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Abstract—Ultrasonic guided waves have been used for 

characterizing cortical bone. However, multimode ultrasound 

signals bring difficulty in signal processing, making it 

challenging to extract the first arriving signals (FAS) and the 

individual mode components for cortical bone characterization. 

To overcome such a limitation, a feasibility study of cortical 

bone evaluation utilizing the Radon transform based signal 

extraction method is introduced in this paper. Forward and 

inverse Radon transform pair is applied to increase the signal-

to-noise ratio of the ultrasonic signals collected from a bovine 

bone plate. Based on the known velocity ranges, the regions of 

interest in the intercept-slowness domain are extracted to obtain 

the FAS and the fundamental flexural guided wave (A0 mode) 

signals. Compared to the true geometric and elastic parameters, 

the proposed method enables to retrieve the cortical thickness, 

longitudinal and transverse velocities, which suggests a potential 

application of bone characterization. 

Keywords—Ultrasonic guided waves, Radon transform, 

cortical bone, axial transmission, waveguide parameter estimation 

I. INTRODUCTION 

Ultrasonic guided waves have been used for characterizing 
long cortical bones for their sensitivity in both geometric and 
elastic properties [1-4]. Compared to the Dual-energy X-ray 
absorptiometry (DXA), the clinical gold standard in 
evaluating the patients at risk of fracture [5-6], ultrasound-
based diagnosis methods have advantages in smaller devices, 
better portability and absence of ionizing radiation. Axial 
transmission technique has been established for measuring the 
ultrasonic signals propagating in the cortical shell of long 
bones [6-9]. The cortical bone is usually considered as a free 
boundary layered structure [10-11] and ultrasonic Lamb 
waves theory can thus be used to interpret waveguides 
developed in the cortical bone. Studies based on the first 
arriving signals (FAS) and the fundamental flexural guided 
waves (A0 waves) [7-8,12-13] have been performed for 
estimating cortical thickness and elasticity for the long bones. 
However, multimode guided signals bring difficulty in signal 
processing, making it challenging to characterize cortical bone 
properties [4,14-15]. 

Inverse methods based on broadband dispersion curves 
[16] have been proposed to evaluate bone thickness. Singular 
vector decomposition (SVD) was introduced to improve the 
signal-to-noise ratio (SNR) and extract high-resolution 
dispersion curves [17]. Methods have been proposed to 
achieve a higher wavenumber resolution, such as sparse SVD 
(S-SVD) [18], Radon transform (RT) [19], and estimation of 
signal parameters via rotation invariant technique (ESPRIT) 
[20]. However, it is relatively difficult to excite broadband 
multimode guided waves, because only the modes 
propagating at a limited range of phase velocity can be excited 
according to Snell’s law [21]. In addition, the influences of 
soft tissue lead to a challenging model fitting in the inverse 
schemes [22]. 

Mode separation methods have also been proposed to 
extract single mode ultrasound components for cortical bone 
characterization. In single-channel signal processing, crazy-
climber algorithm has been applied to separate ridges of the 
single mode signals in the time-frequency domain [20]. Due 
to the dispersion characteristic of Lamb waves, dispersion 
compensation method has been proposed to separate S0 and 
A0 modes from multimode signals received from a steel plate 
[24]. Nevertheless, limited information of the dispersive 
properties can be recorded in single channel signals. In multi-
channel evaluation, linear Radon transform has been applied 
to the in vitro data to increase the SNR and separate different 
wave components [25]. By projecting distance-time domain 

signals to intercept-slowness (τ−p) domain where the 
slowness p is the reciprocal of the phase velocity and the 

intercept τ is the offset of the time [26], linear Radon 
transform provides a solution to separate different signal 
components by their velocity difference. Recently, dispersive 
Radon transform (DRT), which projects the multichannel 
temporal signals to the parameter space of interest, has been 
proposed to separate a single mode from multimode guided 
waves, and therefore estimate cortical thickness of ex vivo 
human radius [27]. 

Motivated by the previous studies, a cortical bone 
evaluation method based on signal extraction by Radon 
transform is introduced in this paper. Multichannel ultrasound 
guided waves were collected from a bovine bone plate. Radon 
transform was utilized to increase the SNR and project the 

temporal guided wave signals to τ−p domain. Since the FAS 
are the fastest wave components and A0 waves are the 

slowest, single mode signals can be extracted in the τ−p 
domain by their velocity difference. The thickness and elastic 
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parameters of the bone were acquired through an inverse 
approach based on the Rayleigh-Lamb wave equation, where 
the best match parameters were obtained by minimizing the 
cost function which describes the difference between the 
extracted and theoretical dispersion curves. 

II. MATERIALS AND METHODS 

A. Ultrasonic Lamb Waves in Cortical Bone 

The guided waves that propagate along a solid plate with 
free boundaries are called the Lamb waves, which can be 
classified as symmetric and anti-symmetric modes according 
to their displacement patterns. For an isotropic plate with a 
thickness of 2h, the dispersion curves of the Lamb waves can 
be calculated according to the Rayleigh-Lamb equations  

 Symmetric modes: 
�������������� = 
��
����

�
�
, (1a) 

 Anti-symmetric modes: 
�������������� = 
��

�
�
��
�� , (1b) 

 �� = ��/��� − ��, �� = ��/��� − ��, (1c) 

where k is the wavenumber, and CL and CT stands for the 
longitudinal and transverse velocities of the plate, respectively 
[28-29]. 

B. Linear Radon Transform 

If a set of multichannel signals d(t, rn) are collected at 

different propagation distances r0,r1,…,rNr −1, where t 
represents time, the discrete forward Radon transform can be 
defined as 

���, ��� = ∑ ��� = � + �� ! ,  !�"#
$!%& , � = 0, 1, … , *� − 1 ,

 (2a) 

and the inverse Radon transform can be defined as  

���,  !� = ∑ ��� = � − �� ! , ���"+
$�%& , , = 0, 1, … , *- − 1,
 (2b) 

where NP is the number of slowness sampling points and Nr is 
the number of distance sampling points. The term m(τ, pk) in 

Eq. (2a) and (2b) is a  τ− p set, where τ stands for the temporal 
intercept and p stands for the slowness which is the inverse of 
the phase velocity. Frequency domain is introduced to 
simplify the calculation, and Eq. (2b) can be written as 

 .�/,  !� = ∑ 0�/, ���1
2�34�5-6"+
$�%& . (3) 

Rewritten (3) in matrix format as 

 7 = 89, (4) 

where L is the Radon operator noted as 

 8 = : 1
;�34�<-< ⋯ 1
; � 34 �?+  -<⋮ ⋱ ⋮1
; �34�<-?# ⋯ 1
; �34 �?+  -?#
B. (5) 

The least-squares solution to Eq. (4) can be obtained by 
minimizing the cost function [30] 

 C = ||7 − 89||�� + EF�9�, (6) 

where Q(M) is the penalty term and μ is the Lagrange 
multiplier which balances the data fidelity and sparse penalty 
term. A common choice of the penalty term is quadratic norm 
or l2 norm, which is Q(M)=||M||2. Hence, least-square 
solution can be obtained as 

 9G = �8H8 + EI�
$8H7, (7) 

where LH is the complex conjugate transpose, or Hermitian 
conjugate, of L. 

C. Experiment Setup 

The experiment is performed with a 1 MHz linear array 

probe (Wisonic, Shenzhen, China) with 128 channels 

connected to a multichannel ultrasound platform (Vantage-

128, Verasonics, WA, USA). The −6 dB bandwidth of the 

probe is 0.5 – 1.5 MHz, and the pitch size is 0.675 mm. The 

ultrasonic excitation is generated by the first 5 emitters with 

the central frequency of 1 MHz and the received signals are 

collected from the last 64 receivers. The ultrasound gel is 

used to ensure the coupling between the probe and the bone 

plate. The 1.8 mm-thick bovine bone plate has the 

longitudinal wave speed of 4.00 mm⋅µs-1 and the transverse 

wave speed of 1.97 mm⋅µs-1 according to the previous report 

[31].  

III. RESULTS 

A. Radon Transform Based Denoising 

The original received signals and dispersion energy 
distribution using Radon transform are displayed in Figs. 1 (a) 
and (b), respectively. Denoised signals are obtained by 
performing a pair of Radon transforms (forward and inverse) 
to the received signals [32]. To demonstrate the denoising 
results clearly, signals at the distance of 48.6, 51.3 and 54 mm 
are displayed in Fig. 1 (c), where the black lines depict the 
received signals and the red lines depict the denoised signals. 
Comparing the received signals and the denoised signals in the 
red box, the small disturbance are smoothed, indicating an 
increase of the SNR through a Radon transform pair. 

B. FAS and A0 Waves Extraction 

The denoised signals in Fig. 2 (a) are projected to the τ−p 

domain with the Radon transform, and based on the known 

velocity ranges, the regions of interest in the τ−p domain are 

filtered to obtain the FAS and the A0 waves. Since the FAS 

are the fastest wave components, the window bounded by p 

in 0.2 ~ 0.33 µs⋅mm-1 and τ in 8.8 ~ 14.5 μs, which is the 

smaller red box in Fig. 2 (b), is applied to reconstruct the FAS 

in Fig. 2 (c). Similarly, the A0 waves, which are the slowest 

guided wave mode, are windowed by the larger red box in 

Fig. 2 (b) with the slowness ranges of above 0.55 µs⋅mm-1 

and intercept ranges of 38 ~ 42.25 μs, and the reconstructed 

A0 waves are shown in Fig. 2 (e). The dispersive energy 

distribution of the FAS and A0 waves are obtained by Radon 

transform in Fig. 2 (d) and (f), respectively. The extracted A0 

waves are in consistency with the theoretical dispersion curve 

of the A0 wave plotted as the red line in Fig. 2 (f). By picking 

the maximum value in the FAS region, the slowness of FAS 

at the frequency of 1 MHz can be obtained as 0.26 µs⋅mm-1, 

from which its velocity can be calculated as 3.85 mm⋅µs-1. 



 

Fig. 1. Denoising results of the received signals based on Radon transform 

pair. The original received signals are plotted in (a), of which the dispersion 

energy distributions are shown in (b), and the denoising results are displayed 
in (c) with the original signals in black and denoised signals in red. 

 
Fig. 2. FAS and A0 waves extraction results based on Radon transform. The 

smoothed signals are displayed in (a), and its p− τ projections are shown in 

(b), where the red boxes represent the filtered region of FAS and A0 waves, 
respectively. The extracted FAS are plotted in (c) with the dispersion energy 

in (d), and the extracted A0 waves are plotted in (d) with the dispersion 

energy in (e) where the red line is the theoretical dispersion curve of A0 
mode.  

C. Evaluations of Thickness and Elastic Properties 

An inverse scheme is used to estimate the model parameter K  which is a vector consists of plate thickness Lℎ  and 
transverse velocity �� . Since the central frequency of the 
excitation /&  and the FAS speed NOPQ  are known, the 
longitudinal velocity ��  of the bovine bone plate can be 
estimated from thickness Lℎ  according to the polynomial 
fitting based on the previous numerical simulation studies [33-
34] 

 R��� , Lℎ, NOPQ , /&� = 0. (8) 

According to Eq. (1b), (1c) and (8), the theoretical dispersion 

curve in the f−k plane under parameters K can therefore be 
written as 

 S/�K�, ��K�T = .�K, NOPQ , /&� (9) 

The best match parameters are estimated by minimizing the 
cost function U�K� which describes the weighted Euclidean 
distance between the extracted dispersive distribution and the 
theoretical dispersion curves. Hence,  

 U�K� = ∑ V�/; , �;�";%$ ⋅ WX4Y
4�Z�4[\] ^� + X�Y
��Z��[\] ^�, (10) 

where N is the total number of the experiment data and E(f, k) 
is the amplitude of the dispersive energy distribution on the 

f−k plane.  

 The inversion ranges of thickness and transverse velocity 

are 1.75 ~ 1.85 mm and 1.61 ~ 2.40 mm⋅µs-1, respectively. 
The results from (10) based on the A0 mode dispersion curve 
are displayed in the Fig. 3. The inverse results of the 
longitudinal wave speed, transverse wave speed and thickness 

were 3.99 mm⋅µs-1, 1.79 mm⋅µs-1 and 1.825 mm, respectively, 
which were consistent with the actual values of the bovine 
bone plate mentioned above. 

 

Fig. 3. The results of the cost function. The cost function values in the 
inversion ranges are shown in (a) where the triangle point is the best match 

point, while (b) and (c) depict the cost function values at the best matching 

thickness and the transverse velocity, respectively.  

IV. CONCLUSION 

In this study, a Radon transform based method was 

introduced to extract the FAS and A0 waves. With the prior 

knowledge of approximate velocity ranges, the proposed 

method was capable of extracting FAS and FFGW in the τ−p 

domain. According to the extraction results, the thickness and 

the elastic properties of the bovine bone plate were evaluated, 

showing high consistency with the actual values. The results 

indicate that the proposed method has a potential in 



evaluating geometric and elastic properties of long cortical 

bones based on multichannel ultrasound techniques. The 

performance on extracting other modes of Lamb waves and 

the results of in vivo experiments of this method should be 

further investigated. 
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