,341 15
3 2 0,1 25 0,7 20 24,384 ± 0,040 28
4 3 0,1 25 0,5 10 20,472 ± 0,015 60
5 3 0,3 20 0,7 15 21,385 ± 0,021 15
6 5 0,1 15 0,7 10 21,660 ± 0,012 16
7 5 0,1 20 0,7 10 21,662 ± 0,021 16
8 5 0,5 15 0,7 10 21,658 ± 0,048 16
9 5 0,5 20 0,7 10 21,671 ± 0,003 16

10 5 0,5 20 0,7 15 21,318 ± 0,027 15

As it was observed in Table 4.11 and Figure 4.12, fusion approaches showed better
performance than single forecasting in training set, with ANFIS model with the best measures.
Nevertheless, SONFIS model had the best result in all measures in validation set, improving
MSE, R2, NSE and KGE values, being higher than those obtained in “Fundo Atacalco"
station as best single forecasting. This adjustment is observed in Figure 4.13, with values
closer to trend line.

In the same way as Diguillín river watershed, the best parameter level to combine single
runoff forecasting with SONFIS model were evaluated in Colorado river watershed. In this
case, the combination four showed the lowest MSE, and it was used in the stacking step
(Table 4.12).

In the same way that Diguillín river watershed and as it was observed in Table 4.13 and
Figure 4.14, fusion schemes showed better performance, but in this watershed, SONFIS
approach had the best results both training and validation set. With the exception of KGE,
SONFIS method improved the single runoff forecasting, increasing the R2 and NSE values,
and decreasing the MSE. Since the individual predictions showed a very high efficiency with
the KGE index, the contributions provided by the fusion are minimal. This better adjustment
can be seen in Figure 4.15. Although, in all the stacking cases, most of the points are within
the confidence interval on the trend line, the lower dispersion was observed with SONFIS
model.
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(b) Multiple linear regression
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(c) ANFIS
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(d) Artifical Neural Network
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(e) SONFIS

Fig. 4.12 Runoff one day-ahead forecasting in Diguillín river watershed using stacking
approaches. The best performance was observed with SONFIS model with good forecasting
of low and peak runoff values.
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R2 = 0,768

(a) Average

R2 = 0,805

(b) Multiple linear regression

R2 = 0,787

(c) ANFIS

R2 = 0,812

(d) Artificial Neural Network

R2 = 0,842

(e) SONFIS

Fig. 4.13 Predicted runoff vs observed runoff of Diguillín river watershed using stacking
approaches. Although, in all cases, most of the points are within the confidence interval on
the trend line, the lower dispersion was observed with SONFIS model.
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(b) Multiple linear regression
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(c) ANFIS

0

10

20

30

40

50

60

70

80

90

100

1 21 41 61 81 101 121 141 161 181 201 221 241 261 281 301 321

A
ve

ra
ge

 d
ai

ly
 r

u
n

o
ff

 (
m

3
/s

)

Time (day)

Observed

Predicted average

(d) Artifical Neural Network
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(e) SONFIS

Fig. 4.14 Runoff one day-ahead forecasting in Colorado river watershed using stacking
approaches. Although all models showed good performance, SONFIS had the best result
predicting low and peak runoff values.
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R2 = 0,933

(a) Average

R2 = 0,934

(b) Multiple linear regression

R2 = 0,910

(c) ANFIS

R2 = 0,889

(d) Artificial Neural Network

R2 = 0,941

(e) SONFIS

Fig. 4.15 Predicted runoff vs observed runoff in Colorado river watershed using stacking
approaches. Although, in all cases most of the points are within the confidence interval on
the trend line, the best adjustment was observed with SONFIS model.
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Table 4.13 Runoff one day-ahead forecasting in Colorado river watershed using stacking
approaches. SONFIS model had the best performance in both training and validation set.

Training
Method MSE R2 NSE PBIAS KGE
Average 267,4±5,2 0,829±0,003 0,778±0,005 0,4±0,0 0,850±0,002

MLR 247,4±12,1 0,841±0,008 0,811±0,011 ≈ 0,0 0,833±0,006
ANFIS 289,9±2,3 0,815±0,002 0,757±0,002 0,4±0,0 0,842±0,003
ANN 262,9±89,5 0,841±0,045 0,808±0,062 -3,8±5,0 0,867±0,066

SONFIS 180,0±1,5 0,885±0,001 0,869±0,001 ≈ 0,000 0,916±0,001
Validation

Method MSE R2 NSE PBIAS KGE
Average 22,6±1,1 0,933±0,003 0,932±0,003 -1,8±0,1 0,961±0,002

MLR 22,9±4,9 0,934±0,013 0,934±0,013 0,2±0,6 0,956±0,010
ANFIS 31,2±3,5 0,910±0,009 0,909±0,010 -2,9±0,3 0,942±0,006
ANN 37,6±12,4 0,889±0,037 0,880±0,044 -10,5±9,8 0,866±0,085

SONFIS 20,5±0,2 0,941±0,000 0,941±0,000 -1,2±0,5 0,959±0,002



Chapter 5

Discussion

In this work a new Stacking Neuro-Fuzzy model for time series forecasting, considering
the case of one day-ahead runoff from distributed meteorological stations is proposed,
considering an hybrid framework with SINFIM method as single runoff forecasting and
SONFIS model as stacking approach.

First, in both developed experiments, the proposed SINFIM method for single runoff
forecasting achieved a superior performance to the other evaluated predictive models such
as ANFIS, ANN, LSTM and the stochastic model ARIMAX, obtaining the best results
when using only one year as a validation set. This may be mainly since the variability in
the observations of rainfall and runoff decreases as the period to be evaluated is reduced,
considering also that the 3 years used as the validation set in experiment 1 are different from
each other. With the exception of “Las Trancas" station in Diguillín River, all results of
single meteorological stations achieved an accuracy greater than 80%, being higher in the
stations of the Colorado river watershed with 93,7% of adjustment in “Monte Oscuro" station.
These results were better than those reported by [118] where a comparative study of different
wavelet based neural network models for rainfall–runoff modeling was presented. Although
the authors highlighted the advantage of pre-processing the time series by extracting features
with the wavelet transformation as other studies [53], in addition to the choice of the mother
wavelet to improve performance, SINFIM model shows a better NSE values and a higher R2

in all cases. Similarly, our results indicate better performance metrics than those reported
by Behmanesh and Ayashm [119], who assessed the rainfall-runoff relationship in a basin
in Mississippi, applying ANN and ANFIS as predictive models. The proposed method
outperforms the results by Kumar et al. [120], who applied a traditional ANN to forecast
runoff. This results might suggest that the ANN and ANFIS model by themselves do not
generate a good prediction of runoff, given the complexity of its relationship with rainfall, in
addition to having other influential factors such as temperature or soil saturation.
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Another relevant result was the low performance obtained with the stochastic ARIMAX
model in runoff forecasting. This has been reported in the literature, mainly due to the
linear nature of the ARIMAX model, which fails to capture the behavior of a non-linear
phenomenon with high uncertainty such as the rainfall-runoff modeling [3]. For this reason,
proposals for hybrid models have arisen where stochastic models are combined with machine
learning methods, mainly neural networks, thus improving runoff forecasting [121, 122].

Researches such as Nath et al. [45], Nourani et al. [44] or Anusree and Varghese [16],
presented an optimized algorithm using different input combinations. One of the main
advantages of SINFIM is that it includes a module for identifying relevant lags so that an
a priori selection of the input elements to the predictive model is not required. Although
there are other methods for the selection of the input elements of the rain time series and
runoff used in Neuro-Fuzzy models, such as partial autocorrelation function (PACF) [45, 99],
cross-correlation analysis (CCA) [102], entropy analysis [103] or mutual information (MI)
[104]; we consider that SINFIM method is more advantageous, because its structure is
developed with a focus on identify lags in a nonlinear environment such as in fuzzy systems
[89].

Although Deep Learning (DL) approaches have shown great performances in modeling
the relationship between rainfall and runoff in different watersheds and synthetic data
[123, 124, 125, 126], according to our results, the Long Short-Term Memory (LSTM)
network developed showed the lowest performance as a forecasting models. Despite the
fact that among the advantages of the LSTM is its ability to learn long-term dependencies
between the provided input and output of the network [127], the high variability of the
observations in our case study might have influenced the performance of the model. This
could be explained because the data includes daily observations from all seasons of the
year, as well as a great period with little rain associated with the mega-drought phenomenon
that has been going through Chile since 2010 [112]. In fact, data heterogeneity, in terms
of quantities measured and scales, have already been mentioned as an difficult aspect to
directly implement existing results obtained on hydrological deterministic experiments [128].
Furthermore, SINFIM method has shown comparable performance with works such as
Jothiprakash et al. [95], Morales et al. [129], showed several models with good performances,
through varying the number of membership functions and combinations in the time series.
Although, in some of these models, the R2 performance was higher than that obtained in our
study, they have the drawback that the user has to set the number of membership functions,
while SINFIM does it automatically. Similarly, our performance results in Diguillín river
watershed are lesser than the second of the architectures proposed by Nourani et al. [3],
who presented a fusion between the wavelet transformation with ANFIS model (with a R2
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of 90%). This could be mainly due to the characteristics of the watersheds under study.
Nourani et al. [3] used data from watersheds located in Iran, whose daily maximum runoff
values do not exceed 90m3/s while rainfall is less than 40mm. In our work, the hydrological
conditions are more variable, having precipitation values that reach 233mm and runoff rates
up to 544m3/s. Therefore, the ability of SINFIM to model extreme runoff values given a
rainfall event is highlighted, a fact that can be seen in Figures 4.4 and 4.6, where the model
successfully predicts runoff peaks greater than 150m3/s. In addition, SINFIM stands out
for not requiring the pre-processing of the time series to obtain a good performance, which
facilitates its application and that would allow a more direct understanding of the predicted
runoff values.

However, in this work better results were obtained using a fusion scheme. When it comes
to stacking methods, SONFIS model achieved the best performance in validation set in both
watersheds studied, higher than the other combination schemes used and single predictions.
In contrast to results described by [30, 50, 34, 35], ANN did not have improved results
than single models, even though the two watersheds considered had different behavior of
runoff levels and variations in the number of stations. This supports considerations made by
[51, 52] who suggest that ANN, in some cases, could not model more accurate non-stationary
data in Stacking schemes. However, SONFIS model has the advantages of not include a
pre-processing step as is proposed by Shoaib et al. [52] who used a wavelet approach for
combining the outputs of different rainfall–runoff models. Similarly, statistical approaches
such as average and multiple linear regression only improved the performance of some
meteorological stations such as “Las Trancas" in Diguillín River or “Curicó" and “Lontué"
in Colorado River but always lower than the best single results. This differs from the work of
Abrahart and See [30] and Song et al. [48] where these statistical approaches showed good
results. Nevertheless, the lower performance agrees with the study of Exbrayat et al. [37]
who evaluate as integration scheme statistical methods such as mean, median and multiple
linear regression, not being able to find an optimal stacking alternative.

Comparing with ANFIS, in both watersheds, SONFIS showed better performance in
the validation set, but not in the Diguillín river training set. Even when ANFIS has been
widely applied in rainfall-runoff modeling [16, 95, 15, 96], and showing good results, there
are few studies that used this model as stacking scheme. One of its disadvantages is the
overfitting when data are overtrained [17]. This may be the reason why a good performance
was observed in Diguillín river training set but without achieving an improvement in the
performance of the individual models in the validation set. Another aspect to be considered
is the number of premises in the fuzzy system has to be pre-defined by user and, this could
affect the forecasting. For this, SONFIS model is highlighted because the method developed
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itself identifies the number of rules necessary to model rainfall-runoff phenomenon [21],
reducing the error associated in the parameter selection.

On the other hand, SONFIS improved single predictions of meteorological stations, in
both watersheds. This differs from the work of Abrahart and See [30] who evaluated six
stacking schemes with different results between watersheds and suggesting that although an
integration approach gives better results than single models, they depend of the character-
istic of watersheds and their meteorological stations. This represents a great advantage for
SONFIS, since, although it has to be evaluated in other watersheds in the region, it can be
scalable and be a useful tool in runoff prediction. Nevertheless, the obtained improvement in
each catchment is in the same proportion that the model can explain the variability of the
phenomenon studied. That is, in the case of the Colorado River, all the stations provided
rainfall information, which distribution permit to forecast runoff accurately. Therefore, the
improvements observed with the stacking are favored by the good performance obtained in
the individual models. However, in the case of the Diguillín River, the best individual predic-
tion had an adjustment of around 83,5%, thus there is an approximate 16,5% unexplained
variability. In this case, the stacking reduced this variability a little, but it is clear that, for this
watershed, the rainfall information is not enough to model the runoff and it may be necessary
to incorporate other variables such as temperature, height or environmental humidity, among
others.

Despite the good performance observed, the great variability of the observations presented
in the training set affects the flow prediction in the validation set, mainly in terms of low and
medium flows. The stacking manages to improve and predict the flow peaks given by some
event of precipitation or thaw, but the estimation at low flows tends to be different between
the two basins. For the Diguillín river basin, low flows tend to be more regular than in the
case of the Colorado river basin, therefore, in the latter, the prediction is more difficult. That
is why it is suggested for this basin to consider some variables associated with soil saturation
in order to improve the prediction in periods of drought. However, it is necessary to highlight
two important aspects. The first of them is that in this work, unlike other investigations
such as those of Nourani et al. [44], Asadi et al. [130] Talei et al. [131], Ghose et al. [15]
or Panchal et al. [96], which work only with rainy months or with specific precipitation
events, we worked with eighteen continuous years and considering all the seasons, so the
model is trained considering many variations in rainfall and runoff. Secondly, it must be
considered that the years considered in the basins under study have a period affected by the
mega-drought that affects the country since approximately 2010 [112]. Therefore, prior to
this year, there is a greater amount of precipitation observed and different flow behavior. The
presence of this phenomenon therefore affects the prediction in the year of validation.
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An aspect to consider corresponds to the selection of the hyperparameters in ANN,
ANFIS, and LSTM models. It is well known that the selection of parameters prior to training
can affect performance if they are not suitable for modeling with the data set under study
[132, 133, 134]. In fact, there are optimization tools such as Harris hawks optimizer [135],
particle swarm optimization [136, 135], genetic algorithm [137], or grey wolf optimization
[42], among others, that allow the optimal selection of these values to achieve the best
performance. However, in this work the selection of hyperparameters was made based on the
experience of the researchers and the number of fuzzy rules obtained in SINFIM method, thus
it is possible to further improve the performance of these models. Nevertheless, evaluating
optimization algorithms for each of the models used and comparing them with the proposed
method could be include in a future work.

However, by making a global evaluation, stacking manages to capture the flow behavior
and estimate the peaks or continuous increases such as those observed in the Colorado river
basin. One of the main advantages of the proposed model is to capture the distribution
of rainfall in the basins since it uses information from different meteorological stations.
In this regard, it shares similarities with distributed hydrological models, which use the
integration of data from various sources. This acquires greater importance in basins whose
geospatial distribution does not allow obtaining homogeneous rainfall data, so integrating
the information would reduce variability [138, 139] and a better representation of the hy-
drological cycle phenomena [140]. Therefore, with the proposed stacking framework, not
only an improvement in the runoff forecasting is obtained, and a better representation of
the rainfall-runoff relationship is also generated, thus avoiding the bias of using a single
meteorological station.



Chapter 6

Concluding remarks and future works

Time series data are found in many different areas such as industry, health, agronomy, or
climate change. They have a dynamic behavior and their prediction in most cases has high
complexity. Such is the case of modeling the relationship between rainfall and runoff, which
associated uncertainty is one of the aspects that affect the forecasting. Given this uncertain
environment, Neuro-Fuzzy models have emerged as a useful approach, since they take
advantage of their ability of neural networks to optimize parameters in a fuzzy system. In this
work, a new framework called Self-Identification Neuro-Fuzzy Inference Model (SINFIM)
for predicting time series, specifically one day-ahead runoff in a Chilean watershed, was
proposed. Specific findings include:

1. SINFIM method has shown better performance than other methods such as ANFIS,
ANN, LSTM and the stochastic model ARIMAX for predicting one day-ahead runoff,
achieving an adjustment higher than 80% in the watershed under study, and higher that
90% in the watershed validation. In addition, Nash-Sutcliffe efficiency and percent
BIAS indicate that SINFIM is a promising model.

2. The proposal, by automatically identifying the lags and the fuzzy rules required in a
Neuro-Fuzzy System, allows the reduction of the error and uncertainty associated with
user setting parameters.

3. SINFIM method can predict any runoff value regardless of the season of the year,
managing to estimate low, medium and peak runoff values. Also, time series datasets
do not need a pre-processing step to be included in the model as input.

However, despite the good results of the SINFIM method, the proposed stacking model
showed the best performance of predicting one day-ahead runoff compared with single
predictions and other stacking approaches. Therefore, this model can improve the prediction
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by combining the single runoff estimations, regarding the season of the year, the catchment
evaluated, and the number of meteorological stations. Thus, an additional advantage is
obtained from those already provided by the SINFIM method. Finally, a runoff prediction
framework based on the SINFIM model as a single runoff prediction and SONFIS as a
stacking method represents a good approach for environmental planning and hydrological
processes.

Although the proposed model had a good level of performance in terms of predicting the
time series considered, it has certain aspects to be considered for future research:

1. Although the proposed method has good performance indicators in the prediction of
flow, it cannot fully explain the variability associated with the phenomenon under study,
being mostly observed in the Diguillín river watershed, which showed a maximum
of 84% adjustment. However, this adjustment was greater in the basin used in the
validation of the method. Thus, the characteristics of the basin affect the prediction
of runoff, requiring in some cases to include other covariates that would contribute to
improving performance.

2. The main limitation of this study is that no optimization algorithm was applied to
obtain the hyperparameters in the models used to compare the SINFIM, and this could
affect their performances. Only in the LSTM a factorial design with a grid of options
was made. That is why the evaluation of models that allow obtaining the optimal
hyperparameters of the methods used will be considered in future research. However,
even using these models as runoff prediction approach, the uncertainty in the selection
of lags was addressed considering the automatic selection carried out with the SIFAR
model.

3. The Neuro-Fuzzy model, although it has a scheme that allows an interpretation based
on the linear regression equations obtained in the section of the consequent parameters,
the latter generates little interpretable values when the model is adjusted to predict the
extreme values. For this reason, it is interesting to evaluate an optimal stabilization
mechanism of the model that in turn allows the prediction of an outlier in the time
series. On the other hand, for the case study, the model had a better performance
in predicting high flow values, with a tendency to overestimate the low and medium
values. In this case, it is advisable to evaluate other covariates that could improve the
adjustment of the model for these values.

4. Finally, although this study worked with two watersheds (the Diguillín river for the
development of the method and the Colorado river for its validation), it is necessary to
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apply both developed methods (SINFIM and the proposed stacking) in other basins
with different characteristics both in Chile and in other countries to evaluate their
performance.

5. Furthermore, it is interesting to evaluate the method in the multi-step ahead runoff
prediction scheme, in addition to integrating the model developed with geospatial
methods and conceptual hydrological models.

Thus, the challenges that still remain to be solved can be summarized as follows:

1. In the case study, include other covariates that would contribute to improving perfor-
mance.

2. To develop optimization algorithms that allows to find the most suitable hyperparame-
ters for ANFIS, ANN and LSTM for their comparison with our proposal.

3. To apply and evaluate the proposed framework in other watersheds both in Chile and
other countries.

4. To evaluate the proposed framework in the multi-step ahead forecasting.

5. To integrate the proposed framework with geospatial methods and conceptual hydrolo-
gycal models.

However, with the results obtained in this study, we can conclude that the proposed
method represents a good alternative in runoff one day-ahead prediction, thus constituting a
useful tool for professionals involved in environmental planning.
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Appendix A

Single runoff forecasting using the
ARIMAX model

This appendix shows the development of the estimation of the ARIMAX model for runoff
forecasting. As the proposal was developed, two experiments were carried out: considering
three and one year as validation set. The results are shown as follows.

Experiment 1: using last three years as validation set

To apply the ARIMAX model to forecast one day-ahead runoff, first, the stationarity
of the time series was evaluated using the autocorrelation function (ACF), Partial ACF
(PACF) and the Augmented Dickey-Fuller test. Figure A.1 shows that the ACF values are
higher than the confidence interval, confirming that there is a possible linear association
between observations separated by larger lags, indicating a possible non-stationarity, which
was confirmed with the PACF and the Dickey-Fuller test, obtaining a p-value =0.01 and a
Dickey-Fuller= −24.2968.

An ARIMA(2,0,2) was estimated as the best model. The estimated coefficients were:
φ1 = 1.54± 0.03, φ2 = −0.54± 0.04, θ1 = −0.9± 0.03, θ2 = −0.04± 0.02, constant =
15.3±1.8 and regressor coefficient = 0.1±0.02. With the exception of θ2 (p-value=0.07621),
all coefficients were significant at 95% confidence. The σ2 estimated was 358.9(m3/s)2,
AIC = 50.956.61 and BIC = 51003.32. As can be observed in Table A.1, the estimated
model has low performance in the prediction of runoff, and fails in the estimation of the peak
values, making an estimate approximately constant at low values instead (Figure A.2).

Experiment 2: using last year as validation set

As well as Experiment 1, the stationarity of the time series was evaluated using the
autocorrelation function (ACF), Partial ACF (PACF) and the Augmented Dickey-Fuller
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Residuals from test regression of type: tau  with 11 lags
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Fig. A.1 Autocorrelation analysis of runoff time series from Diguillín river watershed consid-
ering the first fifteen years. There is a linear association between observations separated by
larger lags, indicating a possible non-stationarity

test. Figure A.3 shows, that ACF values are higher than confidence bounds, with a possible
linear association between observations separated by larger lags, and indicating a possible
non-stationarity, which was confirmed with the PACF and the Dickey-Fuller test, obtaining a
p-value =0.01 and a Dickey-Fuller= −25.3194.

An ARIMA(1,1,2) was estimated as the best model. The estimated coefficients were:
φ1 = 0.5733 ± 0.02, θ1 = −0.9 ± 0.02, θ2 = −0.03 ± 0.02, and regressor coefficient =
0.1±0.02. With the exception of θ2 (p-value=0.07621), all coefficients were significant at
95% confidence. The σ2 estimated was 331.9(m3/s)2, AIC = 55838.45 and BIC = 55872.31.
As observed in experiment 1, the model has low performance (Table A.2) and makes low
runoff predictions with a constant trend, failing to capture the variability of the studied
phenomenon (Figure A.4).
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Table A.1 Stochastic model results using the last three year as a validation set. In training
and validation sets, a low performance to predict one day-ahead runoff was observed.

Training
Model MSE R2 NSE PBIAS KGE

ARIMAX(2,0,2) 358.5405 0.5038 -0.0372 -0.0281 0.5767
Validation

Model MSE R2 NSE PBIAS KGE
ARIMAX(2,0,2) 174.0327 0.0091 -5.0506 -48.86 -0.2178
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Fig. A.2 Runoff forecasting through ARIMAX model using last three years as validation
set. The model fails to capture the variability of the phenomenon studied, maintaining an
approximately constant flow prediction.

Table A.2 Stochastic model results using the last year as a validation set. In training and
validation sets, a low performance to predict one day-ahead runoff was observed.

Training
Model MSE R2 NSE PBIAS KGE

ARIMAX(1,1,2) 331.6033 0.5097 0.0721 0.0617 0.6046
Validation

Model MSE R2 NSE PBIAS KGE
ARIMAX(1,1,2) 167.07 0.0287 -58.2 9.48 -0.1963



85

Residuals from test regression of type: tau  with 11 lags
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Fig. A.3 Autocorrelation analysis of runoff time series from Diguillín river watershed consid-
ering the first seventeen years. There is a possible linear association between observations
separated by larger lags, indicating a possible non-stationarity
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Fig. A.4 Runoff forecasting through ARIMAX model using last year as validation set. The
model fails to capture the variability of the phenomenon studied.
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